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Chapter  1 
Introduction 


The  potential  of  sustained  hypersonic  flight  to  revolutionize  military  and  commercial  activ¬ 
ity  is  well  recognized,  and  is  reflected  in  recent  initiatives  such  as  the  National  Aerospace 
Initiative.  High-speed  vehicles  will  substantially  impact  military  strategy  by  providing  new 
defensive  options  such  as  a  rapid  on-demand  global  strike  capability  with  much  shorter  re¬ 
sponse  times  than  currently  possible.  Furthermore,  the  development  of  new  technologies 
based  on  air-breathing  propulsion  can  be  leveraged  to  considerably  reduce  the  cost  of  access- 
to-space,  the  benefits  of  which  are  both  military  as  well  as  commercial. 

However,  daunting  technical  challenges  remain  in  realizing  such  vehicles.  The  harsh 
environment  imposed  by  the  envelope  of  such  future  missions  is  manifested  in  the  severe 
anticipated  thermo-mechanical  loads  and  various  propulsion-related  requirements.  Although 
the  diversity  of  the  physical  phenomena  encountered  is  broad,  several  key  limiting  issues  have 
been  identified  a s  primary  challenges,  including  both  local  and  global  constraints  such  as, 
for  example,  cowl  lip  loading  and  airframe  balance.  A  scrutiny  of  the  problems  identified 
reveals  the  pervasive  importance  of  several  basic  fluid  dynamic  phenomena.  One  of  these, 
and  possibly  the  least  understood,  is  that  of  high-speed  transition. 

The  impact  of  hypersonic  boundary  layer  transition  on  airbreathing  propulsion  design, 
on  extended  range  re-entry  systems,  and  on  tactical  missile  design  has  been  outlined  by 
Dr.  Key  Y.  Lau  and  Dr.  Kevin  G.  Bowcutt  (Phantom  Works,  The  Boeing  Company) 
in  their  talk  at  AFOSR  Contractors  Meeting  in  Unsteady  Aerodynamics  and  Hypcrsonics 
(September  10-11,  2002).  Particularly,  in  the  summary  of  the  talk,  they  pointed  out  that 
there  is  a  need  of  a  better  understanding  of  roughness-induced  transition  and  boundary  layer 
trip  design.  The  latter  is  associated  with  the  requirement  of  robust,  turbulent  boundary  layer 
flow  for  inlet  operability  on  missiles  and  on  small-scale  flight  test  vehicles.  The  boundary- 
layer  transition  on  small  vehicles  is  dominated  by  bypass  mechanisms  because  the  forebody 
of  tactical  missiles  and  small  vehicles  is  too  short  to  cause  natural  transition,  and  tripping 
is  required.  This  outline  illustrates  the  manifold  role  of  roughness-induced  perturbations  as 
the  cause  of  the  transition  and  a  means  for  flow  control. 

In  the  present  report,  the  main  results  stemming  from  research  supported  by  AFOSR 
grant  are  presented.  The  theoretical  and  computational  studies  of  stability,  transition  and 
flow  control  have  been  carried  out  in  close  contact  with  AFRL  at  WPAB  with  an  emphasis 
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on  the  roughness-induced  transition  prediction  due  to  the  transient  growth  mechanism,  and 
on  the  roughness-induced  flow  control. 

The  principal  investigator  is  thankful  to  Prof.  E.  Reshotko,  Prof.  X.  Zhong,  Dr.  E. 
Forgoston,  Dr.  S.  Zuccher,  Dr.  X.  Wang,  Mr.  C.  Chiquete,  Mr.  P.  Gaydos,  Mr.  I.  Shalaev, 
and  Mr.  M.  Veirgutz  for  their  significant  input  into  this  three-year  project. 

The  results  have  been  published  in  9  journal  papers  and  in  17  conference  papers. 
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Chapter  2 


Biorthogonal  eigenfunction  system 
and  its  application  to  the  receptivity 
problem  and  to  the  multimode 
decomposition 

2.1  Introduction 

The  conventional  linear  stability  theory  of  boundary  layers  deals  with  the  quasi- parallel  flow 
approximation  when  the  characteristic  scale  of  the  perturbations,  A  (wavelength),  is  much 
smaller  than  the  longitudinal  scale  of  the  mean  flow,  L :  i.  e.  A  <$:  L.  In  this  approximation, 
the  solution  of  the  linearized  Navier-Stokes  equations  is  considered  in  the  form  of  normal 
modes 

q{x,  y,  z ,  t)  =  q(y)  exp (i(ax  +  0z  -  ut)),  (2.1) 

where  x,y,  and  2  are  the  Cartesian  coordinates,  and  coordinate  y  stands  for  distance  from 
the  wall;  t  is  the  time;  a  and  0  are  the  x-  and  ^-components  of  the  wavenumber,  respectively. 
The  analysis  can  be  carried  out  within  the  scope  of  the  temporal  or  spatial  approach. 

In  the  case  of  temporal  analysis,  the  wavenumber  of  the  perturbation  is  considered  as 
a  real  parameter  and  the  complex  frequency  has  to  be  determined.  For  incompressible 
boundary  layer  flow,  [GS78]  showed  that  there  are  normal  modes  of  discrete  and  continuous 
spectra.  Later  on,  [SG81]  proved  that  the  solution  of  the  initial-value  problem  [Gus79]  can 
be  presented  as  an  expansion  into  these  normal  modes.  Their  weights  can  be  found  from 
the  initial  data  with  the  help  of  the  eigenfunctions  of  the  adjoint  problem.  There  is  an 
orthogonality  condition  between  the  eigenfunctions  of  the  direct  and  adjoint  problems,  and 
the  sets  of  eigenfunctions  are  called  a  biorthogonal  eigenfunction  system.  Recently,  this 
result  was  extended  to  the  cases  of  two-  [FT03]  and  three-dimensional  [FT05]  perturbations 
in  compressible  boundary  layers. 

In  the  case  of  a  spatial  framework,  frequency  is  prescribed  as  a  real  parameter.  For  two- 
dimensional  mean  flow  with  coordinate  x  in  the  downstream  direction,  0  is  a  real  parameter, 
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and  the  complex  wavenumber,  a,  has  to  be  found.  The  corresponding  biorthogonal  eigen¬ 
function  system  for  spatially  growing  disturbances  was  introduced  independently  by  [ZST80] 
and  [SG81]  for  two-dimensional  perturbations  in  incompressible  boundary  layers.  In  addition 
to  discrete  modes  (Tollmien-Schlichting-type  modes),  there  are  four  branches  of  continuous 
spectra.  The  modes  of  two  branches  have  arbitrary  large  growth  rates  in  the  downstream  di¬ 
rection  (they  may  be  interpreted  as  upstream  decaying  modes).  This  indicates  that  a  spatial 
Cauchy  problem  is  ill-posed.  [TF83b]  suggested  considering  spatial  initial-value  problems 
having  finite  growth  rates  in  the  downstream  direction.  In  the  case  of  incompressible  flow, 
the  initial  data  require  velocity  and  pressure  perturbations,  together  with  some  of  derivatives 
with  respect  to  x.  The  constraint  on  the  initial  data  providing  finite  growth  rates  in  the 
downstream  direction  means  that  the  short-scale  upstream  perturbations  are  not  presented 
in  the  initial  data.  Under  this  condition,  the  Laplace  transform  with  respect  to  x  can  be 
utilized.  When  additional  a  priori  information  is  available,  the  spatial  initial- value  problem 
can  be  solved  with  partial  inflow  data.  For  example,  [Tum03]  illustrated  by  an  example  that 
when  the  downstream  boundary  is  far  away  (in  the  length  scale  of  the  upstream  perturba¬ 
tions)  one  can  assume  that  the  solution  can  be  expanded  into  downstream  modes  only,  and 
the  spatial  initial-value  problem  is  solvable  with  only  velocity  perturbations  as  the  initial 
data.  Apparently,  recovering  the  whole  flow  field  from  one  velocity  component  is  impossi¬ 
ble,  even  under  the  assumption  that  only  downstream  modes  are  involved  in  the  solution. 
However,  if  it  is  known  that  the  main  input  into  the  perturbations  is  associated  with  a  finite 
number  of  specific  modes,  one  can  still  find  their  amplitudes.  For  example,  two  unstable 
discrete  modes  coexist  in  a  laminar  wall  jet.  Therefore,  [TACZ96]  assumed  that  experimen¬ 
tal  data  were  comprised  of  the  unstable  modes  only  and  found  their  amplitudes  and  phases 
from  experimental  data  for  one  velocity  component  only.  Afterwards,  the  quality  of  the  de¬ 
composition  could  be  checked  by  comparing  the  experimental  data  with  data  obtained  with 
the  help  of  the  utilized  normal  modes  and  their  recovered  weights.  [GT04]  illustrated  this 
approach  by  an  example  of  two-dimensional  perturbations  in  a  compressible  boundary  layer. 
One  can  recognize  that  decomposition  of  experimental  data  should  depend  on  the  quality 
of  the  assumptions.  In  compressible  boundary  layers,  results  of  measurements  could  be  con¬ 
taminated  by  acoustic  perturbations  that  can  penetrate  into  the  boundary  layer.  Therefore, 
in  order  to  provide  a  reasonable  accuracy  of  the  decomposition  aimed  at  a  discrete  mode, 
one  also  needs  data  for  the  external  acoustic  field  [Gay04]. 

An  analysis  of  compressible  [TF83b]  and  incompressible  [ZT87]  boundary  layers  using  the 
Laplace  transform  with  respect  to  the  streaming  coordinate,  x,  demonstrated  the  complete¬ 
ness  of  the  biorthogonal  eigenfunction  system  for  two-dimensional  perturbations.  Three- 
dimensional  spatially  growing/decaying  perturbations  in  an  incompressible  boundary  layer 
were  considered  by  [Tum03].  A  biorthogonal  eigenfunction  system  for  three-dimensional 
perturbations  in  compressible  boundary  layers  was  formally  introduced  by  [Tum83]  without 
analysis  of  the  spatial  initial-value  problem,  which  is  necessary  to  establish  an  expansion  of 
the  solution  into  normal  modes  of  discrete  and  continuous  spectra. 

The  biorthogonal  eigenfunction  system  turned  out  to  be  a  powerful  tool  for  solving  recep¬ 
tivity  problems  for  boundary  layers  and  for  internal  flows  [ZST80,  Fed82,  TF83a,  Tum83, 
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TF84,  Fed 84,  ZF87,  Fed88,  Hil95,  Tum96,  TA97,  Tum98,  FK02,  Fed03a,  Fed03b].  Orig¬ 
inally,  the  method  was  utilized  for  analysis  of  discrete  modes  (Tollmicn-Schlichting-like 
modes)  only.  After  clarification  of  uncertainties  associated  with  the  continuous  spectra 
[Tum03],  the  method  was  also  applied  to  the  analysis  of  roughness-induced  perturbations 
[TR04b,  TR05,  Tum06b].  It  was  proven  [TA97,  Tum06a]  that  the  receptivity  solution  based 
on  the  biorthogonal  eigenfunction  expansion  is  equivalent  to  the  method  used  by  [AR90], 
whereas  in  the  triple-deck  limit  the  method  leads  to  the  results  by  [SSB77]  and  [Ter81]. 

Another  emerging  application  of  the  biorthogonal  eigenfunction  system  is  associated  with 
the  progress  being  made  in  computational  fluid  dynamics  (CFD),  which  provides  an  oppor¬ 
tunity  for  reliable  simulation  of  such  complex  phenomena  as  boundary  layer  receptivity  and 
laminar-turbulent  transition  [MZ01,  MZ03a,  MZ03b,  MZ05,  ZM02,  EFN04,  EFS05,  WZ05, 
WZ07].  In  addition  to  experimental  observations,  CFD  provides  complete  information  about 
the  flow  field  that  cannot  be  measured  in  real  experiments.  However,  this  increase  in  available 
information  does  not  furnish  a  physical  insight  to  the  problem  because  the  leading  mech¬ 
anisms  still  remain  hidden  behind  a  messy  disturbance  field.  Sometimes  a  flow  possesses 
several  discrete  modes  that  are  equally  significant  in  the  transition  process,  and  it  might 
be  desirable  to  distinguish  the  dynamics  of  each  mode  in  the  complex  non-steady  flow  field. 
Consequently,  the  problem  of  flow  fields  decomposing  into  normal  modes  arises.  [GT04] 
demonstrated  how  the  biorthogonal  eigenfunction  system  could  be  applied  to  an  analysis 
of  CFD  data  for  two-dimensional  perturbations  in  a  compressible  boundary  layer.  In  order 
to  find  the  amplitudes  of  the  normal  modes  comprising  the  perturbations,  it  is  necessary 
to  provide  velocity  components,  temperature,  pressure,  and  some  of  their  derivatives  at  one 
crosscction  only.  The  orthogonality  relation  for  the  eigenfunctions  of  the  direct  and  adjoint 
problems  provides  a  straightforward  tool  to  filter  out  amplitudes  of  the  modes.  [TWZ07] 
applied  the  technique  to  analyze  perturbations  generated  in  a  high-speed  boundary  layer 
by  blowing-suction  through  a  slot  on  the  wall.  Amplitudes  of  stable  and  unstable  discrete 
modes  were  filtered  out  from  the  CFD  results  and  compared  with  the  solution  of  the  recep¬ 
tivity  problem.  Their  work  illustrates  how  the  biorthogonal  eigenfunction  system  could  be 
used  to  gain  insight  on  the  details  of  the  flow  field  that  would  have  remained  hidden  without 
the  advanced  analysis.  Future  progress  of  the  computational  efforts  will  be  associated  with 
three-dimensional  perturbations  [WZ07],  and  an  extension  of  the  multimode  decomposition 
method  is  required. 
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2.2  Three-dimensional  normal  modes  in  a  compress¬ 
ible  boundary  layer 

The  objective  of  this  section  is  to  solve  the  spatial  initial- value  problem  for  three-dimensional 
perturbations  in  a  compressible  boundary  layer,  and  to  establish  decomposition  of  the  solu¬ 
tion  into  the  normal  modes  of  the  discrete  and  continuous  spectra. 

Spatial  Cauchy  problem 

We  consider  a  compressible  two-dimensional  boundary  layer  in  Cartesian  coordinates,  where 
x  and  2  are  the  downstream  and  spanwise  coordinates,  respectively,  and  coordinate  y  cor¬ 
responds  to  the  distance  from  the  wall.  We  write  the  governing  equations  (the  linearized 
Navier-Stokes  equations)  for  a  periodic-in-time  perturbation,  ~  exp  (— iut),  in  the  matrix 
form 

d_ 
dy 

where  vector  A  has  16  components 

A  (x,  y ,  z)  =(tx,  du/dy ,  v,  7r,  0,  d6/dy ,  w ,  dw/dy ,  du/dx ,  dv/dx , 

d6/dx ,  dw/dx,  du/dz ,  dv/dz,  dO/dz,  dw/dz)T .  ^  ^ 

Lo,Li,Hi,H2>  and  H3  are  16  x  16  matrices  (their  definitions  are  given  in  Appendix  A.l); 
u,v,w,n,  and  6  represent  three  velocity  components,  pressure,  and  temperature  perturba¬ 
tions,  respectively;  and  the  superscript  T  in  (2.3)  and  in  what  follows  stands  for  transposed. 
The  mean  flow  is  assumed  to  be  parallel  (quasi- parallel  approximation).  Solution  of  (2.2)  is 
subject  to  the  following  boundary  conditions 

y  =0:  u  =  v  =  w  =  0  =  0,  (2.4) 

V  °o  :  Mjl  — ►  0,  (j  =  1, . . . ,  16).  (2.5) 

We  consider  the  spatial  Cauchy  problem  for  (2.2)  assuming  that  the  initial  data,  Ao (y,  z),  at 
x  =  0  corresponds  to  the  solution  having  a  finite  growth  rate  in  the  downstream  direction. 

After  Fourier  transform  with  respect  to  the  coordinate  z  and  Laplace  transform  with 
respect  to  x, 


(v  dA\  T  <9A  TT  A  TT  dA  TT  dA 

L0—  +  Lj—  =  HjA  +  H2—  +  H3— , 
\  dy  J  dy  ox  oz 


(2.2) 


oo  oo 

App(y)  =  J  e~px  J  e~'0zA(x, y,  z)  dz  dx, 

0  —co 


we  arrive  at  the  following  system  of  ordinary  differential  equations: 

(L°^)  +  Ll^f  "  UlAp0  ~  =  -H2Ao^> 


(2.6) 


(2.7) 


10 


where 


Aop{y)  =  J  e  t0zA 0(y,z)dz. 

(2.8) 

— oo 

The  homogeneous  part  of  (2.7)  can  be  recast  as  an  equation  for  vector 
first  eight  elements  of  vector  Ap/}  as  follows: 

z  comprised  of  the 

T  =  HoZ’ 

ay 

(2.9) 

where  H0  is  8  x  8  matrix. 

There  are  eight  fundamental  solutions,  Zj, ....  zg,  of  the  homogeneous  system  of  equations 
(2.9).  Outside  the  boundary  layer  ( y  — >  oo),  H0  is  a  matrix  of  constant  coefficients,  and 

thus  each  fundamental  solution  has  an  exponential  asymptotic  behavior 
Ai, ...,  A8  axe  determined  from  the  characteristic  equation 

~  exp(Ajy),  where 

det  ||H0  -  AI||  =  0, 

(2.10) 

that  can  be  recast  as  follows: 

(bn  —  A2)  x  [(&22  —  A2)  (&33  —  A2)  —  623^32]  =  0, 

(2.11) 

where 

a? 

11 

•0 

(2.12a) 

k  tt 42  r/24  ,  tt 43  r/34  ,  r/46  tt 64  .  r/48  zr84 

022  -  n0  H0  4  n0  h0  4  Ji0  h0  4  h0  Ii0  , 

(2.12b) 

k  r/42  rr25  ,  rr43  r/35  ,  r/46  r/65  ,  tj48  tt85 

023  —  n0  4  li0  h0  4  n0  n0  4  Ii0  ti0  , 

(2.12c) 

&32  =  H«\  633  = 

(2.12d) 

with  Hl0j  denoting  the  (i,j)  element  of  matrix  H0.  The  roots  of  (2.11)  are  (we  substitute 
p  =  ia) 

A  j  ^  =  ^7,8  ~  =  +  /?2  4  iRe  (ot  —  u) , 

^3,4  =  (&22  +  633)  /2  4  -\J (622  ~  ^33) 2  +  4^23^32 ,  (2.13) 

^5,6  =  (^22  4-  633)  /2  —  “  \/(^22  “  &33) 2  4-  4^23^32  • 

The  root  branches  are  chosen  to  have  Real(Ai,  A3,  A5,  A7)  <  0,  and  we  define  a  matrix  of 

fundamental  solutions, 


m  =  ||zi,...,z8| 


(2.14) 


We  use  a  lower  case  z  for  vectors  having  8  components,  whereas  vectors  having  16  components 
will  be  denoted  by  a  capital  Z.  By  the  definition  of  the  components  in  (2.3),  one  can  find  all 
the  components  of  the  fundamental  solutions  Z  if  the  fundamental  solutions  z  are  known. 
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The  non-homogeneous  system  given  by  (2.7)  has  a  solution  expressed  in  the  form 

Ap  =  MQ(y)  +  G,  (2.15) 

where  M  is  the  matrix  of  fundamental  solutions  comprised  of  vectors  Zj  (j  =  1, ...  ,8),  and 
the  vector  of  coefficients  Q (y)  has  to  be  found.  Vector  G(y)  is  defined  as  follows: 


G  i  =  ...  =  G%  —  0, 

G9  =  —Fg-,...,G\e  =  —Fi6, 


(2.16) 


where  Fj  are  components  of  the  vector  F (y)  —  —  (H2A0/9).  After  substituting  (2.15)  into 
(2.7),  we  arrive  at  the  following  equations  for  Q 


dMdQ  oPQ  dL0  dQ 

2L0— — -j—  +  L0M— y  +  +  LiM-p+ 

dp  dy  dy 2  dy  dy  dy 

Li^--H1G-pH2G-i/m3G  =  F 
dy 


(2.17) 


Let  us  consider  the  individual  equations  of  Eq.  (2.17).  Denoting  Zij  to  be  zth  component 
of  vector  z j,  Qj  to  be  the  jth  component  of  vector  Q,  and  Fj  to  be  the  jth  component 
of  vector  F,  then  the  first,  third,  fifth,  sixth,  and  seventh  equations  of  Eq.  (2.17)  are, 
respectively, 


dQj 

dy 

=  0, 

(2.18a) 

dQj 

=  f3, 

(2.18b) 

dQj 

**  dy 

=  0, 

(2.18c) 

„  dQj 

3  dy 

1 

II 

(2.18d) 

dQj 
73  dy 

=  0, 

(2.18e) 

where  the  index  summation  rule  is  imposed,  and  the  explicit  form  of  the  matrix  elements 
(see  Appendix  A.l)  is  taken  into  account.  Using  Eq.  (2.18b),  and  the  definitions  Zi0j  =  pz^j 
and  Zuj  =  i0Z3j ,  the  second  and  eighth  equations  of  Eq.  (2.17)  are,  respectively, 


Z2iit +  (m + +  (m + 1)pFj + pH™F9  ~  + 1)Fi2  =  F2> 

+  (rn  +  1  )i/3F3  +  (to  +  1)^^-  +  pG12  =  F8. 
dy  dy 


The  fourth  equation  of  Eq.  (2.17)  is  recast  as 


r  43  ^3 j  dQj  o 
0  dy  dy  dy 


(  L43z  dQi\ 

(L°  z»w) 


I  dQj  J  T 4,  W  _  rp 

^  z4j~j - 2  Gio  —  r4. 


(2.19a) 

(2.19b) 

(2.20) 
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The  third  equation  of  Eq.  (2.9)  yields 


dz3i 


dy 


—  —  Hq1  zij  +  Hq3z3j  +  H34z4j  +  Hq5z5j  +  H$7  z7j. 


(2.21) 


After  substitution  of  Eq.  (2.21)  into  (2.20)  and  taking  into  account  Eqs.  (2.18),  we  arrive  at 


Z4j 


dQj  _ 

dy 


u>  t  43  TT 33  z? 

-  Lq  - 


r  43  lt33  it  +pH$'10G10  (1  +  L403H%4)  * 

Therefore,  we  have  the  following  algebraic  system  of  equations  for  dQj/dy: 

dQ 

m  dy  ~‘f' 

where  vector  has  the  following  eight  components 
<Pi  =  0, 

j>or 

p2  =  F2-  (rn  +  1)  —j^-  -  (rn  +  1)  pF3  -  pHfFv  +  i/3  (rn  +  1)  F12, 


^3  =  Fz, 
Va 


F4  -  Li3H33F3  -  d{'Lf  F'3)  +  pHo'wG 


dy 
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(1  +  LW1 


<A>  =  Fe  +  pFn, 
W  =  0, 


dG 


ips  =  Fs-  (rn  +  1)  i(3F3  -  (rn  +  1)  —7-^  -  pGn- 

dy 


(2.22) 

(2.23) 

(2.24a) 

(2.24b) 

(2.24c) 

(2.24d) 

(2.24e) 

(2.24f) 

(2-24g) 

(2.24h) 


One  can  solve  the  algebraic  equations  (2.23)  and  write  down  the  solution  of  (2.7)  for  the 
first  eight  components  as  follows 


App  -  ^  I  ai  +  j  Jy  dv  \  zi> 


(2.25) 


where  the  constants  Uj  and  yj  are  determined  using  the  boundary  conditions.  Using  proper¬ 
ties  of  determinants,  we  obtain  the  following  solution: 

Arf= {a,+!^dv)  *"+f^dv*2+ (a3+J^dy)zs 

+Jztdvz,+ (as+ iwdy)zs+ Jwdvzt 


(2.26) 


OO 

y 


+ 


“7  +  J  W dy)Z7  +  J  ltdyz’' 
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where 


aj 

0*3 

a5 

a7 


C2E2357  +  C4E43  57  +  <36^6357  +  C&Emw 
E\357 

C2E 1257  +  C4-E1457  +  ^6^1657  +  ^8^1857 
£*1357 

^E\327  +  C4^1347  +  ^6^1367  +  08^1387 
£*1357 

C2E1352  +  ^4^/1354  4-  C6^1356  +  ^^1358 


JdQj 

=  jitdv’ 


E, 


1357 


Eijki  —  det 


Zii 

Zlj 

Zlk 

Zll 

Z3i 

Zzj 

Z3k 

Z31 

Z$i 

Zbj 

Z*>k 

Z5l 

Z7i 

Z7j 

Z7k 

Z71 

v=0 


Although  the  result  (2.26)  formally  looks  the  same  as  in  [FT05]  (see  Section  3.2),  the  deriva¬ 
tives  dQj/dy  are  found  from  a  different  set  of  algebraic  equations. 

The  inverse  Laplace  transform, 


Po+ioc 

A0(x,y,0)  =  J  Ap0 (y;p,0)tpxdp,  (2.27) 

po-ioo 

will  be  determined  by  the  poles  corresponding  to  the  roots  £'1357  =  0,  and  by  the  branch 
cuts  associated  with  the  equations  Real(Ai,  A3,  A5,  A7)  =  0.  The  structure  of  the  branch- 
cuts  is  the  same  as  in  the  case  of  two-dimensional  perturbations  (Section  2.5.2).  They 
represent  perturbations  of  the  continuous  spectra:  vorticity,  entropy,  and  acoustic  modes. 
The  constraint  on  the  initial  data  ensures  that  there  is  such  po  that  the  solution  is  analytic 
at  Real(p)  >  po  and  the  path  of  integration  in  (2.27)  lies  in  the  domain  of  analyticity  of  App. 

The  result  (2.27)  is  recast  as  a  sum  of  integrals  along  the  sides  7+  and  7“  of  each  left- 
hand-side  branch  in  the  complex  plane  p  that  represent  input  from  the  continuous  spectra, 
and  a  sum  of  the  residue  values  corresponding  to  the  input  from  the  discrete  spectrum, 

A/s  =  f  Ap0epx  dp+  f  Ap0epx  dp)  +  Res-(A p0(?x).  (2.28) 

m  .  ^  n 

7m  7m 

The  three-dimensional  character  of  the  perturbations  leads  to  overlapping  of  the  two 
branches  corresponding  to  the  vorticity  modes,  similar  to  the  cases  of  spatial  [Tum03]  and 
temporal  [FT05]  analysis  of  three-dimensional  perturbations.  The  latter  is  reflected  by  the 
double  root  in  (2.13). 
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In  principle,  the  assumption  about  a  finite  growth  rate  of  the  solution  (2.28)  admits 
inclusion  of  a  portion  from  the  upstream  modes  into  the  initial  data  [TF83b,  Tum03]. 
However,  the  typical  applications  of  the  method  are  associated  with  downstream  modes 
only,  and  the  upstream  modes  are  excluded  from  the  consideration. 

Similar  to  the  analysis  of  the  initial-value  problem,  the  integrals  along  the  branch  cut 
sides  can  be  written  as  one  integral  of  the  difference  A+p  -  A“^,  where  superscripts  +  and 
-  indicate  values  evaluated  at  sides  7+  and  7“,  respectively.  Although  the  coefficients  Cj  in 
(2.26)  are  different  from  those  defined  in  the  Section  3.2,  all  formulas  for  A+p  -  A~p  remain 
the  same  for  the  spatial  Cauchy  problem  under  consideration.  Particularly,  for  branch  cuts 
corresponding  to  the  acoustic  waves,  A3, 4  =  ± ik,  where  k  >  0,  we  find 


*c,4 


—  A+  —  A“ 


f  Cl  E 1275  C3E 1753  ^  C4E1 754 


_ 1 _ CeE  1756 

\  £*1753  £*1754  £1753  £1754  £1753  £1754  £1753  £1754 

X  (£5734Zi  4-  £l754z3  +  £7153z4+  £7134z5  +  £153427)  • 


+ 


^£7185 

£l753  £l754 


) 


(2.29) 


All  functions  on  the  right-hand  side  (2.29)  axe  evaluated  at  the  7+  side  of  the  branch  cut, 
where  Z3  exp(+iky). 

In  the  region  of  overlapping  vorticity  modes,  we  can  use  the  result  for  the  initial-value 
problem  to  represent  —  A~g  as  a  sum  of  stand-alone  modes  corresponding  to  Ai,2  = 

A7,8  =  ( k  >  0) 


where 

A, 


ApQ  AP0  Ac,l  ”1"  Ac,5> 


C }El7S3  +  ^2^27 53  +  <^4753  |  ^6  ^67 53  ^8^8753  \ 

£l  753  £2753  -£'1753^753  -E’1753^'2753  £'1753 £"2753  £l753£2753  / 

x  ( £'2753 Z1  —  £'1753*2  +  £'1275*3+  £'1723*5  +  £'1253*7) 


-( 


and 


5  _  (  C1  £^1253  _j_  C4E52M  t-6  £'2563  ^  <+£7253  <+£8253  \ 

V  £^2753  £<2853  £'2753 -£2853  £-2753  £-2853  £-2753  £-2853  £2753  £2853  / 

x  (£'7853*2  +  £'2785*3  —  £'2783*5 —  £2853*7  +  -£2753*8)  • 


(2.30) 


(2.31) 


(2.32) 


We  call  modes  (2.31)  and  (2.32)  vorticity  modes  A  and  B,  respectively.  Here  notation  7+ 
corresponds  to  the  branch-cut  side  where  zj  and  z7  have  asymptotics  as  ~  exp(4-ffcy). 

In  the  case  of  steady  supersonic  perturbations,  there  is  an  overlapping  of  two  vorticity 
modes  and  the  entropy  mode  with  A5,6  =  ±ik  (k  >  0).  For  this  case,  we  can  also  use  the 
result  for  the  initial-value  problem, 


Ap0  -  Ap0  -  Ac,l  +  ACi2  +  ACi5, 


(2.33) 
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where  ACii  and  ACt5  are  given  by  (2.31),  (2.32),  and 

6*l£l283  ^4^2834  ,  ^5^2853 


lc,2 


=  f- 

\E28l 


+ 


+ 


'2853  £2863  £2853  £"2863  ^2853^2863  £2853  £2863 

x  (£*856322  +  £*285623  +  £*286325—  £2853Z6  —  £256328 )  • 


<^£2863 _ 67. £2783  \ 


£2853  £2863  /  (2.34) 


In  (2.34),  the  side  7+  also  means  that  z5  ~  exp(+zto/). 

In  the  case  of  steady  subsonic  perturbations,  there  is  an  overlapping  of  four  modes.  This 
case  has  not  been  considered  yet  elsewhere.  Similarly  to  the  other  cases,  one  can  derive 


where  Ac<3  is  defined  as  follows 

Cl  £6218  C3  £2863 


AvQ  “  Av3  -  Ac,  1  +  Ac,2  +  Ac, 3  +  A( 


Lc,5? 


^•c.3 


-G 


+ 


64  £2468 


65  £6528 


£2863  £2468  £2863  £2468  £2863  £2468  £2863  £2468 

x  (£6348Z2  —  £2468  z3  —  £286324—  £2834 z6  +  £*2463  z8)  • 


67  £6728 
£2863  £2468 


(2.35) 


(2.36) 


In  addition,  we  should  address  the  discrete  spectrum,  which  is  associated  with  poles 
originating  from  zeros,  pn,  of  the  equation  £i357(p„)  =  0.  Their  input  into  (2.28)  is  presented 
by  the  residue  values 


Resn  (Apepx)  = 


pPnE 


[Zl  ( 6*2  £2357  +  6*4  £4357  +  66  £6357  +  6*8£s357) 


+  z3  (C2£l257  +  64 £1 457  +  Ce£l657  +  68£l857) 

+  Z5  ( 6*2 £1327  +  64 £1347  +  6e£i367  +  68 £1387) 

+  z7  (6*2 £l352  “I"  64 £1354  +  66£l356  +  6s£l358)]> 


(2.37) 


where  the  right-hand  side  is  evaluated  at  p  =  pn.  Taking  into  account  that  £1357  =  0,  one 
can  derive  from  (2.37) 


Resn  {Apepx)  =  ePnX 


(62 £l257  +  64 £1457  -f  C6£l765  4-  C8£l578) 


(^f1 )  £1457 

X  (Zj £4357  +  Z3£i457  +  Zs£i347  +  Z7£i354) 


(2.38) 


The  result  (2.38)  represents  a  discrete  mode  that  is  comprised  of  four  fundamental  solutions, 
Zi,  z3,  z5,  and  z7,  decaying  outside  the  boundary  layer.  This  result  and  the  results  for  the 
continuous  spectra  were  verified  with  the  help  of  Mathematica  [Wol99]. 

One  can  see  that  input  into  the  inverse  Laplace  transform  (2.28)  from  the  integrals  along 
branch  cuts  [(2.29),  (2.31),  (2.32),  (2.34),  (2.36)],  and  the  residue  values  evaluated  at  the 
poles  (2.38)  are  written  as  stand-alone  modes  (vector  functions)  with  coefficients  depending 
on  the  initial  conditions  A0(j/,  z), 


roo 


(x, y)  =  J2  d-A oMc*”*  +  52  dj(k) Aaj(y)eia*Wx  dk. 

V  j  do 


(2.39) 
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Here,  and  denote  sums  over  the  discrete  spectra  and  branches  of  the  continuous 
spectra,  respectively.  The  coefficients  du  and  dj  also  can  be  found  from  the  initial  data, 
A0 (j/,  z),  using  the  biorthogonal  eigenfunction  system  {Aa/?,Ba/5}  defined  in  Appendix  A. 2. 
The  solution  (2.39)  provides  the  background  for  the  multimode  decomposition  that  will  be 
discussed  later  in  this  section. 

Recapitulation  of  spectra 
Continuous  spectra 

Although  one  can  find  properties  of  continuous  spectra  for  perturbations  in  compressible 
boundary  layers  elsewhere  [TF83b,  BM92,  GT04],  for  the  sake  of  clarity,  we  briefly  recapit¬ 
ulate  these  properties. 

The  structure  of  the  3D  continuous  spectra  is  similar  to  the  2D  case  discussed  in  [GT04] 
(see  Section  2.5.2).  As  in  the  2D  case,  there  are  7  branches.  Three-dimensionality  leads  to 
two  vorticity  modes,  A  and  B  (see  the  previous  subsection  with  the  spatial  Cauchy  prob¬ 
lem  formulation)  stemming  from  the  vector  character  of  the  quantity.  There  are  branches 
associated  with  the  upstream  modes  that  are  of  no  interest  to  the  present  work.  Figure 
2.1(a)  shows  branches  of  the  downstream  modes  in  the  complex  plane  a  =  —ip  ( p  is  the 
Laplace  variable  in  the  previous  subsection)  at  Mach  number  M  =  5.95,  Reynolds  number 
Re  =  1500,  /?  =  10-4,  and  frequency  parameter  F  =  upe/peU 2  =  10~4,  where  the  subscript 
e  stands  for  the  flow  parameters  at  the  edge  of  the  boundary  layer.  In  what  follows,  we 
use  the  specific  heat  ratio  7  =  1.4,  and  assume  that  viscosity  is  a  function  of  the  temper¬ 
ature  in  accordance  with  Sutherland’s  law.  Results  in  figure  2.1  were  obtained  at  Prandtl 
number  Pr  =  0.72,  the  frcc-strcam  stagnation  temperature  T0  =  470A',  and  bulk  viscosity 
parameter  e  =  0.8  (see  Appendix  A.l).  One  can  see  two  horizontal  branches  representing 
the  slow  (SA)  and  fast  (FA)  acoustic  waves.  In  the  limit  of  high  Reynolds  numbers,  the 
branch  points  correspond  to  phase  velocities  c  =  1  ±  1/M.  The  vorticity  and  entropy  modes 
are  indistinguishable  in  the  scale  of  figure  2.1(a),  but  they  are  not  identical,  as  one  can  see 
from  figure  2.1(6).  However,  there  is  an  overlapping  of  the  modes  at  u  =  0.  In  the  limit  of 
high  Reynolds  numbers,  the  branch  points  of  the  vorticity  and  entropy  modes  axe  a  ^  u. 
One  can  find  more  details  about  the  branch  points  for  3D  perturbations  in  [BM92]. 

In  the  case  of  3D  perturbations,  the  modes  of  continuous  spectra  are  comprised  of  five  fun¬ 
damental  solutions.  Some  of  them  are  oscillating  outside  the  boundary  layer  as  ~  exp(±iky), 
whereas  the  others  are  decaying.  Figures  2.2(a,6)  and  2.3(a,6)  show  real,  ur,  and  imaginary, 
a,,  parts  of  the  streamwise  velocity  perturbations  of  the  vorticity,  entropy  and  two  acoustic 
modes  in  the  case  of  a  boundary  layer  over  a  flat  plate  with  temperature  factor  Tw/Tad  =  0.1, 
where  Tw  and  Tad  are  the  wall  temperature  and  the  temperature  of  the  adiabatic  wall,  respec¬ 
tively.  We  use  the  length  scale  H  =  (pex/ peUe)l/2,  where  x  is  the  distance  from  the  leading 
edge.  The  continuous  spectrum  parameter  in  these  examples  is  k  =  1.  The  other  parameters 
are  the  same  as  in  figure  2.1,  except  the  spanwise  wavenumber,  which  is  /?  ==  0.16.  The 
solutions  are  normalized  by  the  wall  condition  du/dy( 0)  =  1.  One  can  see  that  the  vorticity 
and  entropy  modes  do  not  penetrate  the  boundary  layer  at  these  parameters,  whereas  the 
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Figure  2.1:  Branch  cuts  in  the  upper  half-plane,  a.  M  =  5.95,  F  =  10-4  ,  Re  =  1500, 
p =  io-4 . 

acoustic  modes  have  velocity  perturbations  significantly  larger  than  outside  the  boundary 
layer.  This  phenomenon  is  the  reason  why  the  quality  of  perturbation  measurements  in 
high-speed  boundary  layers  depends  on  the  level  of  the  acoustic  perturbations  originated  in 
boundary  layers  over  wind-tunnel  walls. 

Figure  2.4  shows  branches  of  the  continuous  spectra  in  the  complex  plane,  a,  for  a 
subsonic  boundary  layer  at  Mach  number  M  =  0.5,  Re  =  1500,  F  =  10-4,  and  p  =  10-4.  In 
the  limit  M  — >  0,  the  branch  cuts  corresponding  to  the  acoustic  modes  degenerate  into  the 
imaginary  axis  of  a.  In  the  limit  Re  — ♦  oo,  the  acoustic  branch  cuts  form  a  cross  with  the 
midpoint  at  a  =  -M2u/(l  -  M 2)  [Fed82,  ZT87]. 

Slow  and  fast  discrete  modes 

As  was  found  by  [Mac69],  the  discrete  spectrum  of  perturbations  in  supersonic  boundary 
layers  is  more  complicated  than  in  the  subsonic  case.  [FK01]  noticed  that  at  high  Mach 
numbers  (when  the  so-called  second  Mack’s  mode  exists)  there  axe  two  discrete  modes  (stable 
and  unstable)  that  could  be  synchronized  at  some  downstream  coordinate,  x,  depending  on 
the  flow  parameters  and  the  perturbation  frequency.  Because  at  small  Reynolds  numbers 
one  discrete  mode  is  synchronized  with  the  slow  acoustic  mode,  whereas  the  other  mode 
is  synchronized  with  the  fast  acoustic  mode,  [Fed03a]  suggested  calling  them  slow  and  fast 
discrete  modes,  respectively.  The  synchronization  means  that  these  discrete  modes  could  be 
generated  by  acoustic  waves  interacting  with  the  leading  edge  of  a  flat  plate. 

Both  the  slow  and  fast  discrete  modes  could  be  involved  in  the  laminar-turbulent  transi¬ 
tion  scenario.  For  example,  the  decaying  mode  could  be  generated  by  the  entropy  or  vorticity 
modes  of  the  continuous  spectra.  At  the  point  of  synchronism  between  the  fast  and  slow 
modes,  the  decaying  mode  can  give  rise  to  the  unstable  mode  (switching  of  the  modes), 
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a) 


b) 


Figure  2.2:  Streamwise  velocity  perturbation  of  vorticity  mode  A  (a)  and  entropy  mode  (b). 
M  =  5.95,  Tw/Tad  =  0.1,  F  =  IQ-4  ,  Re  =  1500,  0  =  0.16,  k=l. 


a) 


b) 


Figure  2.3:  Streamwise  velocity  perturbation  of  the  fast  (a)  and  slow  (b)  acoustic  modes. 
M  =  5.95,  Tw/Tad  =  0.1,  F  =  10~4  ,  Re  =  1500,  0  =  0.16,  k=  1 . 
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Figure  2.4:  Branch  cuts  at  M  —  0.5,  F  =  10~4  ,  Re  —  1500,  0  =  10-4  . 

which  may  lead  to  the  transition.  The  scenario  suggested  by  [FK01]  means  that  both  the 
stable  and  unstable  modes  are  of  interest  for  understanding  transition  mechanisms.  Later 
on,  switching  of  the  modes  was  observed  in  direct  numerical  simulations  of  perturbations  in 
high-speed  boundary  layers  [MZ03b]. 

In  order  to  clarify  the  terminology  and  to  illustrate  the  motivation  for  analysis  of  stable 
discrete  modes,  we  provide  an  example  of  slow  and  fast  discrete  modes  in  a  boundary  layer 
of  a  calorically  perfect  gas  over  a  flat  plate.  The  free-stream  stagnation  temperature  T0— 
470K,  the  edge  Mach  number  M  =  5.6,  the  Prandtl  number  Pr  =  0.71,  and  we  employ 
Stokes’  hypothesis  (e  =  0  in  the  matrix  elements  of  Appendix  A.l). 

Here  is  an  example  of  a  boundary  layer  on  an  adiabatic  wall.  In  the  limit  of  two- 
dimensional  perturbations,  we  choose  a  small  spanwisc  wavenumber,  0  =  5.7  x  10-5.  The 
local  Reynolds  number,  Re  =  704.  Figure  2.5  shows  the  map  of  eigenvalues  obtained  with  the 
help  of  the  spectral  collocation  method.  The  frequency  parameter  is  F  —  150  x  10-6.  One 
can  see  the  discretized  continuous  spectra.  There  are  two  horizontal  branches  corresponding 
to  the  slow  and  fast  acoustic  modes,  and  a  vertical  branch  corresponding  to  the  vorticity 
and  entropy  modes.  Also,  one  can  see  fast  (F)  and  slow  ( S )  discrete  modes.  Figure  2.6(a,6) 
illustrates  real,  ar,  and  imaginary,  a,,  parts  of  the  downstream  wavenumber  a  versus  the 
frequency.  Lines  SA  and  FA  in  figure  2.6(6)  represent  slow  and  fast  acoustic  modes  with 
phase  velocities  c  =  1  T  1/M,  respectively.  Figure  2.6(6)  also  shows  the  line  corresponding 
to  the  phase  velocity  c  =  1  that  represents  vorticity  and  entropy  perturbations  moving  with 
the  free  stream.  One  can  see  that  at  u  — ►  0  the  discrete  modes  S  and  F  are  synchronized 
with  the  slow  (SA)  and  the  fast  (FA)  acoustic  modes.  This  synchronization  means  that  there 
is  a  channel  of  coupling  between  the  acoustic  and  discrete  modes. 
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Figure  2.5:  Eigenvalue  map.  M  —  5.6,  F  —  150  x  10  6,  Re  —  704,  0  —  5.77  x  10~5  . 


At  u  &  0.12,  the  mode  F  is  synchronized  with  the  vorticity  mode  (c  =  1).  This  synchro¬ 
nization  is  accompanied  by  discontinuity  in  a<.  As  was  discussed  by  [FT03],  the  discrete 
mode  coalesces  with  the  continuous  spectrum  from  one  side  of  the  branch  cut  and  reappears 
on  the  other  side  at  another  point.  Mathematically,  the  pole  associated  with  mode  F  ap¬ 
proaches  one  side  of  the  branch  cut  on  the  complex  p  plane.  At  the  same  time,  another  pole, 
located  on  the  lower  Riemann  sheet,  approaches  the  branch  cut  from  the  opposite  side.  As 
the  pole  on  the  plane  coalesces  with  the  branch  cut,  it  moves  to  the  upper  Riemann  sheet 
while,  simultaneously,  the  pole  that  was  on  the  lower  Riemann  sheet  moves  into  the  complex 
p  plane  at  another  point.  The  discontinuity  of  a.i  at  the  point  of  synchronism  between  a 
discrete  mode  with  the  vorticity /entropy  modes  could  also  be  noticed  in  plots  published  by 
other  authors  [Mac69,  EB93].  Usually,  the  discontinuity  looks  like  a  wiggle  on  the  plots, 
and  it  has  not  been  interpreted  as  a  discontinuity.  [BM92]  reported  coalescence  of  discrete 
modes  with  the  vorticity/ entropy  branch  cut  in  the  complex  plane  a,  but  they  did  not  report 
the  reappearance  of  a  discrete  mode  from  another  side. 

There  is  a  synchronism  between  mode  F  and  mode  S  at  u>  «  0.13.  However,  there  is 
no  coalescence  of  the  eigenvalues.  A  model  of  two-mode  synchronism  considered  in  [FK91] 
and  [FK01]  explains  branching  of  the  modes  at  the  point  of  synchronism.  At  this  point,  one 
of  the  modes  becomes  unstable,  whereas  the  other  one  moves  toward  positive  on.  Although 
in  this  example  the  modes  have  the  same  value  of  cv  «  u/ar  at  u  «  0.13,  the  minimum 
of  | Off  —  as |  exists  in  the  vicinity  of  u  «  0.11,  and  this  is  actually  the  point  of  the  modes’ 
branching.  The  synchronism  between  mode  F  and  the  vorticity/entropy  modes  accompanied 
by  the  synchronism  between  modes  F  and  S  suggests  that  there  is  a  scenario  associated 
with  excitation  of  mode  F  by  vorticity/entropy  modes,  and  mode  F  can  give  rise  to  the 
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Figure  2.6:  Imaginary  (a)  and  real  (b)  parts  of  the  wavenumber.  M  —  5.6,  Re  —  704, 
F  =  150  x  10"6,  0  =  5.77  x  10"5  . 

unstable  mode  S  at  the  point  of  their  synchronism.  The  aforementioned  properties  of  discrete 
spectrum  are  typical  for  high  Mach  number  (M  >  4)  and  an  adiabatic  wall. 

Effect  of  three-dimensionality  on  the  discrete  modes  can  be  depicted  as  follows.  Figure 
2.7 (a,b)  illustrates  (Xr  and  <xl  for  mode  S  as  functions  of  frequency  at  three  wavenumbers 
0  —  5.77  x  lO"5,  4.62  x  10-2,  and  9.24  x  10-2.  One  can  see  from  figure  2.7  that  there  is 
no  significant  effect  on  «r,  and  that  has  two  minima.  The  first  minimum  (at  lower  oj) 
demonstrates  that  the  mode  is  more  unstable  in  the  case  of  three-dimensional  perturbations, 
whereas  the  magnitude  of  the  second  minimum  decreases  with  an  increase  of  0.  Usually,  these 
two  peaks  are  associated  with  Mack’s  mode  1  and  mode  2,  respectively.  This  terminology 
originated  from  Mack’s  analysis  of  inviscid  perturbations  [Mac69].  He  found  that  an  increase 
of  Mach  number  is  accompanied  by  an  increase  of  distinct  unstable  discrete  modes.  Using 
asymptotic  analysis,  [GF89]  showed  that  each  amplified  inviscid  mode  represents  a  separate 
solution.  At  finite  Reynolds  numbers,  the  structure  of  the  discrete  spectrum  is  different. 
Results  in  figure  2.7  correspond  to  one  discrete  normal  mode,  and  the  minima  in  <y.i  are  only 
the  footprints  of  Mack’s  mode  1  and  mode  2. 

Decomposition  of  three-dimensional  perturbations 

Examples  when  all  components  of  the  vector  A0  are  available 

Recently,  the  multimode  decomposition  was  successfully  applied  by  [TWZ07]  to  an  analysis 
of  CFD  data  in  the  case  of  two-dimensional  perturbations  (see  Section  2.5.3).  The  results  of 
the  spatial  Cauchy  problem  subsection  and  the  orthogonality  relation  (A. 6)  provide  a  tool 
for  decomposition  of  three-dimensional  perturbations  into  normal  modes  of  discrete  and  con¬ 
tinuous  spectra.  To  illustrate  application  of  the  method  to  three-dimensional  perturbations, 
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Figure  2.7:  Imaginary  (a)  and  real  (b)  parts  of  the  wavenumber  as  functions  of  the  frequency 
at  (3  =  const.  Mode  S.  M  =  5.6,  Re  =  704. 


we  emulate  the  ‘CFD’  data  by  superposition  of  modes  from  discrete  and  continuous  spectra, 
and  use  the  orthogonality  condition  in  order  to  decompose  the  perturbation  and  to  recover 
weights  of  the  modes. 

In  the  first  example,  we  consider  superposition  of  mode  S,  mode  F,  and  a  vorticity  mode  A 
in  the  boundary  layer  over  a  flat  plate  at  M  =  5.95,  Tw/Tad  =  0.1.  The  frequency  parameter 
F  =  10-4,  the  Reynolds  number  Re  =  1895,  and  the  spanwise  wavenumber  /?  =  0.16.  The 
parameter  k  of  the  vorticity  mode  is  equal  to  one.  The  eigenfunctions  of  these  modes  are 
normalized  by  the  wall  condition  du/dy{ 0)  =  1. 

Figure  2.8(a)  shows  superposition  results  of  two  discrete  modes  with  weights  Cs  =  1 
and  CF  =  —1  for  the  slow  and  fast  modes,  respectively.  Decomposition  with  the  help 
of  the  orthogonality  relation  (A. 6)  leads  to  the  restored  values  of  the  coefficients  Cs  = 
0.999996  +  i 5.55698  x  10-7  and  CF  =  -1.00001  +  i  1.78601  x  10“6. 

Figure  2.8(6)  shows  results  when,  in  addition  to  the  discrete  modes  as  in  figure  2.8(a), 
there  is  a  vorticity  mode  with  weight  Cv  =  2.  For  this  case,  the  decomposition  with  the  help 
of  the  orthogonality  relation  (A. 6)  leads  to  the  coefficients  Cs  —  0.999999  +  i  1.21594  x  10-6 
and  CF  =  -1.00002  -  *3.90897  x  10"6. 

Examples  of  decomposition  when  the  perturbations  were  composed  of  the  mode  S  (Cs  = 
1),  mode  F  ( CF  —  —1),  and  an  acoustic  wave  are  shown  in  figure  2.9(a,6).  Figure  2.9(a) 
illustrates  the  case  when  the  fast  acoustic  wave  was  used  with  CFa  =  2,  k  =  1,  while  the 
example  with  the  slow  acoustic  wave  ( Csa  =  2,  k  =  1)  is  shown  in  figure  2.9(6).  Results  of  the 
decomposition  for  the  case  corresponding  to  figure  2.9(a)  were  Cs  =  0.999966  -  *4.79233  x 
10~6  and  CF  =  —1.00008 +  *  6.22089  x  10-5.  For  the  example  corresponding  to  figure  2.9(6), 
we  found  Cs  =  0.999948  -  *  1.70326  x  10~4  and  CF  =  -0.999860  +  *  1.87548  x  10~4. 


23 
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Figure  2.8:  Superposition  of  mode  S,  mode  F,  and  fast  acoustic  mode  ( k  =  1):  a)  Cs  =  1, 
CF  =  -1,  Cv  =  0;  b)  Cs  =  1  ,CF  =  -1,  Cv  =  2.  M  —  5.95,  Tw/Tad  -  0.1,  F  =  10"4, 
Re  =  1895,  /?  =  0.16. 


b) 


0  5  10  15  20 

y 


Figure  2.9:  Superposition  of  mode  S,  mode  F,  and  acoustic  modes  ( k  =  1).  a)  Two  discrete 
modes  and  fast  acoustic  mode;  b)  Two  discrete  modes  and  slow  acoustic  mode.  M  =  5.95, 
Tw/Tad  =  0.1,  F  =  10-4,  Re  =  2300,  /?  =  0.16,  Cs  =  1,  CF  =  -1  ,CFA  =  2,  CSA  =  2. 
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An  example  with  partial  data  available 

Similarly  to  the  analysis  of  two-dimensional  perturbations  in  Section  2.5.2,  one  can  consider 
decomposition  of  three-dimensional  perturbations  when  only  partial  information  is  available, 
as  happens  when  experimental  data  are  used.  To  proceed  with  the  decomposition,  one  has 
to  make  an  assumption  about  the  modes  that  had  input  into  the  measured  function.  The 
accuracy  of  the  assumption  can  be  checked  a  posteriori  by  comparing  the  measured  function 
to  that  constructed  with  the  weights  found  from  the  decomposition. 

Decomposition  of  steady  three-dimensional  perturbations  into  modes  of  continuous  spec¬ 
tra  is  a  more  complicated  problem  because  there  are  overlapping  vorticity,  entropy,  and 
pressure  (subsonic  flow)  modes  of  the  continuous  spectra.  In  the  case  of  incompressible  flow 
[Tum03],  the  expansion  into  vorticity  modes  of  the  continuous  spectra  was  approximated  by 
a  sum  of  the  finite  number  of  the  modes  with  unknown  coefficients  that  were  found  from 
a  system  of  algebraic  equations.  The  same  algorithm,  in  principle,  could  be  utilized  for 
decomposition  of  perturbations  into  the  vorticity  modes  of  the  continuous  spectra  in  a  com¬ 
pressible  boundary  layer.  To  illustrate  the  application,  we  consider  a  steady  perturbation 
corresponding  to  optimal  transiently  growing  disturbances  at  Mach  number  M  =  3.  We 
emulate  the  ‘measured’  velocity  components  and  temperature  perturbations  by  the  solutions 
of  the  linearized  boundary  layer  equations  over  a  flat  plate  with  an  adiabatic  wall  [TR03]. 
The  Reynolds  number  is  based  on  the  free-stream  velocity  and  the  Blasius  scale  H  is  equal 
to  301.64.  The  spanwise  wavenumber,  /?,  is  equal  to  0.45. 

For  the  purpose  of  this  analysis,  we  assume  that  there  is  no  influence  from  the  upstream 
modes,  and  we  carry  out  the  decomposition  only  into  two  vorticity  modes,  A  and  B  [see  Eqs. 
(2.31)  and  (2.32)]  and  entropy  modes.  For  this  type  of  perturbations  (counter-rotating 
streamwise  vortices),  we  assume  that  input  from  the  acoustic  branch  cuts  is  negligible, 
and  they  are  not  included  in  the  decomposition  algorithm.  For  the  present  example,  the 
continuous  spectrum  is  discretized  by  400  modes  on  the  interval  k,  6  (0,4). 

Overlapping  of  the  entropy  and  vorticity  modes  leads  to  significant  complication  of  the 
algorithm.  In  order  to  avoid  the  overlapping,  we  used  eigenfunctions  of  the  continuous 
spectra  at  small  uj.  Figure  2.10(a)  shows  weight,  |C|,  for  mode  A  obtained  at  uj  =  10“4, 
10-5,  and  5  x  10“6  to  illustrate  convergence  as  u  — >  0.  For  the  numerical  decomposition  into 
modes  of  the  continuous  spectra,  in  what  follows,  we  use  u  =  5  x  10-6.  The  magnitudes 
of  the  weights  for  modes  A  and  B  and  for  entropy  modes  axe  shown  in  Figure  2.10(6). 
Figures  2.11(a,6)  and  2.12  demonstrate  a  comparison  of  the  £-,  t/-,  z- velocity  components, 
and  temperature  ‘measured’  and  composed  with  the  found  weights  for  the  vorticity  and 
entropy  modes.  Similarly  to  the  incompressible  case  [Tum03],  one  can  see  that  there  is  a 
discrepancy  between  the  ‘measured’  and  composed  data  of  order  1/Re. 

Discussion  of  the  results 

The  spatial  Cauchy  problem  was  solved  for  three-dimensional  perturbations  in  compressible 
boundary  layers.  Although  the  numerical  examples  and  the  matrix  elements  in  Appendix 
A.l  were  given  for  two-dimensional  boundary  layers,  all  the  results  of  the  spatial  Cauchy 
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Figure  2.10:  Vorticity  and  entropy  modes  in  the  multimode  decomposition  when  three  ve¬ 
locity  components  and  temperature  are  ‘measured’:  a)  Vorticity  mode  A  at  u  —  10-4,  10-5, 
and  5  x  10-6;  b)  Vorticity  modes  A  and  B  and  entropy  mode  at  u  =  5  x  10-6.  M  =  3, 
Re  =  301.64,  0  =  0.45  . 


a) 


b) 


Figure  2.11:  Comparison  of  ‘measured’  (input)  and  composed  velocity  components.  M  =  3, 
Re  =  301.64,  0  =  0.45. 
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Figure  2.12:  Comparison  of  ‘measured’  (input)  and  composed  temperature  perturbations. 
M  =  3,  Re  =  301.64,  0  =  0.45 . 


problem  section  are  valid  [after  minor  adjustments  in  (2.24)]  for  three-dimensional  boundary 
layers  when  the  mean  flow  profiles  are  independent  of  the  spanwise  coordinate,  z.  These  re¬ 
sults  provide  a  tool  to  decompose  perturbations  given  only  at  a  local  station,  x ,  into  modes 
of  continuous  and  discrete  spectra.  In  order  to  be  able  to  distinguish  the  modes,  one  needs 
amplitude  and  phase  distributions  for  pressure,  temperature,  and  velocity  components,  to¬ 
gether  with  some  of  their  derivatives  with  respect  to  the  coordinate  x.  This  is  possible  in 
computational  studies  of  perturbations  introduced  into  boundary  layers.  The  latter  might 
be  helpful  to  elucidate  underlying  mechanisms  that  are  important  in  laminar-turbulent  tran¬ 
sition  scenarios.  For  example,  we  discussed  the  synchronism  of  discrete  modes  F  and  S.  One 
of  them  might  be  unstable,  and  it  could  be  responsible  for  transition  to  turbulence.  The 
other  decaying  mode  might  be  synchronized  with  vorticity  and  entropy  modes.  It  means 
that  there  exists  a  channel:  ‘vorticity/entropy  modes’  — >  ‘decaying  discrete  mode’  — >  ‘un¬ 
stable  discrete  mode’  -»  ‘transition  to  turbulence’  [FK01].  In  conventional  computational 
studies,  one  could  observe  the  generation  of  the  instability  mode  only  in  the  far  field,  where 
the  unstable  mode  dominates  the  other  modes  of  discrete  and  continuous  spectra.  However, 
the  significant  element  of  the  scenario  -  the  decaying  mode  -  could  not  be  attained  in  the 
analysis.  The  present  method  allows  evaluation  of  the  amplitude  of  the  decaying  modes  in 
order  to  provide  a  more  rigorous  background  for  interpretation  of  CFD  results  (see  Section 
2.5.3). 

Decomposition  of  perturbations  when  only  partial  information  is  available  is  an  ill-posed 
problem.  Nevertheless,  one  can  apply  a  regularization  procedure  to  recover  the  flow  field. 
Actually,  the  assumption  that  the  flow  field  is  composed  of  downstream  modes  only  is  an 
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example  of  regularization  leading  to  decomposition  based  on  measured  velocity  components 
and  temperature  only.  We  expect  that  developed  methods  of  regularizations  for  ill-posed 
problems  [TA77,  TGSY95]  may  allow  a  further  reduction  of  measured  data  under  reasonable 
assumptions. 

Although  the  considered  examples  are  associated  with  the  cases  when  the  solution  is  com¬ 
prised  of  the  downstream  modes  only,  the  orthogonality  condition  (A. 6)  allows  distinguishing 
upstream  modes  in  the  initial  data  as  well.  The  main  constraint  on  the  initial  data  is  that 
it  must  be  orthogonal  to  short-scale  upstream  modes  in  order  to  provide  finite  downstream 
growth  rate  for  the  solution,  and  to  carry  out  the  inverse  Laplace  transform. 

The  solution  in  the  present  work  is  based  on  the  parallel  flow  approximation.  This  ap¬ 
proximation  is  valid  when  the  length  scale  of  interest  is  much  smaller  than  the  characteristic 
scale  of  the  unperturbed  flow  in  the  downstream  direction.  Results  of  the  present  work 
are  also  based  on  the  assumption  that  the  normalization  constant  T  in  (A. 6)  is  not  equal 
to  zero.  [FK02]  showed  that  the  constant  is  equal  to  zero  at  the  branching  point  of  two 
discrete  modes,  and  the  nonparallel  flow  effects  are  to  be  taken  into  account  in  order  to  re¬ 
solve  the  singularity.  Analysis  of  discrete  and  continuous  spectra  by  [TWZ07]  demonstrated 
that  the  normalization  constant  tends  to  zero  also  in  the  case  of  synchronism  between  the 
discrete  mode  and  the  continuous  spectra  (Section  2.5.3).  Therefore,  an  extension  of  the 
theoretical  model  by  [FK02]  is  required  when  one  needs  to  resolve  the  mode  close  to  a  point 
of  synchronism  with  the  continuous  spectra. 

Another  issue  that  we  find  worthwhile  to  address  in  this  discussion  is  the  terminology 
used  for  discrete  modes  in  high-speed  boundary  layers.  Historically,  the  terminology  was 
introduced  by  [Mac69].  In  his  inviscid  analysis  of  perturbations,  Mack  discovered  the 
existence  of  new  instability  modes.  At  finite  Reynolds  numbers  (see  our  example  in  the 
spectra  recapitulation  part,  there  is  only  one  unstable  mode  having  signatures  of  Mack’s 
mode  1  and  mode  2  (see  figure  2.7a).  Mathematically,  this  is  a  single  mode  associated  with 
a  pole  in  the  solution  (2.26),  and  the  pole  is  moving  around  the  complex  plane  in  such 
a  way  that  one  can  see  two  peaks  in  the  imaginary  part  of  a.  [[BM92]  also  emphasized 
that  there  exists  only  one  unstable  eigenvalue,  a,  for  a  given  /?.]  These  two  peaks  arc 
associated  with  Mack’s  mode  1  and  2.  The  first  peak  demonstrates  that  three-dimensional 
perturbations  grow  faster  than  two-dimensional,  whereas  the  second  peak  has  the  opposite 
trend.  One  should  keep  in  mind  that  the  terminology  based  on  Mack’s  modes  addresses 
different  behaviors  of  the  same  unstable  mode  at  low  and  high  frequencies. 
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2.3  Receptivity  to  3D  actuators  placed  on  the  wall 

2.3.1  Roughness-induced  perturbations  in  incompressible  bound¬ 
ary  layer 

This  section  is  based  on  the  paper  published  in  collaboration  with  E.  Reshotko  [TR05]. 


Tiny  roughness  elements  might  be  responsible  for  laminar-turbulent  transition  associated 
with  the  transient  growth  mechanism  of  perturbations  introduced  into  the  boundary-layer 
flow  [ResOl,  RTOO].  Extensive  theoretical  analyses  of  optimal  disturbances  in  incompressible 
and  compressible  flows  [TR01 ,  TR03]  led  to  correlations  for  transition  Reynolds  numbers  con¬ 
sistent  with  the  available  experimental  data  [RT04]  related  to  roughness-induced  transition. 
From  the  theoretical  studies,  optimal  transient  growth  is  associated  with  streamwise  vor¬ 
tices.  To  investigate  the  transient  growth  mechanism  experimentally,  an  array  of  roughness 
elements  was  used  in  [Whi02,  WE97].  Although  the  experimental  results  agree  qualitatively 
with  the  theoretical  ones,  there  are  quantitative  differences  that  will  be  discussed  later.  In 
order  to  resolve  the  discrepancy  and  to  complete  the  transient  growth  scenario,  one  has  to 
solve  the  receptivity  problem,  i.e.,  find  the  flow  perturbation  generated  by  an  array  of  humps. 

Boundary-layer  flows  in  the  presence  of  three-dimensional  (3D)  humps  have  been  investi¬ 
gated  extensively  with  the  help  of  asymptotic  methods  [SSB77,  BL85,  Bog86,  Bog87,  Bog88] 
in  the  limit  e  =  RL  '  — >  0,  where  Rl  is  the  Reynolds  number  based  on  the  characteristic 
length  of  the  oncoming  boundary  layer,  L,  and  the  freestream  velocity,  Ux.  The  asymptotic 
methods  are  very  helpful  for  an  overall  understanding  of  flow  structure  and  for  the  purpose  of 
deriving  the  governing  parameters,  whereas  the  quantitative  results  might  be  questionable  at 
finite  Reynolds  numbers.  Therefore,  it  would  be  preferable  to  solve  the  receptivity  problem 
with  the  help  of  a  method  that  is  applicable  to  the  case  of  finite  Reynolds  numbers. 

The  flow  response  to  a  small  roughness  element  on  the  wall  is  a  particular  example  of 
the  general  receptivity  problem.  Usually,  the  term  “receptivity”  is  used  for  the  generation 
of  instability  modes  only.  Because  the  method  applied  in  the  present  work  originated  as  a 
method  for  solving  receptivity  problems  in  boundary  layers  at  finite  Reynolds  numbers,  we 
would  like  to  outline  its  origin  and  how  it  was  verified  by  comparison  with  other  methods 
(we  do  not  present  a  review  of  the  receptivity  problem,  and  the  list  of  references  includes 
only  some  of  the  earliest  papers  and  the  papers  relevant  to  the  verification  of  the  method 
used  in  the  present  work). 

[Mor69,  Res76]  clarified  the  important  role  of  receptivity  in  the  laminar-turbulent  tran¬ 
sition  process.  These  papers  motivated  intensive  investigations  of  various  mechanisms  re¬ 
sponsible  for  excitation  of  unstable  Tollmien-Schlichting  (TS)  waves.  A  partial  listing  of  the 
vast  bibliography  on  the  topic  is  presented  in  [Cho98,  SRK02,  Fed03a]. 

Theoretical  models  may  be  categorized  according  to  their  underlying  principles  as  fol¬ 
lows:  (i)  the  asymptotic  analysis  of  the  linearized  Navier-Stokes  equations  at  large  Reynolds 
numbers  (RL  — »  oo);  (ii)  the  finite  Reynolds-number  approach  based  on  a  combination  of 
analytical  models  with  numerical  representation  of  normal  modes;  and  (iii)  direct  numerical 
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simulation.  In  what  follows,  we  shall  address  only  (i)  and  (ii). 

The  first  results  on  the  generation  of  TS  waves  within  the  scope  of  asymptotic  methods 
(the  triple-deck  theory)  were  obtained  by  Terentev  [Ter81,  Ter84,  Ter85]  for  an  actuator 
on  the  plate  surface.  The  first  theoretical  model  on  the  generation  of  spatially  growing 
TS  waves  at  finite  Reynolds  numbers  was  suggested  by  Gaster  [Gas65].  He  considered  a 
localized  periodic-in-time  forcing  on  the  wall  and  outlined  how  to  evaluate  the  TS  wave 
amplitude.  [AP79]  published  experimental  data  on  the  excitation  of  TS  waves  by  acoustic 
waves  interacting  with  a  roughness  element  and  suggested  a  theoretical  model,  which  in¬ 
corporated  simultaneously  solving  of  the  direct  and  adjoint  Orr-Sommerfeld  equations.  In 
succeeding  years,  this  approach  led  to  the  formulation  of  the  biorthogonal  eigenfunction  sys¬ 
tem  [ZST80,  TF83a,  TF83b,  TF84,  Fed84],  which  turned  out  to  be  a  powerful  technique  in 
solving  receptivity  problems  for  spatially  developing  perturbations.  The  bulk  of  the  results 
obtained  with  this  approach  were  presented  by  [Fed82]. 

However,  the  aforementioned  results  at  finite  Reynolds  numbers  suffered  due  to  uncer¬ 
tainty  in  the  path  of  integration  in  the  inverse  Fourier  transform  at  supercritical  frequencies 
of  the  forcing,  and  the  hypothesis  by  [BR82]  was  adopted  in  order  to  include  the  unstable 
discrete  mode  into  the  downstream  solution.  Using  the  triple-deck  theory,  [Ter84]  justified 
the  hypothesis  of  [BR82].  [AR90]  revisited  the  problem  of  a  vibrating  ribbon  in  a  boundary 
layer  at  finite  Reynolds  numbers  and  resolved  the  question  concerning  the  contour  in  the 
inverse  Fourier  transform.  The  result  provided  a  rigorous  basis  for  the  analysis  of  receptivity 
problems  at  finite  Reynolds  numbers.  Later  on,  [Cro92,  CS92]  extended  the  analysis  to  the 
problem  of  acoustic  waves  scattering  into  TS  waves  on  localized  irregularities. 

Up  to  the  point  where  the  solution  of  the  problem  is  presented  as  an  inverse  Fourier  trans¬ 
form,  the  finite  Reynolds  number  approach  [AR90,  Cro92,  CS92]  and  the  method  based  on 
the  biorthogonal  eigenfunction  system  [TA97]  are  identical.  The  difference  is  only  in  evalu¬ 
ation  of  the  contributions  from  the  poles  and  from  integrals  associated  with  the  continuous 
spectrum.  In  [AR90,  Cro92,  CS92],  the  pole  contribution  was  evaluated  in  a  straightforward 
manner,  whereas  solution  of  the  adjoint  problem  in  [ZST80,  TF83a,  TF83b,  TF84,  Fed84] 
served  as  a  convenient  filter  to  evaluate  the  contribution.  It  was  proved  in  [TA97]  that  re¬ 
sults  of  the  receptivity  problem  solution  for  a  localized  actuator  on  the  wall  obtained  within 
the  scope  of  the  biorthogonal  eigenmode  expansion  and  with  the  finite  Reynolds-number 
approach  [AR90]  are  identical. 

In  this  section,  the  biorthogonal  eigenfunction  system  is  applied  to  the  problem  of  flow 
perturbation  due  to  a  three-dimensional  hump  (an  array  of  humps)  placed  on  the  wall.  Due 
to  some  obstacles  in  the  extension  of  the  biorthogonal  eigenfunction  technique  to  the  3D 
stationary  perturbations,  the  method  had  not  been  applied  yet  to  this  type  of  problem. 
Recently,  however,  these  issues  were  resolved  in  [Tum03].  This  makes  it  possible  to  revisit 
the  problem  of  the  3D  humps  with  the  help  of  the  biorthogonal  eigenfunction  expansion. 

Problem  formulation 

We  consider  a  steady  two-dimensional  incompressible  boundary  layer  in  the  parallel  flow 
approximation.  The  coordinate  x  corresponds  to  the  distance  along  the  surface,  y  is  the 
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distance  from  the  wall,  and  the  coordinate  2  represents  the  distance  in  the  span  wise  direction. 
A  localized  hump  of  shape  yw(x,z)  =  hf(x,z)  is  placed  on  the  wall,  where  h  stands  for  the 
height  of  the  hump  and  maxIi2(/)  =  1.  The  value  of  h  is  assumed  to  be  small  enough  (less 
than  the  viscous  sublayer  thickness  [SSB77],  hcr  =  ebL )  to  employ  the  linearized  Navier- 
Stokes  equations  and  the  linearized  boundary  conditions  on  the  wall 


y  =  0:  u=  -hf(x,z)U'w,  v  =  w  =  0 


(2.40) 


where  (u,  v,  w)  are  the  perturbation  velocity  components,  U  ( y )  is  the  undisturbed  flow 
velocity  profile,  and  U'w  =  ( dU/dy)y=0 .  Far  from  the  hump  ( y  — ►  00),  the  perturbations  are 
assumed  to  be  decaying. 

Formal  solution 

We  introduce  the  vector-function  A  =  (u,duldy,v,p,w,dw/dy,duldx,dvldx,dw/dx)T 
comprised  of  nine  components,  where  p  stands  for  the  pressure  perturbation.  The  superscript 
T  stands  for  “transposed”.  After  Fourier  transform  with  respect  to  x  and  2,  the  linearized 
Navier-Stokes  equations  are  written  in  the  form  [Tum03] 


(2.41) 


where  E,  H 1,  and  H2  are  9  x  9  matrices  (their  definitions  are  given  in  [Tum03]);  av  is  the 
Fourier  transform  variable  corresponding  to  the  coordinate  x\  and  Av  is  the  Fourier  transform 
of  A.  Actually,  Eq.  (2.41)  represents  the  continuity  equation  and  three  momentum  equations 
supplemented  by  the  definitions  of  du/dy,  dw/dy ,  du/dx,  dv/dx ,  and  dw/dx  via  the  other 
components.  The  boundary  conditions  are  the  following: 


y  A  •  uw  (oi^,  /?)  ,  Av3  —  Av5  —  0 

y  -+  OO  :  \Avj\  -►  0 


(2.42) 


where 


uw  (of.Vl  /?)  —  —hUwp  (o:v,  /?) 


(2.43) 


—00  — OO 


The  system  of  ODE  (2.41)  has  six  fundamental  solutions,  Zi(y), Z6(y).  Their  asymp¬ 


totic  behavior  outside  the  boundary  layer  can  be  easily  found  as  ~  exp(A j'y),  with  complex 
numbers  A j  =  1,  ...,6 


A,  =  -y/qgT/F,  A2  =  y^  +  ^ 
A3, 5  =  —  \/ aj  +  Z?2  +  iRotv 


(2.44) 


A4,6  =  y/0%  +  /T2  +  iRav 
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Figure  2.13:  The  integration  path  in  an  evaluation  of  the  inverse  Fourier  transform  with 
respect  to  av. 

where  R  is  the  Reynolds  number. 

In  the  general  case,  three  fundamental  solutions  are  decaying  outside  the  boundary  layer, 
whereas  the  other  three  solutions  are  exponentially  growing.  To  be  specific,  we  choose  Z j(y), 
Z3  (y),  and  Z5(y)  as  the  decaying  solutions.  Therefore,  the  solution  of  system  (2.41)  satisfying 
the  boundary  conditions  (2.42)  can  be  written  as  follows: 


&135 


(2.45) 


where  stands  for  ith  component  of  the  jth  vector.  Finally,  the  formal  solution  corre¬ 
sponding  to  the  spanwise  wave  number  (3  will  be  written  as 


(2.46) 


—OO 


After  the  inverse  Fourier  transform  with  respect  to  /?,  one  can  find  dependence  on  the 
coordinate  z,  as  well. 

Up  to  this  point,  our  analysis  is  equivalent  to  the  finite  Reynolds-number  approach  [AR90, 
Cro92,  CS92],  The  inverse  transform  (2.46)  can  be  evaluated  numerically  in  a  straightforward 
manner,  or  one  can  use  an  integration  path  over  the  upper  half  of  the  complex  av  plane, 
(x  >  0),  as  is  shown  in  figure  2.13.  The  result  will  be  recast  as  a  sum  of  integrals  along 
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the  branch-cuts  (only  one  branch-cut  exists  for  stationary  perturbations)  and  the  residue 
values  originating  from  the  pole  singularities  (there  are  no  pole  singularities  in  the  stationary 
perturbation  case).  In  the  present  method,  we  employ  the  result  in  [Tum03]  that  solution 
(2.46)  can  be  recast  as  a  sum  of  normal  modes  of  the  continuous  spectrum  (pressure  and 
vorticity  modes),  and  the  coefficients  can  be  determined  with  the  help  of  the  orthogonality 
condition  between  the  direct  and  adjoint  eigenmodes. 


Biorthogonal  eigenfunction  system 


For  the  sake  of  clarity,  the  definition  and  properties  of  the  biorthogonal  eigenfunction  system 
are  briefly  recapitulated.  We  introduce  the  following  biorthogonal  eigenfunction  system 
{AQ(y),B0(y)>: 

=  H1Aa  +  iaH2  Aa 


dy 

y  =  0  :  Aai  =  Aa3  =  Aa5  =  0 

y  — ►  ±oo  :  \Aaj\  <  oo,  0  =  1,..., 9) 

-  £,(®a  _  UTX3  I  x~.uTi 


(2.47) 


dy 


=  H[  Ba  +  iaH{  B0 


y  =  o  :  Ba2  =  Ba4  =  Bcs  =  0 

y^±oo:  \Baj\  <  oo,  0  =  1,. ..,9) 


(2.48) 


where  a  is  a  complex  number  and  the  subscript  la ’  indicates  the  corresponding  solution. 
With  the  help  of  the  analysis  of  the  fundamental  solutions  from  [Tum03],  we  arrive  at  the 
conclusion  that  the  eigenvalues  a  belong  to  the  discrete  or  continuous  spectrum.  In  the  case 
of  the  continuous  spectrum,  a  are  found  from  equations  \23  =  —k?,  j  =  1, ...,  6,  where  k  is 
a  real  parameter  ( k  >  0)  and  A j,  j  =  1, ...,  6  are  defined  in  Eq.  (2.44).  The  corresponding 
solutions,  a(k),  represent  the  branch-cuts  in  the  complex  plane  on  figure  2.13. 

Actually,  Eq.  (2.48)  defines  the  complex  conjugate  of  the  conventional  adjoint  problem 
(in  the  numerical  implementation,  we  use  only  the  complex  conjugate  solution).  The  system 
of  equations  in  the  direct  problem  (2.47)  can  be  recast  as  follows: 


T  =  HoZ 

ay 


whereas  the  adjoint  problem  (2.48)  can  be  recast  as 

_dY 
dy 

y  =  0  :  Y2  =  Y4  =  Y6  =  0 

y  —>  oo  :  \Yj\  <  oo,  0  =  1,..., 6) 


=  H?Y 


(2.49) 


(2.50) 


Elements  of  the  matrix  H0  are  given  in  [Tum03].  One  can  find  the  following  relationship 


33 


between  the  solutions  of  (2.48)  and  (2.50): 


Bai  —  Yh  Ba2  —  Y2j 

Bqc4  —  Y41  Bas  =  y5, 

Ba  7  —  iaBa2  >  Bag  —■ 

Bq  9  —  iotBaQ 

Modes  of  the  continuous  spectra  outside  the  boundary  layer  have  asymptotic  behavior 
~  exp(=t iky).  There  are  downstream  and  upstream  modes  [Tum03].  Because  we  are  going 
to  consider  perturbations  downstream  from  the  hump,  only  downstream  modes  will  be  taken 
into  account.  Among  these  downstream  modes,  one  can  recognize  pressure  modes  with  the 
streamwise  wave  number 

a  =  iy/k?  +  ff2,  k>  0  (2.52) 

The  pressure  modes  have  a  pressure  perturbation  not  equal  to  zero  outside  the  boundary 
layer,  whereas  the  vorticity  perturbation  is  equal  to  zero.  As  a  result  of  the  3D  character  of 
the  problem,  there  are  two  types  of  vorticity  modes  with  the  streamwise  wave  number 

— <2-53» 

The  vorticity  modes  have  a  zero  pressure  perturbation  outside  the  boundary  layer  and  a 
non-zero  vorticity  perturbation.  In  order  to  distinguish  between  the  two  types  of  vorticity 
modes,  they  were  referred  to  as  modes  “A”  and  “B”,  respectively,  in  [Tum03].  The  following 
orthogonality  relation  is  valid  [Tum03]: 

00  9 

(H2 Aa,Ba.)=  f  £  HtA^B^dy  =  QAa<a,  (2.54) 

o  i."»=  1 

where  Aa<a>  is  the  Kronecker  symbol  if  a  or  a'  belongs  to  the  discrete  spectrum;  A 0i0-  = 
(5(o:  —  o')  is  a  delta-function  if  both  a  and  a'  belong  to  the  continuous  spectrum.  Coefficient 
Q  on  the  right-hand  side  of  (2.54)  depends  on  normalization  of  A a(y)  and  BQ(y). 

Contribution  of  the  modes  in  the  formal  solution 

It  was  shown  in  [Tum03]  that  the  eigenfunction  system  is  complete,  i.e.,  a  spatially  grow¬ 
ing/decaying  solution  of  linearized  Navier-Stokes  equations  can  be  presented  as  an  expansion 
into  the  eigenfunction  system.  In  the  case  of  steady  perturbations,  it  means  that  solution 
(2.46)  can  be  presented  as  follows: 


Ba  3  =  Y3, 

Ba 6  =  Vg, 

iaBa  4  (2-51) 

R  ’ 


OO 

A*  =  Y,  /  cj(k)Aa(y)eia^xdk 
i  o 


(2.55) 
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where  ]TV  stands  for  summation  over  the  downstream  pressure  and  vorticity  modes  and  ctj 
corresponds  to  the  downstream  pressure  or  vorticity  modes  from  Eqs.  (2.52)  and  (2.53), 
respectively. 

With  the  help  of  the  orthogonality  condition  (2.54),  one  can  find  from  Eq.  (2.55)  at  some 
distance  x 

Cj(k)eia’x  =  (H2.A0’B*)  (2.56) 

Qj 

If  we  consider  the  dot-product  of  Eq.  (2.41)  and  Baj  and  integrate  with  respect  to  y  over 
the  interval  [0,oo),  we  arrive  at  the  following  relationship: 


(H2Av,  Ba.) 


Ba^  i )  y— o  V-ui  (o„,  p'j  Ba^  \  w 

i  (ctj  -  u„)  i  (a,  -  «„) 


(2.57) 


where  Baj iiU)  is  the  first  component  of  vector  Baj  evaluated  at  y  =  0. 

Substitution  of  the  formal  solution  (2.46)  into  Eq.  (2.56)  together  with  Eq.  (2.57)  leads 
to  the  following  result 


Cj(k)  =  - 


+  °°  •/  x 

BQji,w  f  el(-av-a*)xuw(ctv,l3) 

Qj  J  i  (a„  —  ctj) 

— oo 


(2.58) 


By  closing  the  path  of  integration  in  the  upper  half- plane,  one  can  find  the  coefficient  as  the 
residue  value  at  av  =  ctj 


O'jr  ‘Z'jrh 

Cj(k)  =  ---uw  (a j,0)  Bajl,w  =  —Ulf>(ctj,l3)  Bajl, 


(2.59) 


Finally,  substitution  of  coefficients  Cj(k)  into  Eq.  (2.55)  provides  the  solution  of  the  recep¬ 
tivity  problem. 


Numerical  examples 

For  the  purpose  of  illustration,  we  consider  an  array  of  humps  (figure  2.14).  In  this  case,  we 
use  a  Fourier  series  instead  of  the  Fourier  transform  with  respect  to  the  spanwise  coordinate, 
z.  In  the  first  example,  the  parameters  are  chosen  in  accordance  with  experimental  conditions 
[WE97]  in  a  boundary  layer  over  a  flat  plate.  The  roughness  strip  was  placed  at  xTOugh  —  300 
mm.  The  distance  between  the  centers  of  the  dots  was  equal  to  Lz  =  19  mm.  The  unit 
Reynolds  number  was  equal  to  Ugo/u  —  627  x  103  m-1.  It  was  found  that  the  base  flow 
parameters  fit  the  Blasius  solution,  with  the  virtual  origin  at  Xo  =  58  mm.  Therefore,  the 
Blasius  length  scale  is  H  =  yfv(xTOugh  -  x0)/Uoo  =  0.621  mm.  The  corresponding  Reynolds 
number,  R  =  U^H/v,  is  equal  to  390.  The  roughness  strip  was  composed  of  dots  of  diameter 
D  —  6.35  mm  (D/H  —  10.23)  and  having  a  height  of  h  =  0.47  mm.  One  can  recognize  that 
the  height  (h/H  =  0.757)  is  too  large  to  use  the  linearized  boundary  conditions  (2.40). 
Therefore,  the  linearized  analysis  can  only  qualitatively  approximate  the  experiment. 
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Figure  2.14:  The  array  of  humps. 

Because  27 \H/LZ  =  0.205,  we  are  considering  the  following  spanwise  wave  numbers: 
Pn  =  w  x  0.205,  n  =  1, 2, ...,  12.  For  the  purpose  of  illustration,  we  exclude  input  from 
P  =  0.  This  allows  exclusion  of  the  pressure  modes  from  consideration  because  they  have 
Im(a)  >  /?,  and  one  can  choose  a  distance  x  downstream  from  the  hump  where  the  input  of 
the  pressure  modes  will  be  small  in  comparison  with  the  input  from  vorticity  modes  “A”  and 
“B”.  Integrals  with  respect  to  the  parameter  k  were  evaluated  numerically  on  the  interval 
0  <  k  <  12  (similarly  to  [Tum03])  with  250  modes  on  the  interval.  The  number  of  modes 
was  chosen  after  convergence  tests  with  up  to  500  modes  on  the  interval. 

Figures  2.15  and  2.16  demonstrate  the  results  of  the  summation  of  the  first  12  terms 
of  the  Fourier  series  for  the  velocity  perturbations  downstream  from  the  roughness  strip 
at  a  distance  equal  to  5.51  D  (corresponding  to  35  mm).  Figure  2.15  shows  contours  of  the 
streamwise  velocity  perturbation  in  the  y  —  z  plane.  One  can  see  the  wake  region  downstream 
from  the  hump  and  high-speed  streaks  aside  the  hump.  Velocity  perturbation  in  the  high¬ 
speed  streaks  is  above  10“3,  whereas  the  velocity  perturbation  in  the  wake  region  is  about 
—4  x  10~3.  A  vector  plot  of  the  flow  field  in  the  y  —  z  plane  is  shown  in  figure  2.16.  One  can 
see  that  there  is  a  pair  of  counter-rotating  streamwise  vortices.  This  topology  of  the  flow 
field  is  associated  with  very  small  humps  represented  by  the  linearized  boundary  conditions 
(2.40),  and  it  is  in  agreement  with  the  result  obtained  within  the  triple-deck  asymptotic 
analysis  [TR04b].  Recently,  [FC04]  carried  out  a  numerical  simulation  of  the  flow  accurately 
resolving  the  shape  of  the  hump.  Their  results  revealed  that  there  is  a  pair  of  two  coun¬ 
terrotating  streamwise  vortices  in  the  near  field.  The  difference  between  the  linear  solution 
and  the  numerical  result  is  attributed  to  the  nonlinear  character  of  the  receptivity  problem. 

oo 

Energies  of  the  first  six  spanwise  Fourier  harmonics,  En  =  f  u2n  ( y )  d  ( y/H ),  evaluated  with 

o 

the  streamwise  velocity  perturbation  at  2  =  0  are  shown  in  figure  2.17.  At  the  end  of  the 
interval,  (x  —  xrough)  /H  =  120,  harmonics  «  =  1,  2,  3,  and  5,  as  one  can  see  from  figure 
2.17,  are  the  dominating  ones,  whereas  the  experimental  [WE97]  and  computational  [FC04] 
data  demonstrate  that  the  harmonics  are  ordered  as  3,  4,  1  and  2. 


36 


Figure  2.15:  Contours  of  the  streamwise  velocity  perturbation  downstream  ( Ax  =  5.51)  from 
the  hump  (dot)  in  steps  of  0.558  from  -3.91  to  +1.11  (the  values  are  multiplied  by  103).  The 
length  scale  is  equal  to  H  =  0.621  mm. 


>-  1.5 
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Figure  2.16:  The  vector  plot  corresponding  to  figure  2.15  in  the  y  -  z  plane.  The  length 
scale  is  equal  to  H  =  0.621  mm. 
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Figure  2.17:  Energies  of  the  spanwise  Fourier  harmonics  versus  the  downstream  coordinate 
( x  —  Xrough )  at  parameters  corresponding  to  [WE97]. 


Another  example  is  associated  with  the  numerical  simulation  of  flow  behind  an  array 
of  roughness  elements  by  Joslin  and  Grosch  [JG95].  They  solved  nonlinear  equations  for 
perturbations,  but  the  boundary  conditions  were  linearized  as  in  Eq.  (2.40).  The  goal  of 
[JG95]  was  to  simulate  the  experimental  conditions  of  [GGJ94],  where  a  hump  was  located 
in  a  boundary  layer  over  a  flat  plate  at  400  mm  from  the  leading  edge.  For  purposes  of  the 
numerical  simulation,  the  array  of  humps  was  chosen  with  a  spanwise  period  of  Lz  —  50  mm. 
The  local  Reynolds  number  based  on  the  displacement  thickness,  Rg»,  was  equal  to  1200  and 
the  local  displacement  thickness,  6 *,  was  equal  to  1  mm.  The  shape  of  the  hump  chosen  for 
the  computations  was  defined  by  the  following  equation  [JG95] 

h  (x,  z)  =  a  cos3  ^ ^  cos3  (2.60) 

where  Ax  and  A z  are  measured  from  the  center  of  the  hump,  amplitude  u  =  0.1,  lx  =  15.9, 
and  lz  =  13  (all  these  parameters  are  scaled  with  the  displacement  thickness,  6*,  as  it  was 
chosen  in  [JG95]  in  order  to  simplify  comparisons).  In  this  example,  2it5*/Lz  —  0.126, 
and,  similarly  to  the  previous  example,  we  include  only  the  first  12  harmonics  with  /?„  = 
n  x  0.126  (n  =  1, 2, ...,  12).  Because  the  closest  velocity  field  in  the  y  —  z  plane  was  reported 
at  dimensionless  x  =  503  (Ax  =  103  downstream  from  the  hump),  we  solve  the  receptivity 
problem  and  find  the  flow  field  at  this  distance  in  accordance  with  the  method  described 
above.  Although  for  this  distance  (about  100  displacement  thicknesses)  nonparallel  flow 
effects  have  to  be  taken  into  account,  our  results  are  based  on  the  parallel  flow  approximation. 
The  height  of  the  hump  (0.1<5*)  is  still  large  for  the  linear  receptivity  problem,  and  it  should 
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Figure  2.18:  Contours  of  the  stream  wise  velocity  perturbation  downstream  from  the  hump 
(Ax  =  103)  as  in  [JG95]  in  steps  of  0.362  from  -2.83  to  +  0.431  (the  values  are  multiplied 
by  104).  The  length  scale  is  equal  to  <5*  =  1  mm. 

be  taken  into  account  in  the  following  comparisons  with  computational  results. 

Figure  2.18  shows  contours  of  the  streamwise  velocity  perturbation  in  the  y  —  z  plane. 
One  can  see  the  wake  region  downstream  from  the  hump  and  high-speed  streaks  aside  the 
hump.  Velocity  perturbation  in  the  high-speed  streaks  is  about  +0.5  x  10“4,  whereas  the 
velocity  perturbation  in  the  wake  region  is  about  -3  x  10-4.  These  values  are  different  from 
those  reported  in  [JG95]  (+0.48  x  10“3  and  -1.69  x  10~3  respectively).  Contours  of  Vv2  +  w2 
in  the  y-z  plane  are  shown  in  figure  2.19.  Our  results  correspond  to  a  maximum  value  about 
9x  10~6,  whereas  the  authors  of  [JG95]  report  2.62  x  10-5.  A  vector  plot  of  the  flow  field  in  the 
y-z  plane  is  shown  in  figure  2.20.  The  linear  theory  gives  only  a  pair  of  counter-rotating 
streamwise  vortices,  whereas  the  vector  plot  in  [JG95]  has  a  more  complicated  structure. 

oo 

Energies  of  the  first  six  spanwise  Fourier  harmonics,  En  =  f  v?n  (y)  d  (y/<5*),  evaluated  with 

o 

the  streamwise  velocity  perturbation  at  z  —  0  are  shown  in  figure  2.21.  In  this  case,  one  can 
see  that  harmonics  n  =  2  and  3  overcome  the  first  one  at  (x  —  xTough)  >  6 lx. 

In  the  following  example,  we  consider  the  same  flow  parameters  corresponding  to  figures 
2.18-2.21,  but  the  shape  of  the  hump  is  replaced  by  a  rectangle  having  lx  =  15.9  and  lz  =  13. 
The  height  of  the  hump  is  the  same,  a  =  0.1.  Figure  2.22  shows  contours  of  the  streamwise 
velocity  in  the  y  —  z  plane  at  Ax  —  103.  One  can  see  that  there  axe  two  relatively  high-speed 
streaks  in  the  wake  region.  Comparison  of  the  results  in  figures  2.18  and  2.22  illustrate  the 
hump  geometry  effect. 
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Figure  2.19:  Contours  of  \Jv2  +  w2  in  the  y—z  plane  downstream  from  the  hump  (Ax  =  103) 
as  in  [JG95]  in  steps  of  0.837  from  0.837  to  8.37  (the  values  are  multiplied  by  106).  The 
length  scale  is  equal  to  6*  —  1  mm. 


Figure  2.20:  The  vector  plot  corresponding  to  figures  2.18  and  2.19  in  the  y  -  z  plane.  The 
length  scale  is  equal  to  6*  =  1  mm. 
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Figure  2.21:  Energies  of  the  spanwise  Fourier  harmonics  versus  the  downstream  coordinate 
(a:  —  Xrough )  at  parameters  corresponding  to  [JG95]. 


Figure  2.22:  Contours  of  the  streamwise  velocity  perturbation  downstream  from  the  rectan¬ 
gular  hump  (Az  =  103)  in  steps  of  0.731  from  -4.18  to  +2.4  (the  values  are  multiplied  by 
104).  The  length  scale  is  equal  to  6*  —  1  mm. 
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Discussion 

The  linear  receptivity  of  the  boundary-layer  flow  to  a  3D  hump  has  been  solved  with  the 
help  of  the  biorthogonal  eigenfunction  system.  This  approach  provides  a  convenient  tool 
to  filter  out  the  amplitude  of  a  normal  mode  representing  the  flow  field.  Only  the  formal 
solution  (2.55)  of  the  elliptic  boundary  value  problem  for  the  perturbations  had  to  be  found 
in  order  to  filter  out  the  modes  of  interest.  As  a  result,  the  flow  field  in  the  y  —  z  plane  could 
be  computed  locally  on  a  conventional  computer. 

The  triple-deck  asymptotic  analysis  [SSB77,  BL85,  Bog86,  Bog87,  Bog88]  of  perturba¬ 
tions  in  the  vicinity  of  a  three-dimensional  hump  revealed  that  the  linearized  boundary 
conditions  are  applicable  only  when  the  height  of  the  hump  is  much  smaller  than  the  viscous 
sublayer  thickness,  i.e.,  h  «  h =  ebL.  For  example,  hcr/5*  is  0.13  and  0.11  in  [FC04]  and 
[JG95],  respectively.  If  the  height  is  comparable  with  the  viscous  sublayer  thickness  hcr  or 
larger,  the  governing  equations  in  the  vicinity  of  the  hump  are  also  nonlinear  (boundary- 
layer  equations),  whereas  in  the  main  and  the  outer  decks  (the  main  and  the  outer  parts 
of  the  boundary  layer,  respectively)  the  governing  equations  are  linear.  In  the  considered 
examples,  we  compared  the  results  of  the  linear  theory  with  the  computational  results  at 
heights,  h/8*,  equal  to  0.44  and  0.1  (heights  of  roughness  elements  considered  in  [FC04]  and 
[JG95],  respectively).  As  expected,  these  heights  are  too  large  to  be  treated  within  the  scope 
of  the  linear  theory,  and  our  results  illustrate  the  discrepancy  between  the  linear  theory  and 
the  computations  stemming  from  the  nonlinear  character  of  the  receptivity  problem. 

In  both  cases  [FC04,  JG95],  the  choice  of  parameters  was  motivated  by  available  exper¬ 
imental  data  [WE97,  GGJ94]  that  were  limited  by  the  desirable  accuracy  in  measurements 
of  small  velocity  perturbations.  Because  the  numerical  simulations  [FC04,  JG95]  require 
supercomputing,  we  do  not  have  parametric  studies  of  flow  past  roughness  elements  in  or¬ 
der  to  explore  effects  of  the  roughness  shape.  One  should  expect  that  the  results  can  be 
strongly  affected  by  the  geometry.  For  example,  [AS87]  observed  a  pair  of  counter-rotating 
streamwise  vortices  (standing  vortices  in  their  terminology)  behind  a  hemisphere  placed  on 
the  wall,  whereas  they  were  not  observed  behind  a  half  teardrop  obstacle.  The  theoretical 
model  developed  in  the  present  work  may  serve  as  a  tool  to  explore  the  geometry  effects  at 
the  limit  of  small  heights. 

In  order  to  incorporate  the  influence  of  roughness- induced  perturbations  into  the  tran¬ 
sition  prediction  theory  [RT04],  effects  of  roughness  geometry,  compressibility  and  temper¬ 
ature  factors  should  be  included.  For  this  purpose,  the  developed  theoretical  model  has  to 
be  extended  to  the  case  of  compressible  boundary  layers,  and  the  initial  amplitude  of  the 
perturbation  has  to  be  derived  from  the  receptivity  analysis. 

The  flow  field  behind  the  hump  possesses  a  pair  of  streamwise  vortices  that  bring  down 
the  high-speed  fluid,  whereas  the  streamwise  velocity  perturbation  in  the  wake  is  negative. 
One  can  expect  that  far  away  from  the  hump,  the  velocity  perturbation  may  change  its  sign 
due  to  the  downwash  motion  induced  by  the  streamwise  vortices.  We  have  solved  linearized 
boundary  layer  equations  with  inflow  obtained  from  the  linear  receptivity  problem  [TR04b] 
in  order  to  explore  the  possibility  of  the  velocity  sign  reversal.  However,  observed  weak 
transient  growth  was  caused  by  a  mismatch  in  the  inflow  data,  and  the  corrected  results 
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did  not  demonstrate  the  effect,  and  the  perturbation  decayed  gradually  with  the  distance 
from  the  hump.  Numerical  results  [FC04,  JG95]  and  experimental  data  [WE97]  revealed 
that  transient  growth  can  be  observed  downstream  from  an  array  of  humps  for  some  span- 
wise  Fourier  harmonics.  It  might  be  that  the  effect  is  associated  with  the  strong  nonlinear 
receptivity  mechanism  responsible  for  the  near-field  perturbation  in  the  computations  and 
the  experiment. 
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2.3.2  Roughness-induced  perturbations  in  a  compressible  bound¬ 
ary  layer 

Recently,  formulation  of  the  biorthogonal  eigenfunction  system  was  extended  to  the  case  of 
three-dimensional  perturbations  in  compressible  boundary  layers  in  Ref.  [Tum06c].  This 
extension  allows  revisiting  the  receptivity  problems  with  a  three-dimensional  source  of  per¬ 
turbations  placed  on  the  wall  when  a  continuous  spectrum  is  of  interest  as  well.  It  might 
be  an  oscillating  membrane  installed  on  the  surface,  a  three-dimensional  roughness  element, 
periodic-in-time  blowing  and  suction  through  a  hole,  wall-temperature  perturbations,  etc. 

At  the  present  time,  there  are  only  some  limited  results  on  the  receptivity  to  three- 
dimensional  perturbations  in  compressible  boundary  layers  at  finite  Reynolds  numbers.  Tu- 
min  [Tum83]  considered  the  vibrating  surface  of  an  infinite  swept  wing.  Fedorov  [Fed88] 
applied  the  biorthogonal  eigenfunction  technique  to  crossflow  receptivity  with  a  roughness 
element  placed  on  a  swept  wing  wall.  Manuilovich  [Man89],  Crouch  [Cro93],  Choudhari 
[Cho94b],  and  Ng  and  Crouch  [NC99]  analyzed  crossflow  receptivity  in  three-dimensional 
incompressible  boundary  layers  within  the  scope  of  the  finite  Reynolds  number  approach. 
Balakumar  and  Malik  [BM92]  analyzed  the  receptivity  of  supersonic  boundary  layers  to  a 
point  source  of  blowing  and  suction  on  the  wall.  In  addition  to  the  discrete  modes,  they  also 
included  input  from  the  continuous  spectra  in  the  consideration. 

The  objective  of  the  section  is  to  solve  the  receptivity  problem  when  three-dimensional 
perturbations  in  a  compressible  boundary  layer  are  generated  by  an  actuator  (periodic- 
in-time  or  stationary)  placed  on  the  wall  by  using  the  biorthogonal  eigenfunction  system 
considered  in  T06. 

Problem  formulation  and  formal  solution 

We  consider  a  steady  two-dimensional  compressible  boundary  layer  in  the  parallel  flow  ap¬ 
proximation.  The  coordinate  x  corresponds  to  the  distance  along  the  surface,  y  is  the  dis¬ 
tance  from  the  wall,  and  the  coordinate  z  represents  the  distance  in  the  spanwise  direction. 
We  consider  two  problems:  blowing-suction  through  the  wall  with  the  amplitude  function 
vw  (^>2),  and  a  localized  hump  yw(x,  z)  =  f{x,z)  placed  on  the  wall.  The  height  of  the 
hump  and  the  intensity  of  the  blowing-suction  are  assumed  to  be  small  enough  to  employ 
the  linearized  Navier-Stokes  equations  and  the  linearized  boundary  conditions  on  the  wall. 

We  introduce  the  vector-function 

A  ( x ,  y,  t)  =  (u,  du/dy ,  v,  n,  0, 60 /dy,  w,  dw/dy , 

du/dx,  dv/dx ,  60 /dx,  6w/6x,  6u/6z ,  6v/6z,  60/6z ,  6w/6z)T 

comprised  of  16  components,  where  (u,v,w)  are  the  perturbation  velocity  components,  0  is 
the  temperature  perturbation,  and  7 r  represents  the  pressure  perturbation.  The  superscript 
T  stands  for  ‘transpose’.  The  linearized  Navier-Stokes  equations  for  a  periodic-in-time  per¬ 
turbation,  ~  exp  (—iut),  are  written  in  the  form  [Tum06c] 


where  L0,L1,H1,H2,  and  H3  are  16  x  16  matrices  (their  non-zero  elements  are  presented  in 
Appendix  A  of  [Tum06c]).  Solution  of  (2.62)  is  subject  to  the  following  boundary  conditions 
on  the  wall  and  outside  the  boundary  layer 


y  =  0:  u  =  -qhf  (x,z)U'w,  v  =  qvvw(x,z),  w  =  0,  0  =  0, 

y  —*  oo  :  \Aj\  —  0, 


(2.63a) 

(2.63b) 


where  U'w  =  ( dU/dy)y=0  is  the  derivative  of  the  unperturbed  flow  velocity  profile.  For  the 
case  of  a  hump,  qh  =  1,  qv  =  0,  and  u  =  0,  whereas  for  blowing-suction  on  the  wall,  =  0, 
qv  =  1,  and  uj  ^  0. 

Because  the  boundary  layer  is  assumed  independent  of  the  coordinate  z ,  one  can  employ 
the  Fourier  transform  with  respect  to  2.  For  simplicity,  we  assume  that  the  perturbation 
frequency  is  subcritical,  i.e.  the  perturbation  decays  downstream  from  the  actuator.  In  this 
case,  one  can  employ  the  Fourier  transform  with  respect  to  x  as  well: 


+oo  +oo 


(2.64) 


— oo  —  oo 


In  the  case  of  a  supercritical  frequency,  one  has  to  employ  the  Briggs  method  in  order 
to  include  the  unstable  (exponentially  growing  downstream  mode)  into  the  inverse  Fourier 
transform  [AR90,  BM92]. 

Vector-function  A„  («„,  y,  (3 )  satisfies  the  following  equation  and  the  boundary  conditions 


(2.65) 


y  =  0  :  Av  1  =  -qhU'wip  («„,  /?) ,  4,3  =  qvf>  («„,  /?) ,  45  =  0,  Av7  =  0,  (2.66a) 


y  oo  :  \Avj\  -+  0,  (j  =  1, ...,  16) ; 


(2.66b) 


where 


+oo  +oo 


(2.67a) 


— oo  — oo 


-f  oo  +oo 


(2.67b) 


— oo  — OO 


Equation  (2.65)  has  four  fundamental  solutions  decaying  outside  the  boundary  layer 
[Tum06c].  One  can  solve  the  inhomogeneous  boundary- value  problem  as  follows: 


Av  —  C1Z1  +  C3Z3  -f-  C5Z5  4-  C7Z7, 


(2.68) 
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where  Z1;  Z3,  Z5,  and  Z7  are  the  decaying  fundamental  solutions.  The  coefficients  Cj  in 
(2.68)  are  found  from  the  boundary  conditions  (2.66a)  on  the  wall.  The  formal  solution  for 
the  Fourier  harmonic,  Ap(x,y, /?),  can  be  written  as  follows: 


A/j  (x,y,0) 


-1-00 


— oc 


y,0)  etavXdav 


(2.69) 


The  original  problem  for  perturbations  of  a  prescribed  frequency  u  is  an  elliptic  one.  It 
was  shown  in  [Tum03]  and  [Tum06c]  that  if  the  downstream  boundary  is  located  far  away, 
and  one  can  neglect  its  upstream  influence,  the  solution  of  the  linearized  Navier-Stokes 
equations  can  be  expanded  into  the  normal  modes  of  continuous  and  discrete  spectra. 


oc 

A/5  (*,  y,  /?)  =  W  Cj{k)Aap(y,  k)eia^xdk  +  £  Cm A^p  (y)  eia-x.  (2.70) 

j  {  rn 


The  first  term  in  (2.70)  represents  summation  over  the  modes  of  the  continuous  spectrum, 
and  the  second  term  represents  input  of  the  discrete  modes.  Aarnp  in  (2.70)  are  solutions 
of  the  direct  eigenvalue  problem.  Together  with  the  solution  of  the  adjoint  problem,  Bap, 
they  represent  the  biorthogonal  eigenfunction  system  {Aa^,Ba/?}  (see  [Tum06c]).  There  is 
the  following  orthogonality  relation: 


(H2A 


(I^Aq,^)^.  Bqc1 (3j dy  Q Aa>Q!/ , 


(2.71) 


where  Aa>a/  is  the  Kronecker  delta  if  a  or  a'  belongs  to  the  discrete  spectrum,  and  Aa?a/  = 
5(a  —  a')  is  the  delta  function  if  both  a  and  a'  belong  to  the  continuous  spectrum.  The 
coefficient  Q  on  the  right-hand  side  of  (2.71)  depends  on  the  normalization  of  A ap(y)  and 
Ba/3(y).  The  orthogonality  relation  (2.71)  provides  a  tool  to  find  coefficients  Cj  and  Cm  in 
the  formal  solution  (2.69). 


Contribution  of  the  modes  to  the  formal  solution 


With  the  help  of  the  orthogonality  relation  (2.71),  one  can  find  the  input  of  a  mode  to  the 
formal  solution 


Ceiax 


(H2A/?,Ba/?) 

Qi 


(2.72) 


If  we  consider  a  dot  product  of  B ap  and  (2.65),  and  integrate  with  respect  to  y  over  the 
interval  [0,  oo),  we  arrive  at  the  following  identity  (we  take  into  account  explicit  forms  of 
matrices  L0,  L\): 


dBap4 

dy 


■^v3-^a/?3  AV\B{ 


v\ 1 


+ 


J»=o 


-(A 


T  T 


dB 


a(3 


dy 


^  —  (A„,  +  iav  (A„,  H2  Ba(j)  +  i[3  (A„,  H3  Bq/j)  , 


(2.73) 
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where  Lq3  stands  for  the  element  of  matrix  L0  having  indices  (4, 3).  Taking  into  account  the 
adjoint  equation  and  the  boundary  conditions  (2.66),  one  can  derive 


(H2Av,Ba/9)  =  qvp(av,/3) 


t  43  dBap4  d 
^0  dy  ~~ 


i  (a„  -  a) 

We  substitute  (2.69)  into  (2.72)  and  utilize  (2.74)  to  find 


y=0  |  %<P(<Xv,P)  [geflll^Q  UL 


i  (a„  —  a) 


-foo  43  aDa0 4  


«) 


dav 


1  QhU'w 
2-k  Q 


+o°  -  , 

[  (a.,/*)  [  -  ^-°-dav. 

J  i{av-  a) 


(2.74) 


(2.75) 


By  closing  the  path  of  the  integrals  in  the  upper  half-plane,  we  find  the  coefficient  as  the 
residue  value  at  the  pole  av  =  a 


C  =  qvp(a,(f)Gv  +  qhtp(a,/3)Gh, 


Lf 


d$Qcp4 

dy 


B. 


a/33 


V= 0 


(2.76a) 

(2.76b) 

(2.76c) 


The  coefficients  Gv  and  Gh  in  (2.76a)  are  independent  of  the  blowing-suction  distribution  or 
the  hump  shape. 


Receptivity  to  an  array  of  roughness  elements 

For  the  purpose  of  illustration,  we  consider  an  array  of  humps  placed  at  distance  x0  from  the 
leading  edge  of  a  flat  plate  (in  this  case,  the  Fourier  transform  with  respect  to  z  is  replaced 
by  the  Fourier  series).  The  geometry  of  the  humps  is  the  same  as  in  [JG95]: 

—  a  cos3  ^  cos3  ^  !  (2-77) 

where  Ax  and  Az  are  measured  from  the  center  of  the  hump,  amplitude  a  =  0.172,  lx  =  27.36, 
and  lz  =  22.37.  The  spacing  between  the  humps  is  Lz  =  86.04.  All  lengths  are  scaled  with 
the  Blasius  scale.  The  local  Reynolds  number  is  Re  =  697.37.  In  this  example,  2i \/Lz 
=  0.073,  and  we  include  only  the  first  12  harmonics  with  0n  —  n  x  0.073.  Recently,  this 
configuration  was  analyzed  theoretically  by  Tumin  and  Reshotko  [TR05]  (see  Section  2.3) 
within  the  scope  of  the  receptivity  theory  for  incompressible  flow.  In  this  section,  we  repeat 
the  results  of  2.3,  assuming  that  the  Mach  number  was  equal  to  0.02. 
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a) 


b) 
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Figure  2.23:  Convergence  test  for  the  streamwise  velocity  perturbation  at  M  =  0.5  and 
Tw/Tad  =  1  at  uj  — ►  0,  x  —  x0  =  6.48/*. 

Flat  plate,  M=0.5.  In  the  case  of  subsonic  steady  perturbations,  there  is  an  overlapping 
of  the  two  vorticity  modes  A  and  B,  similarly  to  the  incompressible  flow  case  [Tum03]. 
In  addition,  at  a;  =  0,  there  is  an  overlapping  of  the  vorticity  modes  with  the  entropy 
mode.  These  three  modes  overlap  with  the  pressure  mode  at  Im  (a)  >  |/?|  (see  [Tum03]  and 
[Tum06c]).  Because  all  these  modes  decay  downstream,  one  can  choose  a  distance  where 
the  pressure  modes  could  be  neglected.  A  numerical  evaluation  of  the  integrals  in  (2.70) 
associated  with  the  vorticity  and  entropy  modes  was  done  with  the  help  of  the  trapezoidal 
formula  on  a  finite  interval  [0,  k^}  with  500  steps  and  kmax  =  5.  Overlapping  of  the  vorticity 
and  entropy  modes  complicates  the  problem  because  it  requires  special  treatment.  In  order 
to  avoid  the  complication,  the  eigenfunctions  were  computed  at  a  small  non-zero  frequency 
uj.  Figure  2.23  shows  the  convergence  test  for  the  streamwise  velocity  component  at  uj  — >  0. 
One  can  see  that  the  real  parts  of  the  streamwise  velocity  component,  uT  =  Real(u),  are 
indistinguishable  at  c o  =  10-4,  10— 5 ,  and  5  x  10-6.  The  imaginary  part,  Ui  =  Im(u),  is  very 
small  at  uj  =  5  x  10~6  (at  uj  =  0  it  has  to  be  equal  to  zero).  Frequency  uj  —  5  x  10-6  was 
used  in  the  following  examples  at  M  =  0.5. 

A  vector  plot  of  the  perturbation  in  the  ( y ,  z)  plane  at  distance  x  -  x0  =  6.48/x  for  the 
case  of  an  adiabatic  wall  is  shown  in  figure  2.24a,  and  contours  of  u  x  105  are  shown  in  figure 
2.246.  One  can  see  that  the  flow  structure  is  similar  to  the  one  obtained  in  Section  2.3:  there 
is  a  pair  of  counter-rotating  streamwise  vortices,  there  is  a  wake  region  downstream  from 
the  hump,  and  there  are  high-speed  streaks  on  both  sides  of  the  hump. 

Figure  2.25  illustrates  levels  of  the  velocity  and  temperature  perturbations  at  x  —  Xo  = 
6.48 lx  when  the  temperature  factor,  Tw/Tad,  is  equal  to  0.5.  One  can  see  that  the  temperature 
increases  in  the  wake  region,  there  axe  cold  streaks  at  the  both  sides  of  the  hump,  and  there 
is  a  cold  streak  above  the  hump.  We  attribute  this  cold  streak  to  the  displacment  of  cold 
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a) 


Figure  2.24:  a)  Vector  plot  of  v  and  w  at  x  —  x0  =  6.48/*.  b)  Contour  plot  of  u  x  105  at 
x  —  Xo  —  6.48/*  with  step  2  from  the  starting  level  -24.  Adiabatic  wall.  M  =  0.5. 


a) 


b) 


Figure  2.25:  a)  Contour  plots  of  u  and  0  at  x  —  x0  =  6.48/*;  a)  u  x  105  with  step  4  from  the 
starting  level  -46;  b)  0  x  105  with  step  5  from  the  starting  level  -7.  Tw/Tad  =  0.5,  M  —  0.5. 
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a) 


b) 


Figure  2.26:  Convergence  test  for  the  streamwise  velocity  perturbation  at  M  =  2  and 
Tw/Tad  =  1  at  u  — ►  0.  x  —  Xq  =  6.48/x  . 


gas  by  the  hump. 

Flat  plate,  M=2.  In  the  case  of  a  supersonic  boundary  layer,  in  addition  to  the  vorticity 
and  entropy  modes,  we  have  to  include  also  input  from  the  acoustic  branch  cuts.  In  what 
follows,  we  use  interval  [0,  kmaX]  with  1000  steps  and  kmax  =  10.  As  in  the  previous  example, 
we  consider  a  small  nonzero  frequency  in  order  to  avoid  overlapping  of  the  vorticity  and  the 
entropy  modes  in  the  numerical  implementation.  Figure  2.26  illustrates  the  convergence  test 
for  the  streamwise  velocity  component  when  u  — ►  0.  The  imaginary  part  of  the  streamwise 
velocity  perturbation  is  very  close  to  zero  at  u  =  10“5.  This  value  was  chosen  for  the 
numerical  evaluations. 

Temperature  perturbation  in  the  (z,y)  plane  at  x  —  x0  =  6.48/x  is  shown  in  figure  2.27. 
One  can  see  the  Mach  waves  generated  by  the  roughness  element  located  at  2  =  0  and  by  the 
neighboring  elements.  In  order  to  show  more  detail,  streamwise  velocity  and  temperature 
perturbation  profiles  at  z  =  0  and  z  =  40  are  shown  in  figure  2.28.  One  can  see  that  there 
are  three  regions  at  z  =  0  where  the  amplitudes  of  the  perturbations  are  relatively  large.  The 
first  region  is  located  inside  the  boundary  layer.  The  second  region,  at  y  &  110,  is  associated 
with  the  Mach  wave  generated  by  the  roughness  element.  The  other  region,  at  y  «  60, 
is  associated  with  the  Mach  waves  generated  by  the  left  and  right  neighboring  roughness 
elements  in  the  array.  The  streamwise  velocity  and  temperature  perturbations  inside  the 
boundary  layer  are  shown  in  figure  2.29. 
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Figure  2.28:  Temperature  and  streamwise  velocity  perturbations  at  x  —  x0  =  6.48/*,  M  —  2, 
Tw/Tad  =1.  a)  z  =  0,  b)  z  =  40. 
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b) 
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Figure  2.29:  a)  Contour  plots  of  u  and  6  at  x  -  x0  —  6.484  a)  u  x  105  with  step  2  from  the 
starting  level  -22;  b)  6  x  105  with  step  1.5  from  the  starting  level  -2.  Tw/Tad  —  1,  M  =  2. 
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2.4  Nonparallel  flow  effects  on  roughness-induced  per¬ 
turbations  in  boundary  layers 

The  non-parallel  flow  effects  on  receptivity  are  important  when  the  source  of  the  disturbances 
is  distributed  on  a  scale  larger  than  the  boundary-layer  thickness.  Choudhari  [Cho94a]  and 
Bertolotti  [BerOO]  developed  methods  that  can  be  used  for  analysis  of  the  receptivity  when 
the  nonparallel  flow  effects  are  to  be  included.  The  nonparallel  flow  effects  on  development 
of  unstable  discrete  modes  on  a  length  scale  that  is  much  larger  than  the  boundary-layer 
thickness  have  been  studied  within  the  scope  of  the  method  of  multiple  scales  [Bou72,  Gas74, 
SN75,  SN77,  PN79,  Gap80,  Nay80,  EH80,  TF82].  Another  method  that  allows  inclusion  of 
the  nonparallel  flow  effects  on  TS  waves  is  based  on  the  parabolized  stability  equations 
[Her97j.  To  our  knowledge,  nonparallel  flow  effects  on  modes  of  the  continuous  spectra  have 
not  been  addressed  yet. 


Governing  equations 


We  consider  a  compressible  two-dimensional  boundary  layer  in  the  Cartesian  coordinates, 
where  x  and  z  are  the  downstream  and  spanwise  coordinates,  respectively,  and  coordinate  y 
corresponds  to  the  distance  from  the  wall.  We  write  the  governing  equations  (the  linearized 
Navier-Stokes  equations)  for  a  periodic-in-time  perturbation  (the  frequency  is  equal  to  zero 
in  the  case  of  a  roughness-induced  perturbation),  ~  exp  (— iut),  in  the  matrix  form 


9  (r  dA\  dA  dA  TT  dA  „  A  , 

9y  V °~dy )  +  1 dy  =  1 +  2 dZ  +  3dT +  4  ’  (278) 


where  vector  A  has  16  components 

A  (x,  y,  z)  =(u ,  du/dy ,  v,  n,  6 ,  dO/dy ,  w,  dw/dy ,  du/dx ,  dv/dx , 
dO/dx,  dw/dx,  du/dz,  dv/dz ,  dO/dz,  dw/dz)T . 


(2.79) 


L0, Ll5 Hl5 H2, H3,  and  H4  are  16  x  16  matrices  (their  definitions  are  given  in  Appendix  of 
[Tum08]);  u,  v,  u;,  7r,  and  6  represent  three  velocity  components,  pressure,  and  temperature 
perturbations,  respectively;  and  the  superscript  T  in  (2.79)  stands  for  transposed.  Matrix 
H4  originates  from  the  nonparallel  character  of  the  flow. 

We  utilize  the  Fourier  transform  with  respect  to  the  coordinate  z 

OC 

A p(x,y)=  J  e~,0zA(x,y,z)dz.  (2.80) 

— OO 


In  the  quasi-parallel  flow  approximation,  the  solution  of  the  linearized  Navier-Stokes 
equations  can  be  expanded  into  normal  modes  of  the  discrete  and  continuous  spectra  [Tum07] 


A/?  (x,  y)  =  dvAa</fi  {y)  e 1 


+  E  I”  di  W  (V)  eiaAk)xdk. 


(2.81) 
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Here,  £„  and  denote  sums  over  the  discrete  spectrum  and  branches  of  the  continuous 
spectra,  respectively.  The  coefficients  du  and  dj  axe  to  be  found  from  the  receptivity  problem 
solution  [Tum06b]. 

The  following  biorthogonal  eigenfunction  system  {AQ/3,BQ/3}  was  formulated  in  [Tum07]: 


d_ 

dy 


+  Li 


d.A, 


a(3 


dy 


y  =  0  : 


y  =  0  : 


;  H,A^  +  ioMiAap  +  ipH3Aaff, 

Aa  31  =  Aq^3  =  ^4q/35  =  Aa(fl  =  0, 

V-*  oo  :  \Aa0j\  <  00, 

+  taH^Ba/3  +  i/JHjB^, 

Bctp2  d^a34  -^cr/36  =  ^ a  3H  =  0, 

y  OO  :  \Bapj\  <  00. 


(2.82) 


(2.83) 


Actually,  (2.83)  defines  the  complex  conjugate  of  the  conventional  adjoint  problem. 
The  eigenfunction  system  {A0^,  B ap]  has  an  orthogonality  relation  given  as 


(H2A0/J,B^)  =  J  (H2A a/J,  B^dy  =  TAW,  (2.84) 

0 

where  T  is  a  normalization  constant;  Aact>  is  a  Kronecker  delta  if  either  a  or  af  belongs  to  the 
discrete  spectrum;  Aact>  is  a  Dirac  delta  function  if  both  a  and  ol  belong  to  the  continuous 
spectrum.  Because  Eq.  (2.83)  represents  the  complex  conjugate  of  the  conventional  problem, 
the  dot  product  (,)  in  (2.84)  does  not  involve  complex  conjugation. 


Weakly  nonparallel  flow  analysis 
Discrete  mode 

For  the  purpose  of  clarity,  we  begin  with  an  outline  of  analysis  for  a  discrete  mode  in  a 
weakly  nonparallel  boundary  layer  (see,  for  example,  [Nay80]). 

In  a  weakly  nonparallel  flow,  one  can  employ  the  method  of  multiple  scales  by  introducing 
fast  (x)  and  slow  (X  =  ex,e  <C  1)  scales.  The  mean  flow  profiles  depend  on  y  and  X  only, 
whereas  the  perturbation  will  depend  on  both  length  scales.  In  the  case  of  a  discrete  mode, 
solution  of  the  linearized  Navier-Stokes  equation  is  presented  in  the  form 

A/9  (*,  x,  y)  =  [a,  ( X )  Aa„p  ( X ,  y)  e*/M*)d*  +  eA(^p  (X,  y)  jS^Wdx  +  j  ?  (2.85) 

where  AQl/(9  is  an  eigenfunction  satisfying  Eq.  (2.82),  and  function  Du  (A)  has  to  be  de¬ 
termined.  After  substitution  of  Eq.  (2.85)  into  Eq.  (2.78),  we  arrive  in  order  O(e)  at  an 
inhomogeneous  equation  for  A^  having  the  same  leading  operator  as  in  Eq.  (2.82)  (the 
terms  associated  with  matrix  H4  have  order  of  magnitude  0(e)).  Taking  the  dot  product  of 
the  equation  with  the  adjoint  solution,  Baup,  satisfying  Eq.  (2.83)  and  evaluating  integral 
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of  the  result  with  respect  to  y  from  0  to  oo,  we  arrive  at  an  ordinary  differential  equation 
for  Du\ 


1'Qtnp  — 


din  Du 
dx 


=  -r 


[/„  dA0 


(2.86) 


Continuous  spectrum 

Eigenfunctions  of  the  continuous  spectra  oscillate  at  y  — *■  oo  as  cxp(±iky),  and  the  analysis 
requires  a  modification.  Instead  of  a  single  mode,  we  consider  a  narrow  wave  packet  of  width 
A k  around  k  =  ki.  Therefore,  solution  for  the  narrow  wave  packet  is  considered  in  the  form 


A0  (x,  X,  y)  = 


ki+Ak/2 


+  € 


r*i 

Jkt-Ak/2 

rk^Ak/2 

Jki-Ak/2 


Dj  (X,  k )  A Qj0  (X,  y)  e^a^x’k)dxdk 

A %0(X,y)eif^x’Ddxdk  +  ...  , 


(2.87) 


where  Aaj0  is  an  eigenfunction  of  the  continuous  spectra  satisfying  Eq.  (2.82).  We  substitute 
Eq.  (2.87)  into  Eq.  (2.78)  and  consider  the  equation  in  order  O(e).  Evaluation  of  the  dot 
product  with  adjoint  eigenfunction  Baip  satisfying  Eq.  (2.83)  at  a'  =  Qtj(ki)  and  integration 
of  the  result  with  respect  to  y  from  0  to  oo  lead  to  the  ordinary  differential  equation  for  D3, 
as  follows 


^^np 


dlnDJ(Xtkl) 

dx 


r 

-T"1  lim  / 

Jk, 


ki+Ak/2 

ki-Ak/2 


(2.88) 


In  the  limit  A k  — >  0,  the  integrals  in  Eq.  (2.88)  lead  to  evaluation  of  terms  like 
/0°°  exp  (i  ( k  —  ki)  y)  dy  =  n 6(k  —  ki )  (see  [Tum03]),  and  the  result  can  be  evaluated  using 
asymptotic  solutions  outside  of  the  boundary  layer. 


Multimode  solution  in  a  weakly  nonparallel  flow 

In  the  case  of  a  multimode  solution,  we  are  presenting  our  result  as 


A  0(x,X,y)  =  £  !?„(*)  A  av0(X,y)eifa^dx+ 

V 


AQj0  (X,y)  e^a^x'k)xdk  +  0(e), 


D„  (0)  =  dv, 

Dj  (0,  k)  =  dj  (k) . 


(2.89) 


One  should  keep  in  mind  that  the  multi-mode  form  of  solution,  Eq.  (2.89)  admits  a  mecha¬ 
nism  of  inter-modal  exchange  due  to  the  weakly  nonparallel  flow  effect.  An  example  of  this 
phenomenon  was  illustrated  by  Zhigulev  and  Fedorov[ZF87],  who  considered  generation  of 
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an  unstable  discrete  mode  by  an  acoustic  wave.  Although  the  effect  is  weak  when  the  wave 
numbers  of  the  modes  are  different,  the  exponential  amplification  of  the  unstable  mode  leads 
to  its  relatively  large  amplitude.  In  the  present  work,  we  neglect  such  inter-modal  exchange. 

The  initial  values  d„  and  dj  in  Eq.  (2.89)  are  to  be  determined  from  the  receptivity 
problem  solution [Tum06b].  In  the  case  of  a  roughness  element,  the  linearized  wall-boundary 
condition  for  the  streamwise  velocity  component  may  be  written  as  follows: 

y  =  0:  u  —  —f  (x,  z)  U'w,  (2.90) 

where  U'w  =  ( dUs/dy)y=0  is  the  derivative  of  the  unperturbed  flow  velocity  profile.  For 
a  localized  hump,  the  nonparallel  flow  effects  on  the  receptivity  problem  solution  can  be 
neglected  in  the  leading  approximation,  and  one  can  find[Tum06b] 

dj(k)  =  Atp(aj,0),  (2.91) 

/+oo  /*+oo 

/  f{x,z)e-ia*x-il}zdzdx, 

-oc  J  —  oo 

where  [Bajp i]y=0  is  the  first  component  of  the  adjoint  eigenfunction  evaluated  at  the  wall. 

The  nonparallel  flow  effects  may  be  incorporated  into  the  receptivity  problem  solution 
along  the  lines  of  the  distributed  receptivity  model  proposed  by  Choudhari[Cho94a].  It 
was  shown  in  [Cho94a]  that  the  cumulative  effect  of  distributed  wall  perturbations  can  be 
evaluated  using  the  parallel  flow  approximation  for  each  piece  of  the  actuator  and  integrating 
the  result  over  the  distributed  actuator.  In  our  case,  the  result  (with  the  reference  point  at 
x  =  0)  will  be  written  as  follows: 

/+oo  r+oo 

/  A  (k,  x)  f  (x,  z)  “A^W-W'dzdx,  (2.92) 

oo  J  — oo 

where  A  ( k,x )  is  defined  in  Eq.  (2.91). 

One  should  keep  in  mind  that  the  linearized  wall-boundary  condition,  Eq.  (2.90),  could 
be  rigorously  derived  within  the  triple-deck  asymptotic  analysis  when  the  height  of  the  hump 
is  small  in  comparison  with  the  thickness  of  the  viscous  sublayer.  At  finite  Reynolds  numbers, 
we  do  not  have  criteria  for  height  and  length  of  the  hump  in  order  to  specify  limits  when 
the  linearized  boundary  conditions  can  be  used.  The  results  should  be  compared  with  direct 
numerical  simulations  and/or  experiments  in  order  to  establish  validity  of  the  boundary 
condition. 

Numerical  results 

Verification:  discrete  mode  at  M=4.5 

In  order  to  test  the  new  block  of  the  code,  we  repeated  results  of  [Gap80]  for  a  two- 
dimensional  TS  wave  in  a  compressible  boundary  layer  over  a  flat  plate  at  the  Mach  number 
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4.5,  at  the  local  Reynolds  number  (based  on  the  Blasius  scale)  1550,  and  at  the  frequency 
parameter  130  x  10-6.  Figure  2.30  shows  the  local  growth  rate  of  the  mass  flux  perturbation 
as  a  function  of  the  dimensionless  coordinate  7/  =  y/p^xJpJTe.  Comparison  of  the  mass- flux 
perturbation  corresponding  to  the  discrete  mode  is  shown  in  figure  2.31. 

Roughness  array.  M  =  0.02 

In  the  case  of  roughness-induced  perturbations,  there  are  no  discrete  modes;  and  only  steady 
normal  modes  of  the  continuous  spectra  represent  the  perturbation.  There  are  two  vorticity 
modes  (‘A’  and  ‘B’),  entropy  modes,  and  the  acoustic  modes  (representing  Mach  waves  in 
the  limit  w-»0)  [Tum07]. 

In  the  present  work,  we  consider  the  same  array  of  roughness  elements  as  in  [Tum06b].  An 
array  of  humps  is  placed  at  distance  x0  from  the  leading  edge  of  a  flat  plate.  The  geometry 
of  each  hump  is  defined  by  the  function: 


(2.93) 


where  Ax  and  A z  are  measured  from  the  center  of  the  hump,  amplitude  a  =  0.172,  lx  = 
27.36  and  lz  —  22.37  (in  ^/pex0/  peUe  units).  The  parameters  correspond  to  a  hump  having 
a  length  scale  of  about  5  times  the  boundary  layer  thickness.  Therefore,  one  may  expect 
that  the  receptivity  of  the  flow  can  be  analyzed  within  the  quasi-parallel  flow  approximation. 
This  issue  will  be  addressed  later.  The  local  Reynolds  number  is  Re=  697.37.  The  spanwise 
period  of  the  array  is  Lz  (2n/Lz  =  0.073).  In  what  follows,  we  include  only  the  first  12 
harmonics  with  ft,  =  n  x  0.073. 

In  order  to  evaluate  the  most  significant  interval  of  the  parameter  k  in  the  present  ex¬ 
ample,  we  show  in  figure  2.32  the  amplitude  factor, 


|A(%KMfc)>0)e<a'(fc)(*“xo)|, 


(2.94) 


for  two  vorticity  modes  at  xdown  =  x  - x0  =  6.48/*,  /?  =  ft ,  and  M  =  0.02.  One  can  see  that 
the  main  input  at  these  parameters  is  associated  with  a  k  of  about  2. 

Figure  2.33  shows  variation  of  normalized  |A|  along  the  roughness  element  for  two  vor¬ 
ticity  modes  at  k  =  2,  0  =  ft ,  and  M  =  0.02.  The  variation  of  the  coefficient  is  about  1%, 
and  one  can  consider  the  receptivity  problem  within  the  parallel  flow  approximation. 

Figure  2.34  illustrates  contours  of  the  streamwise  velocity  perturbation,  u,  at  xd0wn  = 
6.48/*  in  the  boundary  layer  at  M  =  0.02  obtained  including  the  nonparallel  flow  effects  and 
using  the  vorticity  modes  only.  The  continuous  spectrum  was  discretized  at  0  <  k  <  5  using 
500  intervals.  One  can  see  that  there  is  a  wake  region  downstream  from  the  hump,  and  there 
are  high-speed  streaks  on  both  sides  of  the  hump. 

Figure  2.35  shows  the  difference  between  two  contour  plots:  Uparaiui  -  unonparaUel.  One 
can  see  that  the  difference  is  about  10%  in  the  wake. 
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Figure  2.30:  Local  growth  rate  of  the  mass  flux  perturbation  in  the  boundary  layer  over  a 
flat  plate. 

In  order  to  understand  the  source  of  the  difference  shown  in  figure  2.35,  we  plot  real  and 
imaginary  parts  of  the  integral, 


(2.95) 


in  figure  2.36  for  two  vorticity  modes  together  with  the  result  stemming  from  the  parallel 
flow  approximation  (in  the  parallel  flow  approximation,  Nr  =  0).  One  can  see  that  the 
nonparallel  flow  effects  do  not  have  a  significant  effect  on  the  integral.  The  latter  means 
that  the  main  source  of  the  difference  in  figure  2.35  is  associated  with  different  shapes  of  the 
eigenfunctions  evaluated  at  x  =  x0  (parallel  flow  model)  and  at  x  =  x0  +  xdown  (nonparallel 
flow  consideration). 

Roughness  array.  M  =  0.5 

In  order  to  illustrate  the  nonparallel  effects  on  the  receptivity  problem  at  M  =  0.5,  we  present 
results  at  the  temperature  factor  Tw/Tad  =  0.5  that  are  similar  to  the  case  M  =  0.02. 

Figure  2.37  shows  the  amplitude  factor  defined  in  Eq.  (2.94)  as  a  function  of  the  param¬ 
eter  k,. 

Figure  2.38  shows  variation  of  normalized  |A|  along  the  roughness  element  for  two  vor¬ 
ticity  modes  and  the  entropy  mode  at  k  =  2,  /?  =  M  =  0.5,  and  Tw/Tad  =  0.5.  The 
variation  of  the  coefficient  is  about  1%,  as  in  the  previous  case,  and  one  can  consider  the 
receptivity  problem  within  the  parallel  flow  approximation. 

Figures  2.39  and  2.40  demonstrate  the  streamwise  velocity  contour  plots  in  the  case  of 
an  adiabatic  wall  at  M  =  0.5.  The  nonparallel  flow  effect  on  temperature  perturbations  at 
M  =  0.5  (adiabatic  wall)  is  illustrated  by  figures  2.41  and  2.42.  Figures  2.43  through  2.46 
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Figure  2.31:  Mass-flux  perturbation  in  the  discrete  mode. 


k 


Figure  2.32:  Amplitude  factor  [Eq.(2.94)]  at  xd0wn  =  6.48/x.  M  =  0.02,  adiabatic  wall. 
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Figure  2.33:  Variation  of  normalized  |A|  along  the  roughness  element  for  two  vorticity  modes. 
M  =  0.02,  adiabatic  wall. 


Figure  2.34:  Contours  of  u  x  104  at  Xdown  =  6.48/*.  M  =  0.02,  adiabatic  wall. 
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Figure  2.35:  Difference  (times  105)  between  streamwise  velocity  perturbations  obtained 
within  parallel  and  nonparallel  flow  models.  M  =  0.02,  adiabatic  wall. 


k 


Figure  2.36:  Integral  N  for  two  vorticity  modes  at  M  =  0.02,  adiabatic  wall. 
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Figure  2.37:  Amplitude  factor  [Eq.(2.94)]  at  xdown  =  6.484.  M  =  0.5,  Tw/Tad  =  0.5.  A  and 
B  -  two  vorticity  modes,  E  -  entropy  mode. 


Figure  2.38:  Variation  of  normalized  |A|  along  the  roughness.  M  =  0.5,  Tw/Tad  =  0.5.  A 
and  B  -  two  vorticity  modes,  E  -  entropy  mode. 
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Figure  2.39:  Contours  of  u  x  104  at  Xdown  —  6.48/*.  M  =  0.5,  adiabatic  wall. 


Figure  2.40:  Difference  (times  105)  between  streamwise  velocity  perturbations  obtained 
within  parallel  and  nonparallel  flow  models.  M  =  0.5,  adiabatic  wall. 
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Figure  2.41:  Contours  of  6  x  106  at  Xdown  =  6.48ZX.  M  =  0.5,  adiabatic  wall. 
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Figure  2.42:  Difference  (times  106)  between  temperature  perturbations  obtained  within  par¬ 
allel  and  nonparallel  flow  models.  M  =  0.5,  adiabatic  wall. 
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Figure  2.43:  Contours  of  u  x  104  at  Xdoum  =  6.48 lx.  M  =  0.5,  Tw/Ta<i  =  0.5. 


Figure  2.44:  Difference  (times  105)  between  streamwise  velocity  perturbations  obtained 
within  parallel  and  nonparallel  flow  models.  M  —  0.5,  Tw/Tad  =  0.5. 
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Figure  2.45:  Contours  of  6  x  104  at  xdown  =  6.48 lx.  M  =  0.5,  Tw/Tad  =  0.5. 
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Figure  2.46:  Difference  (times  105)  between  temperature  perturbations  obtained  within  par¬ 
allel  and  nonparallel  flow  models.  M  =  0.5,  Tw/Tad  =  0.5. 
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Figure  2.47:  Integral  N  for  two  vorticity  modes  and  the  entropy  mode  at  M  =  0.5,  Tw/Tad  = 
0.5. 

illustrate  the  nonparallel  flow  effect  at  M  =  0.5  and  the  temperature  factor  0.5-  In  these 
examples,  the  results  were  obtained  using  the  vorticity  and  entropy  modes.  In  order  to  avoid 
overlapping  of  the  vorticity  and  entropy  spectra  and  to  simplify  the  computations,  we  use  a 
small  non-zero  frequency  (u  —  10-5)  as  was  described  in  [Tum07]. 

Similarly  to  the  example  at  M  =  0.02,  we  plot  in  figure  2.47  integral  N  for  two  vorticity 
modes  and  the  entropy  mode  at  M  =  0.5  and  Tw/Tad  =  0.5.  One  can  see  that  in  this  case 
the  nonparallel  flow  effects  also  do  not  have  a  significant  effect  on  the  integral. 

Conclusion 

To  our  knowledge,  this  is  the  first  example  when  the  weakly  nonparallel  flow  effects  are  con¬ 
sidered  for  modes  of  the  continuous  spectra.  Although  the  results  obtained  with  nonparallel 
flow  effects  included  are  quantitatively  different  (up  to  10%  in  the  wake  velocity  perturbation) 
from  the  results  obtained  in  [TR05]  and  [Tum06b]  within  the  parallel  flow  approximation, 
the  qualitative  structure  of  the  flow  field  downstream  of  the  roughness  element  remains  the 
same.  Analysis  of  the  nonparallel  flow  effects  in  subsonic  boundary  layers  over  a  flat  plate 
revealed  that  one  can  take  them  into  account  just  by  evaluation  of  the  eigenfunctions  at  the 
local  Reynolds  number  downstream  from  the  hump. 
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2.4.1  Periodic-in-time  actuators  placed  on  the  wall 

Receptivity  to  periodic-in-time  blowing-suction  through  the  wall 

As  an  example  of  a  periodic-in-time  actuator,  we  consider  a  point  blowing-suction  through 
the  wall.  For  the  purpose  of  illustration,  we  choose  the  two  examples  of  flow  past  a  flat  plate 
analyzed  by  Balakumar  and  Malik  [BM92].  In  the  first  example,  Mach  number  M  =  2  and 
dimensionless  angular  frequency  u>  =  0.02.  In  the  second  example,  M  —  4.5  and  u)  —  0.2. 
The  free-stream  stagnation  temperature  of  311  K,  adiabatic  wall  conditions,  and  Prandtl 
number,  Pr,  equal  to  0.72  were  used  for  both  cases.  Viscosity  was  computed  in  accordance 
with  Sutherland’s  law.  The  free-stream  velocity,  density,  and  viscosity  were  used  as  the 
characteristic  scales,  together  with  the  Blasius  length  scale,  (u, ooXo/Uoo)1^,  where  x0  stands 
for  distance  from  the  leading  edge. 

Balakumar  and  Malik  [BM92]  evaluated  the  integral  in  (2.69)  by  closing  the  path  in  the 
upper  half-plane  a,,  in  order  to  represent  the  result  as  a  sum  of  the  residue  values  (input 
from  the  discrete  spectrum)  and  integrals  along  three  branch  cuts  representing  input  from 
the  continuous  spectrum.  In  the  present  method,  we  use  (2.76)  in  order  to  find  amplitudes 
of  the  discrete  and  continuous  spectra  and  substitute  them  into  (2.70).  Because  the  shape 
function  vw  ( x ,  z )  in  equation  (2.63a)  was  chosen  as  8  (x  —  Xo)  6  ( z ),  p  (a,  0)  =  1  and  C  —  Gv 
in  (2.76). 

Flat  plate,  M  =  2.  Balakumar  and  Malik  [BM92]  found  the  receptivity  coefficients  of 
the  least  stable  discrete  modes  when  the  eigenfunction  was  normalized  so  that  the  maximum 
amplitude  of  the  streamwise  velocity  component  was  equal  to  one.  Their  results  for  discrete 
modes  and  comparisons  with  the  present  method  are  presented  in  tables  2.1  and  2.2  for  0  —  0 
and  0  =  0.08,  respectively.  One  can  see  that  results  of  the  present  work  and  of  [BM92]  agree 
well,  except  for  the  second  discrete  mode  in  table  2.2. 
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Table  2.1:  Flat  plate.  M  =  2,  T0  =  311  K,  Pr  =  0.72,  Re  =  1000,  w  =  0.02,  /?  =  0. 


Balakumar  and  Malik[BM92] 
a 

(3.733  x  10-2,  — 3.696d  x  1CT4) 
(2.841  x  lO"2, 2.619  x  10~2) 
(-9.670  xlO-2, 4.206  xlO-2) 
(4.366  x  lO"2, 4.495  x  10"2) 


|G„| 

2.2079  x  10~2 
1.1448 
0.7527 

4.7175  x  10"2 


the  present  work 
a 

(3.733  x  10-2,  — 3.696d  x  10~4) 
(2.844  x  lO-2, 2.617  x  10~2) 
(-9.671  x  10~2, 4.206  x  10“2) 
(4.366  x  10-2, 4.495  x  10~2) 


|Gv| 

2.2096  x  10~2 
1.1242 
0.7535 

4.7259  x  10-2 


Table  2.2:  Flat  plate.  M  =  2,  T0  =  311  K, 
Balakumar  and  Malik[BM92] 

«  \GV\ 

(4.077  x  10-2,  -2.384  x  10"3)  0.2333 

(2.035  x  10"2, 1.751  x  1CT2)  11.9667 

(4.382  x  lO"2, 4.453  x  1(T2)  0.2193 

(—6.637  x  10-2, 7.634  x  10-2)  0.7404 


Pr  =  0.72,  Re  =  1000,  u  =  0.02,  0  =  0.08 
the  present  work 

a  \GV\ 

(4.078  x  10-2,  -2.384  x  10~3)  0.2335 

(2.062  x  10~2, 1.699  x  10"2)  4.67364 

(4.383  x  lO-2, 4.453  x  10“2)  0.2191 

(-6.638  x  10"2, 7.634  x  10~2)  0.7406 


Figure  2.48  shows  the  real  and  imaginary  parts  of  the  eigenvalue,  ar(0)  and  a,  (0), 
respectively,  together  with  the  receptivity  coefficient  Gv  (0)  for  the  unstable  mode  at  Re  = 
1000.  One  can  compare  the  results  with  figure  6  of  [BM92]  to  conclude  that  there  is  a  good 
agreement.  The  method  of  the  Section  2.3.2  is  also  convenient  for  parametric  studies.  Figure 
2.49  shows  the  contour  plot  of  the  receptivity  coefficient  for  a  perturbation  having  frequency 
parameter  F  =  u/Re  =  20  x  10-6.  The  contour  plots  of  «r  and  a,  in  the  (Re,  0)  plane  are 
presented  in  figure  2.50. 

It  is  interesting  to  compare  the  results  for  continuous  spectra  obtained  within  the  present 
work  with  the  results  of  [BM92],  The  eigenmodes  of  the  continuous  spectrum  are  oscillating 
outside  the  boundary  layer.  Their  asymptotic  behavior  is  ~  exp  (±iky),  where  k  is  a  real 
parameter.  Figure  2.51  shows  the  branch  cuts  in  the  complex  plane  o:  associated  with  the 
continuous  spectrum.  Branch  cuts  1  and  3  in  figure  2.51  represent  the  fast  (FA)  and  slow 
(SA)  acoustic  modes,  respectively.  Branch  cut  2  actually  represents  (indistinguishable  in  the 
plot  scale)  two  branch  cuts  associated  with  the  entropy  and  vorticity  modes  [Tum06c]. 

Numerical  evaluation  of  integrals  in  (2.70)  associated  with  the  acoustic  modes  was  done 
with  the  help  of  the  trapezoidal  formula  on  a  finite  interval  [0,  fcmai]  with  320-640  steps.  The 
parameter  kmax  was  varied  up  to  6  to  verify  independence  of  the  results  from  the  interval  and 
number  of  steps.  Figure  2.52  shows  inputs  from  the  fast  and  slow  acoustic  modes  (branch 
cuts  1  and  3,  respectively)  to  the  real  part  of  the  normal  velocity  component,  vT ,  at  distances 
x  —  Xo=  250,  500,  and  750.  The  peaks  in  the  velocity  distributions  correspond  to  the  Mach 
wave.  One  can  compare  the  results  of  figure  2.52  with  the  results  in  figures  19  and  21  of 
[BM92]  and  conclude  that  they  are  in  agreement.  One  can  also  notice  from  figure  19  of 
[BM92]  that  there  are  oscillations  of  the  solution  above  the  Mach  wave,  whereas  our  results 
in  figure  2.52  demonstrate  a  quiet  region  above  the  Mach  wave.  We  attribute  the  oscillations 
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Figure  2.48:  Eigenvalues  a:  and  receptivity  coefficient  |G„|  at  M  =  2,  u  =  0.02,  Re  =  1000. 


Figure  2.49:  Contour  plot  of  the  receptivity  coefficient,  |G„|,  at  M  =  2,  F  =  20  x  10-6. 
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a)  b) 


Figure  2.50:  Contour  plots  of  real  (a)  and  imaginary  (b)  parts  of  the  eigenvalue,  a,  at  M  =  2, 
F  =  20  x  10-6. 
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Figure  2.51:  Branch  cuts  in  the  complex  plane  a  at  M  =  2,  u  =  0.02,  Re  =  1000,  (3  =  0. 
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a) 


b) 


Figure  2.52:  Real  part  of  the  normal  velocity  component  resulting  from  the  fast  (a)  and  slow 
(b)  acoustic  waves  at  x  —  x0  locations  250,  500,  and  750.  M  =  2,  Re  —  1000,  u  —  0.02,  and 
0=0. 


Table  2.3:  Flat  plate.  M  =  4.5,  T0  =  311  K,  Pr  =  0.72,  Re  =  1000,  w  =  0.2,  (3  =  0 
Balakumar  and  Malik[BM92]  the  present  work 


a 

(0.220,  -3.091  x  10"3) 
(0.221,1.569  x  10"2) 
(-0.565,5.559  x  10"2) 
(0.560,5.659  x  10"1) 


\GV\ 

1.7537  x  10“2 
9.9071  x  10~2 
0.3878 
6.5089 


a 

(0.220,  -3.091  x  10“3) 
(0.221,1.569  x  10"2) 
(-0.565,5.560  x  10~2) 
(0.561,5.659  x  10"1) 


IGvl 

1.7537  x  10"2 
4.8394  x  10"2 
0.3880 
6.5166 


in  [BM92]  to  not  long  enough  pieces  of  the  branch  cuts  being  included  in  the  evaluation 
of  the  integrals.  As  it  was  pointed  out  in  [BM92],  the  main  input  to  the  perturbation  is 
associated  with  the  fast  acoustic  modes.  Figure  2.53  shows  the  receptivity  coefficients  of  the 
fast  and  slow  acoustic  modes  as  functions  of  the  parameter  k.  The  coefficients  correspond 
to  the  normalization  when  the  streamwise  velocity  derivative  on  the  wall  is  ( du/dy)w  —  1. 
One  can  see  that  the  receptivity  coefficients  are  higher  for  the  fast  acoustic  mode. 

Inputs  from  the  entropy  modes  and  vorticity  modes  are  shown  in  figure  2.54.  Note  that 
the  perturbations  have  maxima  in  the  vicinity  of  the  boundary  layer  edge ,  and  they  are  very 
small.  These  results  are  different  from  those  reported  in  [BM92],  They  obtained  input  from 
branch  cut  2  as  a  standing-wave-type  pattern  in  the  ^-direction  spreading  far  away  above 
the  Mach  wave  (figure  20  of  [BM92]).  The  result  is,  probably,  also  attributed  to  the  short 
piece  of  the  branch  cut  used  in  evaluating  of  the  integrals. 

Flat  plate,  M  =  4.5.  In  this  example,  we  consider  perturbations  having  the  frequency 
parameter  F  =  200  x  10-6.  Tables  2.3  and  2.4  provide  comparisons  of  the  receptivity 
coefficients  of  the  least  stable  discrete  modes  obtained  in  [BM92]  and  in  the  present  work. 
The  agreement  is  also  good,  except  for  the  second  mode  in  table  2.3. 
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Figure  2.53:  Receptivity  coefficients  of  the  fast,  FA,  and  the  slow,  SA,  acoustic  modes. 
M  =  2,  u  =  0.02,  Re  =  1000,  0  =  0,  {du/dy)w  =  1. 


tv 


Figure  2.54:  Real  part  of  the  normal  velocity  component  resulting  from  the  entropy  and 
vorticity  modes  at  x  -  Xo  location  750.  M  =  2,  Re  =  1000,  u  =  0.02,  and  0  =  0. 


Table  2.4:  Flat  plate.  M  =  4.5,  T0  =  311  K, 
Balakumar  and  Malik [BM92] 


a 

(0.2181,2.969  x  10~4) 
(0.2124,1.288  x  lO-2) 
(-0.5498,5.684  x  10"2) 


|G„I 

1.5405  x  10"2 
6.1334  x  10~2 
0.3862 


Pr  =  0.72,  Re  =  1000,  w  =  0.2,  0  =  0.12 
the  present  work 

a  |G„| 

(0.2181,2.974  x  10"4)  1.5413  x  10-2 

(0.2124, 1.288  x  lO"2)  6.1341  x  10"2 

(-0.5499,5.685  x  10"2)  0.3864 
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Figure  2.55:  Eigenvalues  a  and  receptivity  coefficient  |G„|  at  M  =  4.5,  u  —  0.2,  Re  —  1000. 

Figure  2.55  shows  the  real  and  imaginary  parts  of  the  eigenvalue,  <Xt(P)  and  a <(/?), 
respectively,  together  with  the  receptivity  coefficient  Gv  (/?)  for  the  unstable  mode  at  Re  = 
1000.  One  can  compare  the  results  with  figure  7  of  [BM92]  to  conclude  that  the  results  are  in 
good  agreement.  Figures  2.56  and  2.57  show  the  contour  plots  of  the  receptivity  coefficient 
and  the  eigenvalues,  aT  and  a,,  in  the  (Re,  /?,)  plane,  respectively. 

Figure  2.58  shows  inputs  from  the  fast  and  slow  acoustic  modes  at  M  —  4.5  (branch  cuts 
1  and  3,  respectively)  to  the  real  part  of  the  normal  velocity  component,  vr,  at  distances 
x  —  x0=  250,  500,  and  750.  The  receptivity  coefficient  of  the  fast  acoustic  mode  is  shown 
in  figure  2.59.  One  can  compare  the  result  with  figure  2.53  to  see  that  in  this  case,  the 
maximum  is  shifted  toward  the  higher  values  of  the  parameter  k. 

Inputs  of  the  entropy  and  vorticity  modes  to  the  velocity  perturbation  at  x  =  500  are 
shown  in  figure  2.60.  Similarly  to  the  case  of  M  =  2,  the  inputs  axe  small  and  the  maxima 
are  located  at  the  edge  of  the  boundary  layer. 

Discussion  of  the  results 

The  receptivity  of  compressible  boundary  layers  to  three-dimensional  wall  perturbations  was 
solved  with  the  help  of  the  biorthogonal  eigenfunction  system.  The  method  allows  finding 
amplitudes  of  the  discrete  and  continuous  spectra.  The  main  result  of  the  present  work  is 
associated  with  inclusion  of  the  continuous  spectra  in  compressible  boundary  layers  into  the 
receptivity  analysis  within  the  scope  of  the  biorthogonal  eigenfunction  expansion.  In  the 
case  of  a  periodic-in-time  actuator  or  an  array  of  roughness  elements,  the  continuous  spectra 
provide  correct  representation  of  the  Mach  waves  in  supersonic  flows.  Although  each  mode 
of  the  continuous  spectra  is  oscillating  at  y  — ►  oo,  their  sum  represents  zero  perturbations 
above  the  Mach  wave.  The  example  with  an  array  of  roughness  elements  in  Section  2.3.2  at 
M=0.5  illustrates  how  the  modes  of  the  continuous  spectra  (vorticity  and  entropy  modes) 
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Figure  2.56:  Contour  plot  of  the  receptivity  coeficient,  |GV|,  at  M  =  4.5,  F  =  200  x  10-6. 


a)  b) 


Figure  2.57:  Contour  plots  of  real  (a)  and  imaginary  (b)  parts  of  the  eigenvalue,  a,  at 
M  =  4.5,  F  =  200  x  10~6. 
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b) 
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Figure  2.58:  Real  part  of  the  normal  velocity  component  resulting  from  the  fast  (a)  and  slow 
(b)  acoustic  waves  at  x  -  x0  locations  250,  500,  and  750.  M  =  4.5,  Re  =  1000,  u  =  0.2,  and 
/?  =  0. 
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Figure  2.59:  Receptivity  coefficients  of  the  fast  acoustic  mode.  M  =  4.5,  u>  —  0.2,  Re  —  1000, 
P  =  0,  (du/dy)w  =  1. 
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Figure  2.60:  Real  part  of  the  normal  velocity  component  resulting  from  the  entropy  and 
vorticity  modes  at  x  —  Xo  location  500.  M  —  4.5,  Re  =  1000,  u  =  0.2,  and  /?  =  0. 

represent  streamwise  vortices  localized  inside  the  boundary  layer.  It  is  also  worthwhile  to 
mention  that  the  results  demonstrate  that  a  roughness  element  on  a  cold  wall  creates  a 
low-speed  streak  above  the  wake  region.  To  our  knowledge,  this  phenomenon  has  not  been 
addressed  in  asymptotical  or  CFD  studies.  This  phenomenon  might  be  associated  with  a 
secondary  instability  mechanism,  and  it  has  to  be  addressed  in  the  future. 

The  solution  in  the  present  work  is  based  on  the  parallel  flow  approximation.  This  ap¬ 
proximation  is  valid  when  the  characteristic  scale  of  the  perturbation  (wave  length)  is  much 
smaller  than  the  characteristic  scale  of  the  unperturbed  flow  in  the  downstream  direction. 
This  condition  is  violated  when  the  actuator  is  located  close  to  the  leading  edge.  Tumin, 
Wang  and  Zhong  [TWZ06]  analyzed  results  of  a  direct  numerical  simulation  when  pertur¬ 
bations  were  introduced  into  a  hypersonic  boundary  layer  by  periodic-in-time  blowing  and 
suction  through  a  slot.  Comparison  of  theoretical  and  numerical  results  for  amplitudes  of  dis¬ 
crete  modes  generated  by  the  actuator  revealed  their  discrepancy  when  the  slot  was  located 
close  to  the  leading  edge. 

In  the  case  of  three-dimensional  boundary  layers,  roughness  elements  may  generate  a 
crossflow  instability  mode  (see  [RS89,  Bip99,  SRW03]).  Comparison  of  the  receptivity  pre¬ 
diction  for  the  discrete  mode  within  the  scope  of  the  parallel  flow  approximation  with  the 
Navier-Stokes  solution  revealed  that  nonparallel  flow  effects  reduce  the  initial  amplitude 
[CL99].  In  order  to  take  into  account  the  nonparallel  flow  effects,  Bertolotti  [BerOO]  sug¬ 
gested  an  approach  based  on  the  Taylor  series  for  the  mean  flow  in  the  vicinity  of  the 
roughness  element.  Comparison  of  the  receptivity  coefficients  obtained  with  the  help  of 
the  model  with  the  values  obtained  from  the  solution  of  linearized  Navier-Stokes  solutions 
demonstrated  their  good  agreement.  In  principle,  this  approach  can  be  incorporated  into 
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the  method  discussed  in  the  present  work. 

Results  of  the  present  work  are  also  based  on  the  assumption  that  the  denominator  in 
(2.72)  is  not  equal  to  zero.  Fedorov  and  Khokhlov  [FK01]  showed  that  the  denominator  is 
equal  to  zero  at  the  branching  point  of  discrete  modes.  They  also  showed  [FK02]  that  it 
might  be  of  practical  importance  in  high-speed  boundary  layers  on  a  cold  wall.  In  this  case, 
the  nonparallel  flow  effects  are  to  be  taken  into  account  in  order  to  resolve  the  singularity. 

In  the  present  method,  an  adjoint  solution  serves  as  a  filter  to  find  the  amplitude  of  a  mode 
(see  equation  2.72).  Hill  [Hil96]  and  Herbert  [Her97]  suggested  using  adjoint  parabolized 
stability  equations  (APSE)  for  receptivity  prediction  when  the  nonparallel  flow  effects  are 
essential.  Luchini  and  Bottaro  [LB98]  used  the  same  idea  for  analysis  of  the  receptivity  of 
the  Gortler  instability.  They  calculated  Green’s  function  from  the  solution  of  the  parabolic 
adjoint  problem  by  marching  upstream.  Later  on,  a  number  of  publications  (see  [AWBOO, 
CDOO,  DCOO,  AirOO,  PAHHOO,  AWB02])  demonstrated  how  the  APSE  can  be  used  to  predict 
the  receptivity  of  boundary  layers  to  a  variety  of  forcing.  The  method  is  suitable  to  determine 
the  amplitude  of  an  instability  mode  (the  leading  mode)  that  is  usually  of  interest.  However, 
as  was  discussed  by  Fedorov  and  Khokhlov  [FK01],  decaying  modes  in  high-speed  boundary 
layers  may  be  an  important  element  of  the  laminar-turbulent  transition  scenario  as  well. 
At  the  present  time,  it  is  not  clear  how  accuratly  the  APSE  approach  can  determine  the 
amplitudes  of  the  decaying  modes.  In  addition,  the  APSE  method  in  its  present  formulation 
does  not  provide  a  tool  for  the  prediction  of  amplitudes  of  modes  belonging  to  continuous 
spectra,  whereas  the  adjoint  method  in  the  parallel-flow  approximation  has  the  capability  to 
address  decaying  modes  of  discrete  and  continuous  spectra.  The  local  parallel  approximation, 
together  with  the  extension  suggested  by  Bertolotti  [BerOO],  probably  will  be  an  adequate 
tool  to  analyze  the  decaying  discrete  modes  and  modes  of  the  continuous  spectra  when  the 
nonparallel  flow  effects  are  significant. 
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2.5  Multimode  decomposition  of  perturbations  in  a 
compressible  boundary  layer 

This  section  is  based  on  the  paper  published  in  collaboration  with  P.  Gaydos  [GT04]. 


2.5.1  Introduction 

The  progress  being  made  in  computational  fluid  dynamics  (CFD)  provides  an  opportunity 
for  reliable  simulation  of  such  complex  phenomenon  as  laminar-turbulent  transition.  The 
dynamics  of  flow  transition  depends  on  the  instability  of  small  perturbations  excited  by 
external  sources.  CFD  provides  complete  information  about  the  flow  field,  which  would  be 
impossible  to  measure  in  real  experiments.  However,  this  increase  in  available  information 
does  not  furnish  a  physical  insight  of  the  transition  because  the  leading  mechanisms  still 
remain  hidden  behind  a  messy  disturbance  field.  Sometimes,  a  flow  possesses  a  few  instability 
modes  that  are  equally  significant  in  the  transition  process,  and  it  might  be  desirable  to 
distinguish  the  dynamics  of  each  mode  in  the  complex  non-steady  flow  field.  Figure  2.61 
illustrates  the  dependence  of  the  real  parts  of  wave  numbers  of  the  first  and  the  second 
discrete  modes  on  the  local  Reynolds  number,  R  =  yj peUx/ pe,  in  a  hypersonic  boundary 
layer  over  a  sharp  cone,  where  pe,  p,e,  and  Ue  are  density,  viscosity,  and  mean  velocity  at 
the  edge  of  the  boundary  layer.  The  coordinate  x  is  measured  along  the  surface  of  the 
cone,  and  the  wave  numbers  are  dimensionless  with  the  help  of  the  length  scale  \/pex/peUe. 
In  this  example  and  what  follows,  the  boundary  layer  solution  was  obtained  with  Mangier 
transformation  from  a  planar  to  a  conical  configuration.  The  frequency  parameter  is  F  = 
150  x  10~6,  and  the  Mach  number  is  equal  to  5.6.  One  can  see  that  there  is  a  synchronism 
of  these  two  modes  in  the  vicinity  of  R  =  1600.  The  synchronism  is  not  absolute  because 
the  eigenvalues,  a,  have  small  but  different  imaginary  parts.  Nevertheless,  the  complex 
wave  numbers  are  very  close,  and  figure  2.62  demonstrates  that  the  mode  shapes  are  very 
close  as  well.  In  simple  words,  one  has  to  recognize  these  modes  in  the  presence  of  acoustic, 
vorticity  and  entropy  modes  and  separate  them  from  one  another.  Consequently,  the  problem 
of  decomposing  the  flow  fields  into  normal  modes  arises.  Because  CFD  provides  complete 
information  about  the  flow  field,  one  can  expect  that  the  decomposition  may  be  formulated 
as  a  rigorous  procedure. 
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Cone  M  =  56  Adiabatic  wall  F  =  150*10 


Figure  2.61:  Wave  numbers  of  two  discrete  modes. 


Cone  M  -  5  6  Adiabatic  wall  R  =  1600  P  =  150-10^ 


Figure  2.62:  Profiles  (normalized  to  1)  of  the  discrete  modes  at  R  =  1600.  Eigenvalues  of 
the  first  and  the  second  modes  are  =  0.2627  +  *0.02269  and  c*2  =  0.2603  -  *0.00494, 
respectively. 
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2.5.2  Outline  of  the  method 

Governing  equations  and  formal  solution  to  the  spatial  Cauchy  problem 

We  analyze  two-dimensional  perturbations  in  a  two-dimensional  compressible  boundary 
layer,  and  the  boundary  layer  is  considered  in  the  parallel  flow  approximation.  After  Fourier 
transform  with  respect  to  time,  the  linearized  Navier-Stokes  equations  are  recast  in  the 
following  matrix  form: 


d_ 

dy 


+ 


//iA  +  H2 


dA 

dx 


(2.96) 


where  Lq,  L\,  Hi,  and  H2  are  9x9  matrices.  Their  non-zero  elements  are  presented  in  A. 4. 
The  vector-function,  A (x,  y),  is  defined  with  the  help  of  the  streamwise  and  normal  velocity 
perturbations,  u  and  v,  respectively,  pressure  perturbation,  7r,  and  temperature  perturbation, 

e. 


A  =  (u,  du/dy,  v,  n ,  6,  dO/dy,  du/dx,  dv/dx,  dO/dxy 


(2.97) 


The  boundary  conditions  are  a  no-slip  condition  on  the  wall  and  decaying  perturbations 
outside  the  boundary  layer. 

For  the  purpose  of  clarity,  we  briefly  recapitulate  the  main  ideas  of  [TF83b].  The  Cauchy 
problem  for  (2.96)  with  initial  data  at  x  =  0  is  ill-posed.  The  latter  is  associated  with 
possible  upstream  influence  of  the  downstream  boundary  of  the  domain.  However,  if  there 
is  no  evidence  of  the  upstream  impact,  one  can  assume  that  the  solution  has  a  finite  growth 
rate  along  the  coordinate  x. 

Assuming  that  the  solution  has  a  finite  growth  rate,  we  apply  the  Laplace  transform  with 
respect  to  x\ 

OO 

Ap  (y)  =  J  A(x,y)e_pxdx  (2.98) 

o 


As  a  result,  we  arrive  at  the  following  inhomogeneous  system  of  ordinary  differential  equa¬ 
tions: 


i  I 

+  — 
dy 


—  HiAp  —  pH2Ap  =  F 


(2.99) 


F  —  —H2Aq 


where  vector-function  A0  stands  for  the  initial  data  at  x  =  0.  A  homogeneous  system  of 
equations  corresponding  to  (2.99)  can  be  recast  in  the  form 


^  =  H0z  (2.100) 

where  H0  is  a  6  x  6  matrix  (see  A. 4)  and  z  is  a  vector-function  comprised  of  the  first 
six  elements  of  vector-function  Ap.  The  system  of  equations  (2.100)  has  six  fundamental 
solutions,  Z](y),  z2(y),...,  z6(y).  Because  their  properties  will  be  used  in  further  analysis,  we 
shall  discuss  them  in  detail. 
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Classification  of  the  fundamental  solutions  stems  from  their  behavior  outside  the  bound¬ 
ary  layer,  where  Us(y)  =  1,  Ts(y)  =  1,  and  derivatives  of  the  mean  flow  profiles  are  equal  to 
zero.  Solutions  of  (2.100)  outside  the  boundary  layer  have  an  exponential  form  as  z°  exp(A_,y). 
For  y  — ►  oo,  the  characteristic  equation 

det  \\Hq  —  AI||  =  0  (2.101) 


can  be  written  in  the  explicit  form 


(&n  —  A2)  x  [(£>22  —  A2)  (£>33  —  A2)  —  £>23^32]  =  0, 
bn  =  Hl\ 


U  tt 42  r/24  1  r/43  r/34  .  t/46  t/64 

O22  -  n0  +  Ii0  n0  +  h0  h0  , 
£>23  =  H^Hf  +  +  tf046//065, 

h  2  =  H60\ 
h  3  =  tf065 


(2.102) 


where  elements  of  matrix  Ho  are  evaluated  at  y  — >  00.  The  roots  of  equation  (2.102)  are 


A2  2  =  bn  =  a2  +  iR(a  —  u) , 


\2  _ 
A3,4  — 


2  _ 

As,6  =  622  \  ~  +  l  \/(£>22-£>33)2  +  4623632 


£>33)  +  4  £>23  £>32, 


(2.103) 


Solution  of  the  inhomogeneous  system  of  differential  equations  (2.99)  can  be  expressed  in 
terms  of  the  fundamental  solutions  Zi (y),  z2(y),...,  z 6(y)  with  coefficients  depending  on  the 
initial  data  Ao-  The  inverse  Laplace  transform  could  be  presented  as  a  sum  of  residue 
values  at  poles  corresponding  to  the  modes  of  discrete  spectrum  and  a  sum  of  integrals  along 
branch-cuts  in  the  complex  plane  p.  These  branch-cuts  are  associated  with  the  continuous 
spectrum,  and  they  can  be  found  from  equations 


tf  =  ~k2,  j  =  1,  ...,6  (2.104) 

where  &  is  a  positive  parameter.  In  the  case  of  the  spatially  growing  disturbances,  there 
are  seven  branches  of  the  continuous  spectrum.  This  number  stems  from  the  fact  that  the 
characteristic  equation  represents  a  polynomial  of  seventh  order  with  respect  to  the  wave 
number,  a  =  ip  (the  continuity  equation  has  the  first  derivative  with  respect  to  x,  the  two 
momentum  equations  and  the  energy  equation  have  second  derivatives  with  respect  to  x). 
Particularly,  indices  j  =  1  and  2  correspond  to  the  vorticity  modes,  whereas  the  others 
correspond  to  the  acoustic  and  entropy  modes  [depending  on  the  branch  of  the  square  root 
in  Eq.  (2.103)].  The  classification  of  the  modes  follows  from  their  properties  outside  the 
boundary  layer  (one  can  find  discussion  of  the  properties  of  vorticity,  entropy  and  acoustic 
modes  in  [Pie89]). 
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M  -  0.5;  oj  -  1 

e 


Figure  2.63:  Branches  of  the  continuous  spectrum  in  the  complex  plane  a. 
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Figure  2.64:  Branches  of  the  continuous  spectrum  in  the  complex  plane  a. 


Figure  2.63  demonstrates  branches  of  the  continuous  spectrum  at  local  Mach  number 
Me  =  0.5  in  the  complex  plane  a  =  ip.  Figure  2.64  shows  the  branches  in  the  case  of 
a  supersonic  flow  (Me  =  2).  In  both  examples  the  dimensionless  frequency  was  chosen 
equal  to  1.  The  relatively  small  Reynolds  numbers  are  chosen  for  purpose  of  the  illustration 
only  (the  Mach  numbers  on  the  illustrations  are  the  same  as  in  [TF83b]).  One  can  see 
that  there  are  three  modes  having  negative  imaginary  parts  of  a.  They  are  associated 
with  upstream  perturbations.  The  other  four  modes  correspond  to  the  downstream  modes. 
One  of  the  branches  has  a  limiting  point  as  parameter  k  tends  to  infinity.  Although  the 
limiting  point  exists  at  significantly  high  positive  values  of  cti  that  are  usually  not  of  interest, 
we  demonstrate  the  structure  of  the  branches  for  completeness  of  the  illustration.  The 
branches  can  be  interpreted  as  acoustic,  entropy,  and  vorticity  modes  in  accordance  with 
their  properties  outside  the  boundary  layer.  Note  that  the  branch  having  a  limiting  point 
in  the  upper  half-plane  was  calculated  incorrectly  in  [TF83b].  The  correct  behavior  of  this 
branch  was  found  by  D.  E.  Ashpis  (private  communication,  1993).  However,  the  error  was 
associated  with  strongly  decaying  modes,  and  it  did  not  affect  the  main  result  and  conclusions 
of  [TF83b]. 

Biorthogonal  eigenfunction  system 

It  was  shown  in  [TF83b]  that  the  formal  solution  of  the  spatial  initial-value  problem  could 
be  represented  as  a  sum  of  the  continuous  and  discrete  spectra.  The  direct  and  the  adjoint 
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problems  corresponding  to  these  modes  (Aa  and  Ba,  respectively)  are  the  following: 


(L0^)  =  H\Aa  +  iaH2 Aa 

dy  V  dy  )  dy 

y  ~  0  •  Aa\  =  Aq3  —  Aa§  —  0 

k  y  -*  oo  :  \Aaj\  <  oo 


(2.105) 


|  y  =  o  :  Ba2  =  Bai  =  Ba6  =  0 

[  y  — ►  oo  :  \Baj\  <  oo 


(2.106) 


In  the  definition  of  the  adjoint  problem,  we  do  not  introduce  the  complex  conjugate  due  to 
the  convenience  associated  with  a  numerical  realization.  The  subscript  a  indicates  that  the 
mode  is  associated  with  the  wave  number. 

The  system  of  equations  (2.105)  can  be  recast  in  the  form  of  Eq.  (2.100),  whereas  Eq. 
(2.106)  can  be  recast  as 

~  =  HqY  (2.107) 

dy 

We  have  found  relationships  between  components  of  vectors  B  and  Y  with  the  help  of 
Mathematica  [Wol99]  (see  A. 5). 

The  following  orthogonality  condition  exists: 


(H2  Aoi 


(H2Aa)j  Ba'jdy  = 


(2.108) 


where  AQ>a/  is  the  Kronecker  symbol  if  a  or  ex'  belongs  to  the  discrete  spectrum,  and  Aa>a/  = 
5(c*  —  a')  is  the  delta  function  if  both  a  and  a'  belong  to  the  continuous  spectrum.  The 
coefficient  Q  on  the  right-hand  side  of  (2.108)  depends  on  normalization  of  A a(y)  and  Ba(j/). 

If  we  have  a  vector  function  A 0(j/)  (for  example,  from  a  computational  study),  we  can 
find  the  amplitude  of  a  mode  as  follows: 


Ca  =  (H2 Ao,  Bq)  /  (H2 Ao,  Bfl)  (2.109) 

An  example  of  two  discrete  modes  is  given  in  figure  2.62.  Examples  of  the  acoustic  modes 
in  the  boundary  layer  over  a  cone  R  =  1600  and  F  =  150  x  10“6  are  shown  in  figure  2.65. 
The  parameter  k  in  these  examples  is  equal  to  1  and  the  normalization  of  the  modes  was 
defined  by  the  equation  du/dy  =  1  on  the  wall. 


Examples  of  the  multimode  decomposition 

We  consider  two  examples.  The  first  one  is  an  emulation  of  the  analysis  of  a  flow  field 
obtained  by  means  of  a  computational  method,  i.e.  all  parameters  of  the  flow  are  assumed 
to  be  known  at  a  prescribed  station  x.  The  second  example  will  be  an  emulation  of  the 
decomposition  of  ‘experimental’  data.  Details  of  the  numerical  methods  are  presented  in 
[FT03]. 
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M  =  5.6;  R  =  1600:  F  =  150.10  s;  k  =  1 

e  1 


Figure  2.65:  Streamwise  velocity  component  of  acoustic  modes. 
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Cone  =  5.6.  Adiabatic  wall  F  =  1 50- 10 e 


Figure  2.66:  Real  and  imaginary  parts  of  the  combined  flowfield  (two  discrete  modes,  vor- 
ticity  and  acoustic). 

‘CFD’  Flow  Field 

Figure  2.66  gives  an  example  of  a  flow  field,  A0(y),  comprised  of  two  discrete  modes  (figure 
2.62)  with  amplitudes  C\  =  1  and  Ci  =  —1,  acoustic  and  vorticity  modes,  respectively. 
The  sum  of  the  discrete  modes  only  is  shown  in  figure  2.67.  It  is  very  difficult  to  imagine 
presence  of  the  discrete  modes  in  the  total  flow  field.  The  phase  shift  between  the  modes 
was  chosen  to  illustrate  how  interpretation  of  the  flow  field  might  be  complicated.  The 
decomposition  procedure,  Eq.  (2.109),  leads  to  the  coefficients  C\  =  1.0018  +  fl.58e -03  and 
C2  =  —0.9997  —  ?1.59e  —  04.  The  negligible  discrepancy  with  the  actual  values  is  attributed 
to  the  accuracy  of  the  numerical  evaluation  of  the  integrals. 

Evaluation  of  the  coefficient  Q  in  Eq.  (2.108)  in  the  case  of  the  discrete  spectrum  is 
straightforward:  numerical  integration  on  the  interval  [0,ymax]  and  analytical  calculation 
on  the  interval  [j/max,oo).  In  the  case  of  the  continuous  spectra,  the  coefficient  Q  can  be 
found  with  the  help  of  the  asymptotic  solutions  outside  of  the  boundary  layer.  An  outline 
of  the  evaluation  is  given  in  [Tum03].  We  would  like  to  point  out  that  the  coefficient  Q  and, 
therefore  coefficients  Cj,  depend  on  the  normalization  of  the  biorthogonal  eigenfunction 
system.  However,  the  product  of  the  coefficients  and  the  eigenfunctions  Aa  is  invariant  with 
respect  to  the  normalization. 

‘Experimental’  Flow  Field 

In  the  previous  example,  all  components  of  the  vector  A 0(y)  were  known.  If,  for  some  reason, 
one  can  expect  that  only  a  few  modes  are  responsible  for  the  total  signal  measured  in  the 
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Cone.  M  =  5.6.  Adiabatic  wall  F  =  150*10'° 
& 


Figure  2.67:  Real  and  imaginary  parts  of  the  combined  flowfield  (two  discrete  modes  only). 
Compare  magnitudes  of  the  functions  in  figures  2.66  and  2.67. 

experiment,  this  a  priori  information  also  can  be  helpful  in  decomposing  the  experimental 
flow  field.  The  assumption  about  the  main  input  from  specific  modes  actually  allows  recovery 
of  the  other  components  in  the  vector  A0 (y)  with  unknown  coefficients.  For  example,  we 
have  ‘experimental’  data  for  the  x-velocity  component  as  in  figures  2.68  and  2.69  (amplitude 
and  phase  of  the  streamwise  velocity  perturbation  corresponding  to  figure  2.67).  If  there  is  a 
priori  information  that  the  data  are  comprised  of  two  discrete  modes  associated  with  wave 
numbers  «i  and  ot2,  one  can  represent  the  vector  A 0{y)  as  follows: 

Ao  (y)  =  (u,  C\Aax  +  C2A  OC2  1  >  +  C2A  C*2  2  7  C\A  01 3  +  C'2A0t22} 

C\Aaii  +  C?,Aa2^  C\ Aai5  +  C2AQ25,  CiAaie  +  CiAa^,  (2.110) 

C\Aa^  +  (?2A027,  C\Aatf  +CiAa2f,,CiAaiQ  +  C^Ac,^) 

where  Aajm  stands  for  the  m-th  component  of  the  vector  Aaj.  At  the  same  time,  the  a 
priori  information  suggests  that  the  vector  Ao(y)  can  be  represented  also  as  a  sum  of  these 
two  modes 

Ao  (y)  =  C,  Aai  (y)  +  C2 Aa2  ( y ) 

From  the  orthogonality  condition,  one  can  obtain 

(i72A0,BQ1)=C1(if2Aai,BQl) 

(H2 A0,BO2)  =  C2  (H2 A„2,BQ2) 

Substitution  of  A0(,v)  from  Eq.  (2.110)  into  Eq.  (2.112)  leads  to  a  system  of  algebraic 
equations  for  C\  and  C2.  This  decomposition  procedure  has  been  applied  to  data  in  figures 


(2.111) 

(2.112) 
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Cone.  M  =  5.6.  Adiabatic  wall.  F  =  150  10* 

0.25  -i 


Figure  2.68:  Experimental  streamwise  velocity  disturbance  amplitude  distribution  across  the 
boundary  layer. 

2.68  and  2.69  and  the  coefficients  C\  and  C2  were  found  as  1.00002  +  il.l6e  —  04  and 
—0.999996  +  zl.65e  —  06,  respectively.  Because  the  experimental  data  might  be  contaminated 
by  noise  or  by  other  modes  that  were  not  included  into  the  decomposition,  one  has  to  carry 
out  a  posteriori  comparison  of  the  measured  and  recovered  profiles  in  order  to  estimate 
consistency  of  the  decomposition  with  the  a  priori  information/assumption. 

Conclusion 

The  formulated  method  of  multimode  decomposition  might  be  very  helpful  for  the  analysis 
of  computational  results  related  to  laminar-turbulent  transition  in  compressible  boundary 
layers.  Although  the  present  formulation  deals  with  two-dimensional  disturbances  and  two- 
dimensional  boundary  layers,  the  orthogonality  relationship  can  be  easily  extended  to  a 
general  case  of  three-dimensional  perturbations  when  the  boundary  layer  flow  is  indepen¬ 
dent  of  the  spanwise  coordinate  (for  example,  infinite  swept  wing  flow).  In  this  case,  the 
Fourier  transform  with  respect  to  the  spanwise  coordinate  can  be  employed  and  the  orthog¬ 
onality  condition  can  be  formulated  for  the  modes  having  the  same  spanwise  wave  number. 
The  method  might  be  also  useful  in  the  analysis  of  real  experimental  data  when  a  priori 
information  about  the  modes  is  available. 
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Cone.  M  =  5.6.  Adiabatic  wall.  F  =  150- 10* 


Figure  2.69:  Experimental  streamwise  velocity  disturbance  phase  distribution  across  the 
boundary  layer. 
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2.5.3  Application  of  the  decomposition  to  DNS  results 

This  section  is  based  on  the  paper  published  in  collaboration  with  X.  Wang  and  X.  Zhong 
[TWZ07]. 


Introduction 

The  objective  of  the  present  section  is  to  demonstrate  how  the  multimode  decomposition 
may  serve  as  a  tool  for  gaining  insight  into  the  computational  results  and  to  validating  them 
as  well.  As  an  example,  the  direct  numerical  simulations  (DNS)  of  high-speed  boundary  layer 
receptivity  to  wall  blowing-suction  are  chosen  for  the  analysis  [WZ05].  The  perturbation  flow 
field  obtained  in  the  DNS  is  projected  onto  the  spatially  growing/decaying  modes  of  discrete 
and  continuous  spectra  at  a  prescribed  frequency.  In  addition,  the  filtered-out  amplitudes  of 
two  discrete  normal  modes  and  of  the  fast  acoustic  modes  are  compared  with  ones  predicted 
by  the  linear  receptivity  theory. 

Numerical  approach 

A  numerical  simulation  was  carried  out  by  Wang  and  Zhong  [WZ05]  to  determine  the  re¬ 
ceptivity  of  a  Mach  8.0  flow  over  a  sharp  wedge  to  wall  blowing-suction  through  a  slot  on 
the  wedge  surface.  The  wedge  had  a  half-angle  of  5.3°.  The  freestream  parameters  were:  ve¬ 
locity  Uoo  =  1181.7  m/s,  density  p =  0.0247  kg/m3,  and  temperature  =  54.78  K.  Such 
a  hypersonic  boundary- layer  flow  had  been  numerically  studied  by  other  researchers.  Malik 
et  al.  [MLS99]  solved  the  linearized  Navier-Stokes  equations  to  investigate  the  responses  of 
the  flow  to  three  types  of  external  forcing.  Ma  and  Zhong  [MZ03c]  studied  receptivity  mech¬ 
anisms  of  the  same  flow  to  various  freestream  disturbances  by  solving  the  two-dimensional 
compressible  Navier-Stokes  equations.  In  the  current  simulation,  we  extend  the  study  to 
the  receptivity  mechanism  of  the  hypersonic  boundary  layer  to  wall  blowing-suction  distur¬ 
bances. 

In  our  simulation,  the  Mach  8  flow  is  assumed  to  be  thermally  and  calorically  perfect. 
The  governing  equations  for  the  simulation  are  the  two-dimensional  Navier-Stokes  equations 
in  the  conservative  form,  i.e., 

W  +  ^k{Fli  +  Flv)  +  a^(F*  +  Fiv)  =  °’  (2113) 

where  U  is  a  vector  containing  the  conservative  variables  of  mass,  momentum,  and  energy, 
i.e., 

U  =  {p,pui,pu2,e}.  (2.114) 

The  flux  vector  in  (2.113)  is  divided  into  its  inviscid  and  viscous  components,  because  the 
two  components  are  discretized  with  two  finite  difference  schemes:  Flt  and  F2t  are  inviscid 
flux  vectors,  whereas  FltI  and  F2„  are  viscous  flux  vectors.  The  flux  vectors  can  be  expressed 
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as 


F  = 
rj« 


F  — 

X  JV  - 


f)Uj 

puiUj  +  p6ij 
frwxUj  +  pS2j 

uj(e  +  p) 

0 

-Ti i 
~TV 

.  dr 


(2.115) 


(2.116) 


TnjUn  Kgx, 

with  j,n  e  {1,2}.  In  the  perfect  gas  assumption,  pressure  and  energy  are  given  by 


P  =  pRT, 


(2.117) 


e  =  pcvT+  |(u?  +  t£),  (2.118) 

where  c„  is  the  specific  heat  at  constant  volume.  For  compressible  Newtonian  flow,  the 
viscous  stress  tensor  can  be  written  as 


Out  duj  2  dun 

T«“'V+«*)_3 “Wjv 


(2.119) 


for  t,j, n  €  {1,2}.  In  the  simulation,  the  viscosity  coefficient,  p,  and  the  heat  conductivity 
coefficient,  n,  axe  calculated  using  Sutherland’s  law  together  with  a  constant  Prandtl  number, 
Pr  =  0.72. 

The  fifth-order  shock-fitting  method  of  Zhong  [Zho98]  is  used  to  solve  the  two-dimensional 
Navier-Stokes  equations  in  a  domain  bounded  by  the  bow  shock  and  the  wedge  surface.  The 
bow  shock  is  treated  as  a  boundary  of  the  computational  domain,  which  makes  it  possible 
for  the  Navier-Stokes  equations  to  be  spatially  discretized  by  high-order  finite  difference 
methods.  Specifically,  a  fifth-order  upwind  scheme  is  used  to  discretize  the  inviscid  flux 
derivatives.  Meanwhile,  the  viscous  flux  derivatives  are  discretized  by  a  sixth-order  central 
scheme.  The  Rankine-Hugoniot  relation  across  the  shock  and  a  characteristic  compatibility 
relation  from  the  downstream  flow  field  are  combined  to  solve  the  flow  variables  behind  the 
shock.  By  using  the  shock-fitting  method,  the  interaction  between  the  unsteady  perturba¬ 
tions  and  the  bow  shock  is  solved  as  part  of  the  solutions,  with  the  position  and  velocity  of 
the  shock  front  being  taken  as  unknown  flow  variables.  A  three-stage  semi-implicit  Runge- 
Kutta  method  is  used  for  temporal  integration,  where  the  time  step  size  is  obtained  based 
on  CFL  number  and  grid  size. 

The  steady  base  flow  is  computed  by  solving  (2.113)  with  a  combination  of  the  fifth- 
order  shock-fitting  method  and  a  second-order  TVD  scheme.  In  the  leading  edge  region,  there 
exists  a  singular  point  at  the  tip  of  the  wedge,  which  will  introduce  numerical  instability  if  the 
fifth-order  shock-fitting  method  is  used  to  simulate  the  flow.  Therefore,  the  computational 
domain  for  the  shock-fitting  simulation  starts  from  a  very  short  distance  downstream  of 
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the  leading  edge.  A  second-order  TVD  scheme  is  used  to  simulate  the  steady  base  flow 
in  a  small  region  including  the  leading  edge  to  supply  inlet  conditions  for  the  shock-fitting 
simulation.  The  steady  base  flow  simulation  is  advanced  in  time  until  the  last  pair  of  solutions 
separated  by  a  finite  time  interval  can  be  considered  as  identical  within  a  specified  tolerance. 
For  unsteady  simulations,  blowing-suction  disturbances  are  introduced  in  a  downstream 
region  where  the  shock-fitting  method  is  used.  The  subsequent  responses  of  the  hypersonic 
boundary  layer  are  simulated  with  the  fifth-order  shock-fitting  method  to  achieve  a  periodic- 
in-time  flow  field  (large  time  asymptote  of  perturbation  calculations). 

For  the  simulation  of  steady  base  flow,  the  wall  is  adiabatic,  and  the  physical  boundary 
condition  of  velocity  on  the  wedge  surface  is  the  non-slip  condition.  When  periodic-in-time 
blowing-suction  disturbances  are  enforced  on  the  steady  base  flow,  the  isothermal  temper¬ 
ature  condition  is  applied  on  the  wall.  This  temperature  condition  is  a  standard  boundary 
condition  for  theoretical  and  numerical  studies  of  high-frequency  disturbances.  Meanwhile, 
a  non-slip  condition  is  applied  on  the  wall,  except  for  the  forcing  region.  Inlet  conditions 
are  specified,  while  high-order  extrapolation  is  used  for  outlet  conditions  because  the  flow  is 
supersonic  at  the  exit  boundary,  except  for  a  small  region  near  the  wedge  surface. 

In  the  current  study,  the  coordinate  x  is  defined  as  the  distance  measured  from  the  tip 
of  the  wedge,  whereas  the  coordinate  y  is  the  normal  distance  from  the  wall.  The  blowing- 
suction  slot  is  simulated  by  the  periodic-in-time  boundary  conditions  for  the  perturbation 
of  the  mass  flux  on  the  wall,  which  can  be  written  as  follows: 


is 

pv  =  q0g(l)y^sw(unt),  (2.120) 

n=l 


where  qo  is  an  amplitude  parameter  and  un  is  the  circular  frequency  of  multi-frequency 
perturbations.  In  (2.120),  g(l )  is  the  profile  function  defined  as 


y(l) 


20.25 Z5  -  35.4375Z4  +  15.1875/2, 

-20.25  (2  -  Z)5  +  35.4375  (2  -  l)4  -  15.1875  (2  -  Z)2  , 


(I  <  i) ; 

(z  >  i) . 


(2.121) 


The  variable  Z  in  (2.121)  is  a  non-dimensional  coordinate  defined  within  the  blowing-suction 
slot: 

Z  (x)  =  7~-£tt,  Xi<x<xe;  (2.122) 

\Xe  Xi) 

where  and  ze  are  the  coordinates  of  the  leading  and  the  trailing  edges  of  the  slot,  re¬ 
spectively.  The  amplitude  distribution,  g(l),  is  shown  in  figure  2.70.  Numerical  simulations 
reveal  that  there  is  no  difference  in  the  results  if  surface  blowing-suction  is  specified  by  the 
perturbation  in  the  y- velocity  only.  This  is  due  to  the  fact  that  the  weak  perturbation  is  in 
the  linear  region.  The  corresponding  velocity  perturbation  at  y  =  0  is 


15 

v(x,  t)  =  vw(x)  2_^sin(o/„Z) 

n=l 


15 

7-S(i)£8inkf), 

n=l 


(2.123) 
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Figure  2.70:  Amplitude  distribution  of  the  blowing-suction  slot. 

where  paw  is  density  of  the  unperturbed  flow  on  the  wall.  In  the  theoretical  analysis  we 
utilize  (2.123)  as  the  boundary  condition  simulating  the  actuation. 

As  had  been  mentioned  above,  the  steady  base  flow  is  simulated  with  a  combination 
of  a  fifth-order  shock-fitting  finite  difference  method  and  a  second-order  TVD  scheme.  In 
the  leading  edge  region,  there  exists  a  singular  point  at  the  tip  of  the  wedge,  which  will 
introduce  numerical  instability  if  the  fifth-order  shock-fitting  method  is  used  to  simulate  the 
flow.  Therefore,  the  computational  domain  for  the  fifth-order  shock-fitting  method  starts 
at  x  =  0.00409  m  and  ends  at  x  =  1.48784  m.  In  actual  simulations,  the  computational 
domain  is  divided  into  30  zones,  with  a  total  of  5936  grid  points  in  the  streamwise  direction 
and  121  grid  points  in  the  wall-normal  direction.  Forty-one  points  are  used  in  the  buffering 
region  between  two  neighboring  zones,  which  proved  to  be  sufficient  to  make  the  solution 
accurate  and  smooth  within  the  whole  domain.  An  exponential  stretching  function  is  used 
in  the  wall-normal  direction  to  cluster  more  points  inside  the  boundary  layer.  On  the  other 
hand,  the  grid  points  are  uniformly  distributed  in  the  stream-wise  direction. 

For  the  first  zone  of  the  shock-fitting  calculations,  the  inlet  conditions  are  obtained  from 
the  results  of  the  second-order  TVD  shock-capturing  scheme,  which  is  used  to  simulate  the 
steady  base  flow  in  a  small  region  including  the  leading  edge.  For  other  zones,  inlet  conditions 
are  interpolated  from  the  results  of  the  previous  zone.  Figure  2.71  shows  the  wall-normal 
velocity  and  density  contours  near  the  leading  edge  of  the  steady  base  flow  obtained  by  the 
second-order  TVD  scheme  and  the  fifth-order  shock-fitting  method.  The  flow  field  including 
the  leading  edge  is  simulated  by  the  TVD  scheme,  while  the  flow  field  after  x  =  0.00409 
m  is  simulated  by  the  shock-fitting  method.  It  shows  that  wall-normal  velocity  and  density 
contours  have  good  agreement  within  the  buffering  region,  which  indicates  that  the  TVD 
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Figure  2.71:  Wall-normal  velocity  and  density  contours  near  the  leading  edge  of  the  steady 
base  flow  obtained  by  a  combination  of  a  fifth-order  shock-fitting  method  and  a  second-order 
TVD  scheme. 

solutions  are  accurate  for  use  as  inlet  conditions  for  the  fifth-order  shock-fitting  simulation 
in  the  first  zone. 

In  our  simulations,  three  sets  of  grid  structures  are  tested  to  check  the  grid  indepen¬ 
dence  of  the  numerical  results.  As  an  example,  figure  2.72  compares  the  temperature  con¬ 
tours  of  the  steady  base  flow  in  zone  10,  simulated  using  the  three  sets  of  grids.  It  shows 
that  the  three  contours  agree  well  in  the  domain  despite  the  increases  in  grid  points.  This 
figure  indicates  that  the  simulation  results  are  converged  in  both  the  x  and  y  directions. 
Figure  2.73  shows  the  streamwise  velocity  and  temperature  profiles  in  the  wall-normal  di¬ 
rection  at  the  location  of  x  —  0.62784  m.  The  current  numerical  solutions  are  compared 
with  the  self-similar  boundary-layer  solutions.  In  the  figure,  velocity  and  temperature  are 
non-dimensionalized  by  corresponding  freestream  values,  while  the  y  coordinate  is  non- 
dimensionalized  by  y/xpZjpZuZ-  This  figure  shows  that  the  properties  of  the  current 
numerical  simulation  agree  very  well  with  those  of  the  self-similar  boundary-layer  solution. 
In  unsteady  simulations,  the  amplitude  of  blowing-suction  is  at  least  one  order  of  magnitude 
larger  than  the  maximum  numerical  noise  and  it  is  small  enough  to  preserve  the  linear  prop¬ 
erties  of  the  disturbances.  Figure  2.74  compares  dimensionless  amplitude  along  the  wedge 
surface  of  a  pressure  perturbation  at  the  frequency  of  149.2  kHz.  The  solid  line  and  trian- 
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Figure  2.72:  Comparison  of  temperature  contours  of  the  steady  base  flow  in  zone  10  simulated 
using  the  three  sets  of  grids. 


gular  symbol  represent  the  numerical  results  simulated  using  grid  structures  of  241  x  176 
and  241  x  121,  respectively.  The  agreement  between  the  two  distributions  of  perturbation 
amplitude  indicates  that  the  grid  independence  of  unsteady  simulation  is  achieved.  All  these 
three  figures  show  that  the  grid  structure  of  241  x  121  used  in  the  current  simulation  is 
enough  to  ensure  grid-independent  numerical  simulations. 

For  the  purpose  of  the  multimode  decomposition,  fast  Fourier  transform  (FFT)  of  the 
perturbation  field  is  carried  out  downstream  from  the  slot  at  distance  Xdata ■  The  time 
duration  of  simulation  data  used  for  FFT  analysis  is  one  period  of  the  base  frequency.  Seven 
cases  with  different  xit  xe,  and  Xdata  are  considered  in  the  present  work.  In  all  cases,  the 
width  of  the  slot,  w  =  xe  —  Xi,  is  kept  equal  to  1.2  cm.  Coordinates  of  the  slot  center,  xc, 
and  the  coordinates  Xdata  are  presented  in  table  2.5. 

Figure  2.75  shows  an  example  of  the  streamwise  velocity  amplitude  distributions  obtained 
in  the  numerical  simulation  for  case  1.  The  velocity  is  scaled  with  the  edge  velocity,  Ue  = 
1167.3  m/s,  and  the  distance  from  the  wall  is  scaled  with  H  =  0.1251  mm.  The  length  scale 
H  is  defined  as  \J x data /^oc  / Poo  Uoo  • 

The  boundary  layer  thickness  S99  (distance  from  the  wall  where  the  local  velocity  U  = 
0.99 Ue)  is  given  in  table  2.5.  As  follows  from  the  table,  the  ratio  S99/H  is  about  19.5  in  all 
cases. 

The  contours  of  the  instantaneous  pressure  perturbation  induced  by  blowing-suction  dis¬ 
turbance  at  frequency  5  x  14.92  kHz  are  shown  in  figure  2.76  (case  2).  After  the  blowing- 
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Figure  2.73:  Profiles  of  streamwise  velocity  and  temperature  in  the  wall-normal  direction  at 
the  location  of  x  =  0.62784  m. 
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Figure  2.74:  Comparison  of  dimensionless  amplitude  along  the  wedge  surface  of  pressure 
perturbation  at  the  frequency  of  149.2  kHz. 
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Case 

Xc 

(m) 

Xdata 

(m) 

qo  x  105 
(kg/sm2) 

H 

(mm) 

^99 

(mm) 

N 

<*SrH 

aSiH 

c*FtH 

OFiH 

1 

0.10772 

0.12784 

0.125188 

0.1251 

2.437 

11 

+1.07  x  10"1 
-3.38  x  10~4 

+9.91  x  10"2 
+2.73  x  10"3 

2 

0.40784 

0.42784 

0.054453 

0.2289 

4.452 

7 

+1.17  x  10_1 
-1.98  x  10"3 

+1.15  x  10_1 
+6.92  x  10"3 

3 

0.05784 

0.07784 

0.214139 

0.09764 

1.901 

11 

+8.54  x  lO"2 
+5.77  x  10~6 

+7.19  x  10-2 
+8.16  x  10-4 

4 

0.15784 

0.17784 

0.096130 

0.1476 

2.875 

10 

+1.13  x  10"1 
-1.14  x  10-3 

+1.09  x  lO"1 
+6.75  x  10“3 

5 

0.20784 

0.22784 

0.080666 

0.1670 

3.250 

9 

+1.14  x  10"1 
-1.28  x  10"3 

+1.10  x  lO-1 
+6.63  x  lO'3 

6 

0.25784 

0.27784 

0.070759 

0.1845 

3.590 

8 

+1.10  x  10_1 
-6.05  x  10-4 

+1.05  x  10"1 
+6.89  x  10~3 

7 

0.30784 

0.32784 

0.063745 

0.2004 

3.900 

8 

+1.19  x  10_1 
-2.43  x  10“3 

+1.19  x  10_1 
+7.55  x  10“3 

Table  2.5:  Coordinates  of  the  slot  center,  .rc,  and  of  the  station,  Xdata,  where  data  were 
provided  for  the  decomposition;  the  amplitude  parameter  q0  in  (2.120);  the  length  scale  H 
corresponding  to  the  considered  examples;  the  local  boundary  layer  thickness,  <599;  the  real 
and  imaginary  parts  of  the  eigenvalues  corresponding  to  the  slow  and  fast  discrete  modes,  as 
and  ap,  respectively.  The  presented  eigenvalues  correspond  to  frequencies  (N  —  1)  x  14.92 
kHz,  where  N  is  given  in  the  table. 
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Figure  2.75:  Amplitude  distribution  of  the  streamwise  velocity  component  at  x  =  Xdata  and 
frequency  (JV  —  1)  x  14.92  kHz  for  case  1. 
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Figure  2.76:  Contours  of  the  instantaneous  pressure  perturbation  induced  by  blowing-suction 
disturbance  at  frequency  5  x  14.92  kHz  for  case  2. 
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suction  slot,  the  excited  pressure  perturbations  are  divided  into  two  branches:  one  branch 
penetrates  the  boundary  layer  and  propagates  along  the  Mach  lines  (acoustic  waves)  while 
the  other  branch  stays  within  the  boundary  layer,  which  is  the  instability  mode  (mode  S 
in  terminology  of  the  results’  part  of  this  section),  indicated  by  the  typical  wave  structures 
near  the  wall. 


Theoretical  analysis 

The  theoretical  analysis  of  the  numerical  results  in  the  present  work  includes  two  steps.  The 
first  one  is  the  decomposition  of  the  perturbation  field  obtained  in  the  computational  part  of 
the  work  into  normal  modes  (projection  onto  the  basis  comprised  of  the  eigenfunctions  of  the 
continuous  and  discrete  spectra).  The  second  step  is  the  receptivity  problem  solution  with 
the  blowing-suction  on  the  wall  defined  by  (2.123)  and  comparison  of  the  found  amplitudes 
with  those  filtered  out  from  the  computational  results. 

The  multimode  decomposition  of  two-dimensional  perturbations  in  compressible  bound¬ 
ary  layers  was  introduced  by  Guydos  and  Tumin  [GT04]  (Section  2.5.2),  and  it  can  be 
utilized  for  analysis  of  the  present  problem.  Alternatively,  one  can  use  the  results  for  three- 
dimensional  perturbations  [Tum06c]  when  the  spanwise  wave  number,  /?,  is  very  small.  Simi¬ 
larly,  the  receptivity  problem  solution  for  three-dimensional  perturbations  introduced  on  the 
wall  (see  Section  2.3.2  and  2.4.1)  can  be  utilized  for  analysis  of  the  two-dimensional  prob¬ 
lem  by  using  /?  — ►  0.  For  clarity  of  the  method  description,  we  recapitulate  the  receptivity 
problem  solution  in  a  form  adequate  for  two-dimensional  perturbations  in  a  compressible 
boundary  layer  [Fed84].  One  can  find  a  historical  perspective  of  the  method  and  relevant 
bibliography  in  Sections  2.3.2  and  2.7. 

In  the  parallel  flow  approximation,  we  write  down  the  governing  equations  for  a  two- 
dimensional  periodic-in-time  perturbation  in  the  matrix  notation  of  Section  2.5.2, 


d_ 

dy 


x  dA 

+ 

dy 


=  H!A  +  H2 


dA 

dx' 


(2.124) 


where  L0  ,  Iq  ,  Hi,  and  H2  are  9x9  matrices.  Their  non-zero  elements  are  given  in  Section 
2.5.2.  Vector  A  is  comprised  of  the  perturbation  profiles  and  their  derivatives, 


A  =  (u,du/dy,v,n,O,d0/dy,  du/dx,dv/dx,dO/dx)T  ,  (2.125) 


where  u  and  v  are  x-  and  y- velocity  components,  respectively;  7r  is  the  pressure  perturbation; 
6  is  the  temperature  perturbation;  and  T  stands  for  transposed.  In  the  case  of  blowing- 
suction  through  a  slot,  the  boundary  conditions  in  the  slot  domain  are  inhomogeneous, 
A3  (x,0)  =  vw  (x),  and  Ag  can  be  found  from  A3  by  the  definition.  The  solution  of  (2.124) 
is  decaying  outside  the  boundary  layer.  For  simplicity,  we  assume  that  the  perturbation 
frequency  is  subcritical,  and  one  can  employ  the  Fourier  transform  with  respect  to  x. 

+oo 

A v((*v,y)=  J  A(x,y)e~tavXdx.  (2.126) 

— OO 
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In  the  case  of  .  a  supercritical  frequency,  one  has  to  refer  to  Briggs’  method  in  order  to 
include  the  unstable  mode  (exponentially  growing  downstream  mode)  in  the  inverse  Fourier 
transform  [AR90,  BM92]. 

Vector-function  Av  ( av,y )  satisfies  the  following  equation  and  boundary  conditions 


d  f  dAv\ 
dy  V  °  dy  ) 


dA 

+  =  HiAt,  +  fa„H2A„, 


J1  dy 


(2.127) 


where 


y  —  0  •  Av\  —  0,  Av3  —  (a„) ,  Av5  —  0, 

j/^oo:  \AVj\  — >  0,  (j  = 

+oo 

<p{av)=  J  vw(x)e~tavXdx. 


(2.128a) 

(2.128b) 


(2.129) 


Equation  (2.127)  has  three  fundamental  solutions  decaying  outside  the  boundary  layer. 
One  can  write  down  the  solution  of  the  inhomogeneous  boundary-value  problem  as  follows: 


A„  —  Ci  Z]  +  C3Z3  +  C5Z5, 


(2.130) 


where  Zit  Z3,  and  Z5  are  the  decaying  fundamental  solutions.  The  coefficients  Cj  in  (2.130) 
are  found  from  the  boundary  conditions  (2.128a)  on  the  wall.  The  formal  solution  of  (2.124) 
satisfying  the  boundary  conditions  can  be  written  as  follows 


+OO 

(x,  V)  =  ^  J  Av  (av,y)etavXdav. 


(2.131) 


It  was  shown  in  [TF83b]  and  [Tum06c]  that  the  periodic-in-time  solution  of  the  linearized 
Navier-Stokes  equations  can  be  expanded  into  the  normal  modes  of  continuous  and  discrete 
spectra, 

00 

A  (x,y)  =  J2  [ Cj(k)Aa(y,k)eia^xdk+J2CmAam  (y)eia”x,  (2.132) 

j  0  m 


where  the  eigenfunctions  Aa  are  found  as  solutions  of  the  following  problem: 

d 


(l°^) 


dAa 


,  1  —  u  ,  1  +  Lj— - —  —  HiAa  +  zaH2AQ, 
dy  \  dy  J  dy 


(2.133) 


y  —  0  :  Aa  1  =  Aa3  =  Aa5  -  0, 

y  00  :  \Aaj\  <  00,  (j  =  1,  ...,9) 


(2.134a) 

(2.134b) 
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The  first  term  in  (2.132)  represents  summation  over  the  modes  of  the  continuous  spectrum 
(such  as  entropy,  vorticity,  and  acoustic  modes),  and  the  second  term  represents  input  of 
the  discrete  modes.  Eigenfunctions  of  the  discrete  modes  decay  outside  the  boundary  layer, 
whereas  eigenfunctions  of  the  continuous  spectra  have  asymptotic  behavior  ~  exp(±iky)  at 
y  — *  oo,  where  A:  is  a  real  parameter  ( k  >  0).  This  parameter  also  serves  as  a  coordinate 
along  the  branches  of  the  continuous  spectra  in  (2.132). 

Vectors  Aa  together  with  the  solution  of  the  adjoint  problem,  Ba, 


(2.135) 

y  =  o  :  Ba2  =  Bm  =  Ba6  -  0, 

V-*  oo  :  \Baj\  <  oo,  (7  =  1,.. .,9), 

(2.136a) 

(2.136b) 

represent  the  biorthogonal  eigenfunction  system  {AQ,BQ}.  There  is  the  following  orthogo¬ 
nality  relation 

9  °° 

(HaA^B*,)  =  J2[  (H2Aq)j.  Ba'jdy  =  QAa<a>,  (2.137) 

j=i  { 

where  Aa>a>  is  the  Kronecker  delta  if  a;  or  a'  belongs  to  the  discrete  spectrum,  and  Aa  a>  = 
S(a  —  a')  is  the  delta  function  if  both  a  and  a'  belong  to  the  continuous  spectrum.  The 
coefficient  Q  in  the  right-hand  side  of  (2.137)  depends  on  the  normalization  of  A a(y)  and 
BQ(y).  Evaluation  of  the  coefficient  in  the  case  of  the  discrete  spectrum  is  straightforward. 
In  the  case  of  the  continuous  spectrum,  the  coefficient  can  be  found  with  the  help  of  the 
fundamental  solutions  outside  the  boundary  layer  [Tum03,  Tum06c]. 

The  orthogonality  relation  (2.137)  provides  a  tool  to  find  coefficients  C,  and  Cm  in  the 
formal  solution  (2.131).  With  the  help  of  the  orthogonality  relation  (2.137),  one  can  find  the 
initial  amplitude  of  a  mode  entering  in  the  formal  solution  A  ( x,y ): 


C  = 


(H2A  (x,  y)  ,Ba  (y))  fax 

Q 


(2.138) 


If  we  consider  a  dot  product  of  BQ  and  (2.127),  and  integrate  with  respect  to  y  over  the 
interval  [0, oo),  we  arrive  at  the  following  identity  (we  take  into  account  explicit  forms  of 
matrices  L0  and  Lx): 


(2.139) 

-  /  A„,  Lf  ^ ^  \  =  (Av,  HfB0)  +  iav  (A„,  H^Ba)  , 

where  Lq3  stands  for  the  element  of  matrix  L0  having  indices  (4,3).  Taking  into  account  the 
adjoint  equation  (2.135),  one  can  substitute  the  formal  solution  (2.131)  in  (2.138)  and  find 


IgAjAl-AaB* 

dy 


tf— o 


+  (  A 
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with  the  help  of  (2.139)  the  following  result: 


C 


+oo 

=  2-1  /  e*1 

27 tQ  J 


i(av-a)x 


Jy=0 


i  (c*„  -  a) 


da„. 


(2.140) 


By  closing  the  path  of  the  integral  in  the  upper  half  plane,  we  find  the  theoretical  coefficient 
as  the  residue  value  at  the  pole  =  a: 


C  = 


Q{a) 


T 4- 
L0 


43  dBQ 4 

“  A 


a3 


Jj/=0 


(2.141) 


On  the  other  hand,  we  have  results  of  the  direct  numerical  simulation  (DNS)  in  the  form 
of  the  vector-function  ADNS  at  x  =  xdns •  One  can  find  from  (2.138)  the  initial  amplitude, 
Cons >  of  the  mode  as  follows: 


Cdns 


(H2ADNs  (xDNS,  y)  1  Bq)  -iaxnNS 

QM 


(2.142) 


According  to  the  definition  of  coefficients  in  (2.132),  C  in  (2.141)  and  CDns  in  (2.142) 
are  the  complex  amplitudes  at  x  =  0.  In  order  to  interpret  the  complex  weight  C  in  (2.141) 
as  initial  amplitude  and  phase  of  the  normal  mode  generated  by  the  slot,  the  origin,  x  =  0, 
is  chosen  at  the  slot  center.  Therefore,  Xdns  in  (2.142)  means  the  distance  Xdata  —  xc, 
where  Xdata  and  xc  are  given  in  table  2.5  for  each  case.  Because  the  distance  Xdns  in  all 
considered  examples  is  less  than  11<599,  the  nonparallel  effects  in  the  growing/decaying  of  the 
perturbations  on  the  interval  Xdns  are  ignored.  If  one  is  interested  in  the  local  amplitude 
of  a  mode  at  x  =  Xdns >  the  origin  of  the  coordinate  should  be  at  this  point.  In  other  words, 
Xdns  =  0  in  (2.142). 

Finally,  one  can  compare  the  filtered-out  coefficient  CDNS  in  (2.142)  with  the  predicted 
Cin  (2.141). 


Results 

Discrete  modes 

One  can  find  the  details  of  the  numerical  method  used  for  computation  of  the  eigenvalues 
and  eigenfunctions  of  the  direct  and  adjoint  problems  elsewhere  [Tum06c].  In  all  cases, 
eigenvalues  and  eigenfunctions  of  the  discrete  and  continuous  spectra  are  computed  using  the 
velocity,  temperature,  and  viscosity  profiles  obtained  from  the  direct  numerical  simulation 
at  X  Xdata  • 

Figure  2.77  shows  the  discrete  and  continuous  spectra  at  frequency  /  =  134.28  kHz.  One 
can  see  in  figure  2.77  slow  (S)  and  fast  (F)  discrete  modes,  and  branches  of  the  continuous 
spectra.  There  are  two  horizontal  branches  representing  the  slow  and  fast  acoustic  modes. 
Their  branching  points  correspond  to  phase  velocities  c  =  1^1/Af,  where  M  is  the  local  Mach 
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Figure  2.77:  Continuous  and  discrete  spectra  at  134.28  kHz  for  case  1. 
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Figure  2.78:  Imaginary  (a)  and  real  (b)  parts  of  the  wave  number,  case  1. 
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number  at  the  edge  of  the  boundary  layer.  At  this  scale,  the  vertical  branch  is  comprised  of 
two  indistinguishable  branches  of  entropy  and  vorticity  modes  [Tum06c]. 

Figure  2.78  shows  the  imaginary  and  real  parts  of  the  wave  number  a  for  the  discrete 
modes  as  functions  of  frequency,  u.  Lines  SA  and  FA  in  figure  2.78 b  represent  the  branching 
points  ( k  =  0)  of  the  slow  and  fast  acoustic  modes,  respectively.  One  discrete  mode  (mode 
F)  is  synchronized  with  the  fast  acoustic  mode  at  low  frequencies,  whereas  the  other  discrete 
mode  (mode  S)  is  synchronized  with  the  slow  acoustic  mode. 

At  /  «  150  kHz,  mode  F  is  synchronized  with  the  vorticity  and  entropy  modes  (c  =  1). 
This  synchronization  is  accompanied  by  a  discontinuity  in  a*.  The  phenomenon  may  be 
illustrated  as  a  sequence  of  figures  2.77  at  different  frequencies.  When  frequency  increases, 
the  vertical  branch  in  figure  2.77  is  moving  from  left  to  right  with  speed  dar/du  =  1, 
whereas  the  eigenvalue  corresponding  to  the  fast  discrete  mode  moves  from  left  to  right 
with  dar/du)  >  1.  At  some  frequency,  the  discrete  mode  coalesces  with  the  branch  of  the 
continuous  spectrum.  As  was  discussed  in  [FT03],  the  discrete  mode  coalesces  with  the 
continuous  spectrum  from  one  side  of  the  branch  cut  and  reappears  on  the  other  side  at 
another  point.  Mathematically,  the  eigenvalue  associated  with  mode  F  approaches  one  side 
of  the  branch  cut  on  the  complex  a  plane.  As  the  pole  on  the  plane  coalesces  with  the 
branch  cut,  it  moves  to  the  upper  Riemann  sheet  while,  simultaneously,  the  pole  that  was 
on  the  lower  Riemann  sheet  moves  into  the  complex  a  plane  at  another  point.  Actually,  one 
should  interpret  these  poles  as  two  different  modes.  Historically,  they  are  discussed  as  one 
mode  having  the  discontinuity. 

At  higher  frequency,  /  ^  170  kHz,  there  is  a  synchronism  between  mode  F  and  mode 
S.  However,  there  is  no  coalescence  of  the  eigenvalues.  A  model  of  two-mode  synchronism 
considered  by  Fedorov  and  Khokhlov  [FK91,  FK01]  explained  the  branching  of  the  modes 
at  the  point  of  synchronism.  At  this  point,  one  of  the  modes  becomes  unstable,  whereas 
the  other  one  moves  toward  positive  a*.  Although  in  this  example  the  modes  have  the  same 
phase  velocity  c  =  u:/ar  at  /  «  170  kHz,  the  minimum  of  \ap  —  (*s\  exists  in  the  vicinity  of 
/  «  150  kHz,  and,  actually,  this  is  the  point  where  we  observe  the  modes’  branching. 

Both  the  slow  and  fast  discrete  modes  could  be  involved  in  the  laminar-turbulent  transi¬ 
tion  scenario.  For  example,  the  decaying  mode  could  be  generated  by  the  entropy  or  vorticity 
modes  of  the  continuous  spectra.  At  the  point  of  synchronism  between  the  fast  and  slow 
modes,  the  decaying  mode  can  give  rise  to  the  unstable  mode  (switching  of  the  modes), 
which  may  lead  to  the  transition.  The  scenario  suggested  by  Fedorov  and  Khokhlov  [FK01] 
means  that  both  the  stable  and  unstable  modes  are  of  interest  for  understanding  transition 
mechanisms.  Later  on,  switching  of  the  modes  was  observed  in  direct  numerical  simulations 
of  perturbations  in  high-speed  boundary  layers  [MZ03b].  These  features  of  the  fast  and  slow 
discrete  modes  explain  why  we  need  accurate  simulations  of  the  decaying  mode  as  well. 

Figure  2.79  shows  a  comparison  of  the  theoretical  receptivity  coefficient  with  the  ampli¬ 
tude  filtered  out  from  the  computational  results  in  accordance  with  (2.142).  Results  in  figure 
2.79  and  what  follows  for  the  discrete  modes  correspond  to  normalization  of  the  eigenfunc¬ 
tions  when  the  maximum  of  the  mass  flux  perturbation  in  the  boundary  layer  is  equal  to 
one.  Figures  2.80  through  2.85  demonstrate  comparisons  of  theoretical  and  numerical  results 
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Figure  2.79:  Comparison  of  the  theoretical  prediction  for  the  receptivity  coefficient  in  case 
1  with  data  filtered  out  from  the  computational  results:  a)  mode  S  and  b)  mode  F. 

for  cases  2  through  7,  respectively. 

One  can  see  from  the  figures  that  there  is  a  good  agreement  between  amplitudes  calculated 
with  the  help  of  the  receptivity  model  of  the  theoretical  part  of  this  section  and  those  obtained 
from  the  numerical  results  as  a  projection  onto  the  normal  modes. 

One  can  also  notice  that  the  shape  of  the  function  |C(/)|  for  mode  S  in  case  3  (figure 
2.81a)  is  qualitatively  different  from  the  other  cases,  and  agreement  between  the  theoretical 
prediction  and  the  numerical  results  is  not  as  good.  Case  3  corresponds  to  the  closest 
location  of  the  slot  to  the  wedge’s  tip.  The  slot  has  a  width  of  about  1.2  cm,  whereas  the 
distance  from  the  tip  is  about  5  cm,  and  one  should  expect  nonparallel  flow  effects,  which 
were  neglected  in  the  present  model.  The  nonparallel  flow  effects  may  be  incorporated  into 
the  receptivity  problem  solution  with  the  help  of  the  multiple  scales  method  along  the  lines 
of  the  distributed  receptivity  model  proposed  by  Choudhari  [Cho94a].  Another  approach 
to  receptivity  problems  with  nonparallel  flow  effects  was  suggested  by  Bertolotti  [BerOO]. 
Because  the  main  objective  of  the  present  work  was  decomposition  of  the  DNS  results, 
we  do  not  pursue  the  nonparallel  flow  effects  in  the  theoretical  solution  of  the  receptivity 
problem. 

The  most  significant  discrepancy  between  the  theory  and  the  computational  results  is 
observed  for  mode  F  in  case  6  at  /  =  104.44  kHz  (figure  2.846).  This  example  corresponds  to 
the  eigenvalue  a  =  0. 1047+^6.894  x  10~3  located  very  close  to  the  branch  cut  representing  the 
vorticity/entropy  modes  having  ar  «  0.1036.  In  order  to  illustrate  the  qualitative  difference 
between  the  mode  eigenfunctions  when  a  mode  is  approaching  the  branch  cut,  we  show  in 
figure  2.86  streamwise  velocity  perturbations  of  the  neighboring  discrete  modes  at  89.52  kHz 
and  119.36  kHz  (phase  velocities,  c,  of  the  modes  in  figures  2.86a  and  2.866  are  equal  to  1.059 
and  0.926,  respectively).  The  streamwise  velocity  of  mode  F  at  /  =  104.44  kHz  is  shown  in 
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Figure  2.80:  Comparison  of  the  theoretical  prediction  for  the  receptivity  coefficient  in  case 
2  with  data  filtered  out  from  the  computational  results:  a)  mode  S  and  b)  mode  F. 
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Figure  2.81:  Comparison  of  the  theoretical  prediction  for  the  receptivity  coefficient  in  case 
3  with  data  filtered  out  from  the  computational  results:  a)  mode  S  and  b)  mode  F. 
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Figure  2.82:  Comparison  of  the  theoretical  prediction  for  the  receptivity  coefficient  in  case 
4  with  data  filtered  out  from  the  computational  results:  a)  mode  S  and  b)  mode  F. 
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Figure  2.83:  Comparison  of  the  theoretical  prediction  for  the  receptivity  coefficient  in  case 
5  with  data  filtered  out  from  the  computational  results:  a)  mode  S  and  b)  mode  F. 
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Figure  2.84:  Comparison  of  the  theoretical  prediction  for  the  receptivity  coefficient  in  case 
6  with  data  filtered  out  from  the  computational  results:  a)  mode  S  and  b)  mode  F. 
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Figure  2.85:  Comparison  of  the  theoretical  prediction  for  the  receptivity  coefficient  in  case 
7  with  data  filtered  out  from  the  computational  results:  a)  mode  S  and  b)  mode  F. 
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Figure  2.86:  Streamwise  velocity  perturbation  in  discrete  mode  F:  a)  89.52  kHz  (c  =  1.059) 
and  b)  119.36  kHz  (c  =  0.926). 

figure  2.87  (e  =  0.99).  One  can  see  that  although  the  amplitude  of  the  mode  decays  outside 
the  boundary  layer,  as  it  has  to  for  a  discrete  mode,  there  are  oscillations  in  the  amplitude 
distribution  in  y  typical  for  modes  of  continuous  spectra.  The  closer  the  location  of  the 
eigenvalue  is  to  the  branch  cut,  the  more  similarity  with  the  continuous  spectra  should  be 
observed. 

Fedorov  and  Khokhlov  [FK02]  considered  the  receptivity  problem  when  a  synchronism 
between  two  discrete  modes  is  possible.  They  showed  that  in  this  case  Q  =  (H2AQ,  Ba)  — ♦  0, 
and  the  analysis  has  to  include  both  modes  simultaneously,  together  with  the  nonparallel  flow 
effects.  In  our  example,  we  have  a  synchronism  between  a  discrete  mode  and  the  continuous 
spectrum.  Figure  2.88  shows  the  magnitude  |Q|  for  modes  F  and  S  as  functions  of  frequency. 
One  can  see  that  in  the  case  of  mode  F,  Q  is  very  close  to  zero  at  /  =  104.44  kHz.  This 
means  that  the  theoretical  model  based  on  the  parallel  flow  approximation  is  not  adequate, 
and  the  extension  of  the  model  [FK02]  to  the  case  of  a  continuous  spectrum  is  required. 

Acoustic  modes 

The  biorthogonal  eigenfunction  expansion  also  provides  a  tool  for  analysis  of  the  input  from 
continuous  spectra  in  the  computational  results.  Examples  of  boundary  layers  at  M  —  2  and 
4.5  considered  by  Balakumar  and  Malik  [BM92]  and  Tumin  [Tum06b]  (see  Sections  2.3.2  and 
2.4.1)  indicate  that  input  from  entropy  and  vorticity  modes  due  to  blowing-suction  through 
the  wall  is  small  in  comparison  to  the  acoustic  modes.  Therefore,  we  are  considering  the  fast 
and  slow  acoustic  modes  only  (the  horizontal  branches  in  figure  2.77). 

In  the  case  of  two-dimensional  perturbations,  eigenfunctions  corresponding  to  the  acous¬ 
tic  modes  arc  comprised  of  four  fundamental  solutions  [TF83b,  GT04].  Two  of  them  decay 
exponentially  outside  the  boundary  layer,  whereas  the  other  two  fundamental  solutions  be¬ 
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Figure  2.87:  Streamwise  velocity  perturbation  in  discrete  mode  F  at  /  =  104.44  kHz  (c 
0.99). 
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Figure  2.88:  Magnitude  of  the  denominator  in  (2. 142), case  6. 
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Figure  2.89:  Streamwise  wave  numbers  of  the  fast  (FA)  and  slow  (SA)  acoustic  modes,  case 
1  (134.28  kHz). 

have  as  exp (±ihy)  at  y  — >  oo.  One  can  interpret  these  fundamental  solutions  at  k  ^  0  as 
incident  and  reflected  acoustic  waves. 

In  the  inviscid  limit,  the  wavenumbers  of  the  fast  and  slow  acoustic  waves  {a fa  and  as,*, 
respectively),  can  be  found  analytically  as  follows: 

uM2  \A2  + 

aFA  ~  ~M2  —  1  “  y/M^Ti  ’ 

uM2  t  \Jk2  +  srr=T 
+  y/NP-l  ’ 

At  the  finite  Reynolds  number,  the  wave  numbers  and  asA  are  found  numerically 
from  the  characteristic  equation  for  fundamental  solutions  outside  the  boundary  layer  at 
prescribed  parameter  k  [GT04,  Tum06c].  Figure  2.89a  shows  dimensionless  real  parts  of 
apA  and  ulsa  as  functions  of  the  parameter  k  in  case  1  corresponding  to  the  frequency 
134.28  kHz.  Branches  of  the  acoustic  spectrum  in  the  complex  plane  a  are  presented  in 
figure  2.896. 

Projection  of  the  computational  data  onto  the  eigenfunction  system  allows  evaluation  of 
the  amplitudes  of  the  modes  and,  therefore,  revealation  of  the  underlying  physics.  Figure  2.90 
shows  the  computational  (input)  data  for  the  streamwise  velocity  perturbation  corresponding 
to  the  frequency  134.28  kHz  in  case  1  at  x  =  Xdata,  the  reconstructed  input  of  two  discrete 
modes  (S  and  F),  and  the  acoustic  modes  (‘A’  stands  for  sum  of  the  slow  and  fast  acoustic 
modes).  In  this  example,  amplitudes  of  the  modes  are  determined  from  the  computational 
results  with  the  help  of  the  orthogonality  relation  (2.137).  Integrals  corresponding  to  the 
continuous  spectra  in  (2.132)  are  evaluated  numerically  with  respect  to  k  from  0  to  4  with 


(2.143a) 

(2.143b) 
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Figure  2.90:  Input  DNS  data  at  x  =  Xdata  and  results  of  the  projection  onto  modes  of  discrete 
spectrum  (S  and  F),  and  the  acoustic  modes,  case  1  (134.28  kHz). 


the  help  of  the  trapezoidal  formula  resulting  from  100  steps  on  the  interval.  Computations 
with  larger  number  of  steps  and  longer  interval  of  the  integration  have  not  revealed  a  visible 
difference  on  the  scale  used  in  figure  2.90. 

One  can  see  that  the  acoustics  provides  the  main  input  outside  the  boundary  layer.  The 
wiggles  in  the  computational  data  (at  y/H  &  35  —  45)  are  associated  with  the  acoustic 
perturbations  emanating  from  the  slot  and  propagating  along  the  Mach  lines  outside  the 
boundary  layer.  In  this  case,  M  &  6.62  and  the  Mach  angle  //  «  8.69°.  One  can  find  width, 
Ay ,  of  the  perturbation  strip  propagating  along  the  Mach  lines  as  Ay  =  w  tan//  «  14.7//, 
which  is  in  agreement  with  the  results  in  figure  2.90. 

In  the  inviscid  flow,  the  distance  between  the  wall  and  the  strip  is  ( Xdata  —  xc  —  0.5w)  x 
tan/x  ^  17.25 H.  As  follows  from  figure  2.90,  there  is  the  boundary  boundary  layer  flow 
effect,  and  the  strip  is  displaced  from  the  wall  a  distance  of  about  £99. 

At  the  parameters  corresponding  to  the  results  in  figure  2.90,  the  main  input  into  the 
perturbation  profile  inside  the  boundary  layer  is  associated  with  the  fast  (F)  discrete  mode. 
It  is  also  found  that  the  slow  acoustic  modes  have  small  amplitudes  in  comparison  with  the 
fast  modes,  similar  to  the  previous  studies  [BM92,  Tum06b]. 

It  is  interesting  to  compare  the  amplitudes  of  the  acoustic  modes  obtained  with  the  help 
of  the  receptivity  problem  solution  and  their  amplitudes  obtained  as  a  projection  of  the 
computational  results.  Figure  2.91a  shows  the  theoretical  amplitudes  of  the  fast  acoustic 
modes  and  the  values  filtered-out  from  the  computational  results.  One  can  see  that  there  is 
a  discrepancy  between  them  at  k  «  1  —  1.5.  The  discrepancy  might  be  attributed  to  the  grid 
in  the  DNS  not  being  fine  enough  in  the  vicinity  of  the  wiggles  at  y/H  ^  35  —  45  having  the 
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Figure  2.91:  Amplitudes  of  the  fast  acoustic  modes  (a)  and  predicted  velocity  perturbation 
profiles  (b),  case  1  (134.28  kHz). 


length  scale  <  27T. 

Figures  2.92  through  2.95  show  comparisons  of  the  theoretical  prediction  for  amplitudes 
of  the  fast  acoustic  modes  and  their  amplitudes  found  as  a  projection  of  the  computational 
results,  together  with  the  reconstructed  profiles  of  the  velocity  perturbations  in  case  1  at 
frequencies  149.2  kHz,  164.12  kHz,  179.04  kHz,  and  193.96  kHz,  respectively. 

Discussion  of  the  results 

The  results  of  the  present  work  serve  as  an  illustration  of  how  the  biorthogonal  eigenfunc¬ 
tion  system  can  provide  an  insight  into  computations.  In  order  to  be  able  to  distinguish  the 
modes,  one  needs  amplitude  and  phase  distributions  for  pressure,  temperature,  and  velocity 
components,  together  with  some  of  their  derivatives,  given  at  only  one  station  x.  The  nec¬ 
essary  information  is  always  available  in  computational  studies,  and  the  described  method 
allows  finding  the  amplitudes  of  the  modes  from  the  discrete  and  continuous  spectra.  For  ex¬ 
ample,  the  results  illustrate  how  one  can  find  amplitudes  of  the  decaying  modes  in  numerical 
simulations  that  could  not  be  addressed  at  all  in  the  past  (only  unstable  modes  dominating 
the  perturbation  field  in  a  numerical  simulation  could  be  compared  with  predictions  of  the 
linear  stability  theory). 

The  solution  in  the  present  work  is  based  on  the  parallel  flow  approximation.  This 
approximation  is  valid  when  the  characteristic  scale  of  the  perturbation  (wave  length)  is  much 
smaller  than  the  characteristic  scale  of  the  unperturbed  flow  in  the  downstream  direction. 
This  condition  is  violated  when  the  actuator  is  located  close  to  the  leading  edge  (see  case 
3  in  the  results’  part).  Results  of  the  present  work  are  also  based  on  the  assumption  that 
the  denominator  in  (2.142)  is  not  equal  to  zero.  Fedorov  and  Khokhlov  [FK02]  showed  that 
the  denominator  is  equal  to  zero  at  the  branching  point  of  two  discrete  modes.  In  this  case, 
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Figure  2.92:  Amplitudes  of  the  fast  acoustic  modes  (a)  and  reconstructed  velocity  perturba¬ 
tion  profiles  (b),  case  1  (149.2  kHz). 
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Figure  2.93:  Amplitudes  of  the  fast  acoustic  modes  (a)  and  reconstructed  velocity  perturba¬ 
tion  profiles  (b),  case  1  (164.12  kHz). 
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Figure  2.94:  Amplitudes  of  the  fast  acoustic  modes  (a)  and  reconstructed  velocity  perturba¬ 
tion  profiles  (b),  case  1  (179.04  kHz). 
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Figure  2.95:  Amplitudes  of  the  fast  acoustic  modes  (a)  and  reconstructed  velocity  perturba¬ 
tion  profiles  (b),  case  1  (193.96  kHz). 
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the  nonparallel  flow  effects  are  to  be  taken  into  account  in  order  to  resolve  the  singularity. 
Analysis  of  case  6  (f  &  104  kHz)  showed  that  the  denominator  tends  to  zero  in  the  case  of 
synchronism  between  the  discrete  mode  and  the  continuous  spectra.  Therefore,  an  extension 
of  the  theoretical  model  of  [FK02]  to  the  case  of  continuous  spectra  is  required. 

Decomposition  of  perturbations  when  only  partial  information  is  available  is  an  ill-posed 
problem.  Nevertheless,  it  is  still  possible  to  analyze  the  flow  field  if  some  additional  informa¬ 
tion  about  the  data  is  available.  Tumin  et  al  [TACZ96,  Tum03,  GT04,  Tum06c]  discussed 
examples  where  the  perturbations  could  be  decomposed  into  the  normal  modes  when  only 
partial  information  was  available.  Further  development  of  this  approach  might  be  especially 
helpful  in  analysis  of  experimental  data  in  high-speed  boundary  layers. 
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2.6  Biorthogonal  eigenfunction  system  for  supersonic 
inviscid  flow  past  a  flat  plate 

This  section  is  based  on  the  paper  published  in  collaboration  with  C.  Chiquete  [sAT07]. 


The  objective  of  the  present  section  is  to  illustrate  the  main  ideas  of  the  multimode 
decomposition  using  a  study  case  where  all  steps  of  the  method  are  accompanied  by  analytical 
solutions.  The  problem  of  perturbations  in  inviscid  uniform  flow  past  a  flat  plate  provides 
the  opportunity  to  formulate  the  biorthogonal  eigenfunction  system  in  analytical  form. 


Spatial  Cauchy  problem 

The  first  step  in  the  method  is  to  demonstrate  that  periodic-in-time  solutions  of  linearized 
Euler’s  equations  can  be  presented  as  an  expansion  into  normal  modes.  This  problem  is 
analogous  to  analysis  of  perturbations  in  boundary  layers  in  [Tum03,  Tum06c],  and  [TF83b]. 

Consider  two-dimensional  perturbations  in  an  inviscid  uniform  supersonic  flow  past  a 
flat  plate.  Axis  x  is  chosen  in  the  flow  direction;  coordinate  y  stands  for  the  distance  from 
the  plate.  The  governing  equations  for  the  perturbations  are  the  linearized  Euler  equations, 
which  can  be  written  in  dimensionless  form  as  follows: 


dp  dp  du  dv 

—  -\ — -  H - 1 - 

dt  dx  dx  dy 

du  du  _  dir 

dt  +  dx  dx 

dv  dv  dir 


dt  dx  dy 
dO  dO  , 


/  d-K  dn 
\dt  +  dx 


) 


(2.144) 


where  u,  v,  n,  p.  and  6  axe  perturbations  of  the  x  and  y  velocities,  pressure,  density  and 
temperature,  respectively.  The  free-stream  velocity  [/<»,  density  Poo,  and  temperature  Tx 
are  chosen  as  the  characteristic  scales  in  (2.144).  The  pressure  is  scaled  with  the  help  of 
Poot/£.  The  coordinates  x  and  y  are  scaled  with  a  length  scale  L,  whereas  the  time  scale  is 
L/Uoo.  M  and  7  in  (2.144)  are  the  free-stream  Mach  number  and  the  specific  heats  ratio, 
respectively.  In  addition,  one  can  find  from  the  linearized  equation  of  state  that 


p  =  7M27r  —  0  (2.145) 

We  consider  periodic-in-time  solutions  of  the  governing  equations  in  the  complex  form 
q(x,y,t )  =  q(x,  y)exp(—  iut).  As  a  result,  the  equations  (2.144)  are  recast  with  the  help  of 
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the  equation  of  state  (2.145)  (we  omit  1  *  ’): 


-w(7MV-0)  +  ^(7MV-9)  +  g  +  |j=O 


—  iuiu  +  —  —  — — 


du 

dn 

dx 

dx 

dv 

dt 

dx 

dy 

dO 

(7-l)M2j 

(  dn 

dx 

—ium  +  — 
v  dx 

(2.146) 


The  system  of  four  equations  can  be  written  in  the  matrix-vector  form  with  the  help  of 
the  vector  function  A(x,y)  =  (u,v,0}ir)T ,  where  T  refers  to  the  matrix  transpose. 


E—  =  H!A  +  H2 
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iu^M2 
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(2.147) 


Solution  of  (2.147)  is  subject  to  the  following  boundary  conditions  on  the  wall  (y  =  0) 
and  at  y  — ►  oo: 


y  =  0:  A2  =  0  (2.148) 

y  —*  oo  :  \Aj\  ->  0,  (j  =  1,...,4)  (2.149) 

At  x  =  0,  the  initial  data  for  the  amplitude  functions  are  provided: 

£  =  0  :  A  =  A0(y)  =  ('Uo(j/),Uo(y),^o(j/),7To(y))T  (2.150) 

where  the  initial  data  vector  Ao (y)  is  assumed  to  decay  at  y  — ►  oo.  This  defines  the  spatial 
Cauchy  problem. 

Solution  of  the  problem,  (2.147)  -  (2.150),  can  be  found  with  the  use  of  the  Laplace 
transform  with  respect  to  x: 


As 


A(x,y)e  axds 


(2.151) 
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The  transformation  leads  to  the  following  boundary- value  problem  for  inhomogeneous  ordi¬ 
nary  differential  equations: 


E^-H,As-sH2As 

ay 

y  =  0  :  ASt 2  =  0 

y-+  oo  :  \A3<j\  ->  0 


=  F 


(2.152) 


where  F  =  — H2Ao-  A  fundamental  solution  of  the  corresponding  homogeneous  system  of 
(2.152)  can  be  found  as  oc  exp(— Xy),  where  A  is  a  root  of  the  characteristic  polynomial 

-(*•  -  iu;)2(— A2  +  M2{s  -  iu)2  -  s2)  =  0  (2.153) 


There  are  two  distinct  roots 


Ai,2(s)  =  ±fi(s) 


(2.154) 


=  yj M2(s  —  i(j)2  —  6'2 

where  the  root  branch  is  chosen  to  have  IZe(n)  >  0-  This  defines  two  fundamental  solutions 


and 


zi  =  ( - — ,  — ,M2( 7  -  1),  l) 

\  s  —  iu  s  -iu  ) 

z,=  ( - - 

\  S  —  IU  S  —  XU  ) 


(2.155) 


(2.156) 


The  non-homogeneous  system  given  by  (2.152)  has  a  solution  expressed  in  the  form 

A  9(y)  =  MQ(y)  +  G  (y) 

G  =  (Fi/(s  -iu),0,F3/(s  -iu),0)T 


(2.157) 


where  M  =  [[zi  exp(— ny),  z2  exp(/zj/)]]  is  the  matrix  of  fundamental  solutions,  and  the  vector 
of  coefficients  QQ/)  =  {Q\{y),  Qi{y))T  has  to  be  found.  Applying  (2.157)  to  (2.152),  we  arrive 
at  the  following  reduced  2x2  system: 

dQ  r<  ^ 

- f<»>- 


■( 


^2  +  F3  — 


S  —  IU 


-F\ 


(2.158) 


where  m  is  a  2  x  2  matrix:  One  can  solve  the  algebraic  equations  (2.158)  and  write  down 
the  solution  of  (2.152)  as  follows 

As(y)  =  (j(  Ci{y'\  f>)dy'  -  a  (*)^  Zie_w  +  (^j  C2(y';  s)dy'^j  z2ew  +  G(y)  (2.159) 
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where 


ci(6-)=  r<W;*W 

Jo 


C\{y\ s)  =  —  [nvo  -  iuuo  +  ([M2(s  -  iu)  -  s )  7r0] 


e-«/ 


C2(j/;  $)  =  [/Wo  +  -  ([-M2(s  -  M  -  5)  7T0] 


(2.160) 


G(y) 


=  0,- 

\  S  —  lUJ 


M2( 7  -  1 ) 7T0  -  00 


S  —  VjJ 


,0 


Finally,  the  solution  of  the  spatial  Cauchy  problem  can  be  written  as  the  inverse  Laplace 
transform 

A(x,  y)  =  ^  A S(y)eaxds  (2.161) 

where  T  indicates  a  vertical  path  in  the  complex  plane  of  s  to  the  right  of  any  singularities  of 
the  integrand.  There  is  a  pole  located  at  s  =  iui  and  two  branch  points,  s  =  iuM/(M  ±  1). 
In  order  to  have  solution  (2.159)  decaying  at  y  — >  oo  everywhere  in  the  complex  plane  s,  we 
choose  two  vertical  branch  cuts  (defined  by  the  equation  TZe{fi)  =  0)  as  shown  in  figure  2.96. 


Figure  2.96:  A  sketch  of  the  complex  plane  of  s. 

The  path  of  integration,  T,  can  also  be  closed,  as  in  figure  2.96.  By  Cauchy’s  residue 
theorem,  the  contour  integral  over  the  closed  path  is  equivalent  to  the  residue  of  the  integrand 
at  6*  =  zo;,  i.e., 


i  (/-'/  •  +  /."'  +  l  )  =  (2162) 

Because  the  integral  vanishes  along  the  contour  C oo,  we  can  represent  the  contour  integral 
over  T  as  a  sum  of  residues  derived  from  the  poles  of  the  integrand,  and  two  contour  integrals 
along  the  branch  cuts  7+  and  7“. 
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One  can  find  explicitly  the  residue  of  A a(y)  exp(sx)  at  s  =  iu: 


Res(Aaesx)a=iu)  -  eu 


(-iu {e  uy[fi{y)  +  /2(0)]  +  t?v f2(y)}  +  7T0  +  Uo\ 
^{e-uv[fi(y)  +  f2(0)]-e^f2(y)} 

0o  -  M2( 7  -  1 ) 7T0 
0 


where 


fy  euy 

fi(y)  =  —  [«o  -  *(uo  +  tto)]  dy' 

h(y)  =  f 

J  oc 


»  e-uV 


[v0  +  i(uo  +  7r0 ) ]  dy' 


Then  solution  of  the  spatial  Cauchy  problem  is  given  by 


A (x,y)  =  Res(Ase*x)  -  (^J  A aeaxds  +  J 


A  aesxds 


(2.163) 


(2.164a) 

(2.164b) 


(2.165) 


This  defines  the  formal  solution  to  the  initial  value  problem.  However,  the  branch  cut  integral 
can  be  simplified  by  parameterizing  the  complex  variable  s  along  the  branch  cut  contours. 
This  procedure  will  facilitate  the  proof  of  the  equivalence  of  the  formal  solution  and  the 
expansion  in  the  biorthogonal  eigenfunction  system. 

In  the  following  the  integrals  in  (2.165)  along  either  path  (7+  or  7“)  are  considered  at 
once,  and  denoted  as  7*.  Then  writing  the  explicit  path  along  the  branch  cuts  gives 


AM‘“dS  +  f^  A.(SIK-*J  (2.166) 

where  =  iuM/(M  —  1)  is  the  upper  branch  point  of  the  function  /z(a')  and  s*_  =  iuM/(M + 
1)  is  the  lower  branch  point.  The  vector  function  A a(y)  is  discontinuous  across  the  branch 
cut,  i.e.,  if  we  parameterize  /z(i>)  =  ±ik  for  k  >  0  on  the  right-hand  side  of  the  branch  cut, 
then  n(s)  =  Ipik  on  the  left-hand  side.  On  each  branch  cut,  we  have  s  =  f>m(k)  ( rn  =  1,2), 
where  we  solve 

n(s)  —  \/~AP(s  —  iu;)2  —  s2  =  ±ik 
for  s.  Two  solutions  for  t>  can  be  found  and  are  denoted  6'i,2 (fc), 


M2U  +  y/W2  -  I)*2  +  M2W2 

M2  —  1 

M2u  -  >/(M2  -  l)fc2  +  M2w2 
M2  -  1 


)■ 

) 


(2.167) 


Figure  2.97  illustrates  the  path  of  integration  and  values  of  n(k)  on  the  sides  of  the  branch 
cuts. 


123 


y+ 


W\ 

X  i  =  s,(k) 


,ry?\ 


/ 


j  =  j/*; 


ir 


Figure  2.97:  The  change  of  variable  scheme. 

Integrals  along  the  sides  of  the  branch  cuts  in  (2.166)  are  then  recast  as  integrals  with 
respect  to  the  parameter  k  via  the  transformation  5  =  sm(k )  and  so  ds  =  ( dsm/dk)dk : 


-dk 


~  f  ...ds  =  ~  (  r  [Asiy)}1^-*  e°^k)x<^dk . . 

2m  y7±  2m  \J0  1  dk 

-  h  [  0A-“i~“ « - 

Writing  the  full  solution, 

A(*,„)  =  Res(A,e‘I)  +  JL jf°  ([A,(v)Ct(.»  -  lA.WC.^,) 

Explicitly  evaluating  the  vector  valued  factor  in  the  integrand, 

|A.WC“(t,  -  [A.MC-% ,  =  £U*0[e“%  (ztm)  +  (j£w)  )•  <21«8>) 

Dm(k)  =  jT  [in, sin  ky'  -  M  -  ».(*)) ^  cos  .fr-  (2  168b) 

The  final  form  of  the  formal  solution  is  therefore  as  follows: 

A  (x,y)  =  Res(Aae4X)+ 

sEf «•<*> («“"■■ (£;,*>) + «-“'*» y-mi,wdk  (2169) 

m=l,2  u  \  ' 

It  will  be  shown  that  this  formal  solution  can  be  recast  as  an  eigenfunction  expansion. 
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Biorthogonal  eigenfunction  system 

The  idea  that  any  disturbance  governed  by  the  linearized  Navier-Stokes  equations  can  be 
considered  as  a  superposition  of  vorticity,  entropy,  and  acoustic  modes  was  expressed  a  long 
time  ago  (see,  for  example,  [Pie89],  pp.  519  and  524).  A  proof  for  an  ideal  gas  having  Prandtl 
number  3/4  was  given  by  Wu  in  [Wu05].  In  the  case  of  an  inviscid  gas  without  heat  conduc¬ 
tion,  the  acoustic  modes  have  non-zero  velocity,  pressure,  and  temperature  perturbations, 
whereas  there  are  no  vorticity  and  entropy  perturbations.  The  entropy  modes  have  non- zero 
entropy  and  temperature  perturbations,  whereas  the  velocity  and  pressure  perturbations  are 
absent.  The  vorticity  modes  have  non-zero  velocity  and  vorticity  perturbations,  and  there 
are  no  pressure,  entropy,  and  temperature  perturbations. 

In  the  present  section,  we  introduce  a  biorthogonal  eigenfunction  system  that  can  serve  as 
a  tool  for  projection  of  the  perturbation  field  onto  the  normal  modes,  i.e.,  for  decomposition 
into  vorticity,  entropy,  and  acoustic  modes. 

We  define  the  following  biorthogonal  eigenfunction  system  {A0,B0} 


E 


dAa 


HjAa  —  faH2AQ  —  0 


dy 

y  =  0  :  A0i 2  =  0 

y  -*  oo  :  \AaJ\  <  oo 


(2.170) 


-E— ^  -  Hf  Bq  +  *aH"BQ  =  0 

dy 

y  =  0  :  BaA  =  0 
y  — ►  oo  :  \Baj\  <  oo 


(2.171) 


The  superscript  H  in  (2.171)  stands  for  the  Hermitian  transpose. 

Fundamental  solutions  of  the  equations  (2.170)  can  be  found  in  the  form  ~  cxp(Ay), 
which  yields  the  following  characteristic  equation  for  A: 


-(a  —  w)2(A2  +  (M2  —  l)a2  —  2  M2ujol  +  M2u> 2)  =  0  (2.172) 

leads  to  four  roots  of  a:  at  a  given  A.  In  order  to  ensure  the  boundary  conditions  at  y  =  0  and 
■y  —*  oo  are  satisfied,  we  impose  A  =  ±ik  (where  k  is  a  positive  real  number),  and  construct 
the  eigenfunction  as  a  sum  of  two  fundamental  solutions  oc  exp(±iky).  Therefore,  one  can 
find  from  (2.172) 


<*1,2 


M2u  ±  v/(A/2  -  l)fc2  +  Mh? 
M2  -  1 


(2.173a) 

(2.173b) 


<*3,4  =  W 
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Each  root  a(k)  corresponds  to  the  following  four  distinct  eigenfunctions  representing  the 
normal  modes.  The  first  of  these  modes  we  define  as  the  slow  acoustic  mode,  i.e., 
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The  phase  speed  of  the  slow  acoustic  mode  at  k  =  0  is  equal  to  c  =  1  —  1/M. 
The  fast  acoustic  mode  is  found  similarly, 


Aac2(y;  k)  = 
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The  phase  speed  of  the  fast  acoustic  mode  at  k  =  0  is  equal  to  c  =  1  +  1/M. 
We  define  the  following  as  the  vorticity  mode, 


(2.174) 


(2.175) 
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where  av  =  u.  This  mode  is  denoted  as  the  vorticity  r 

vorticity. 

Finally,  the  entropy  mode  is  given  by 

/°\ 

'o\ 

A  e(y;  fc)  = 

0 
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-H 

0 

1 

w 

-iky 


(2.176) 


o-iky 


(2.177) 


where  ae  =  ui.  Because  the  boundary  condition  on  the  wall  is  satisfied  for  each  fundamental 
solution  corresponding  to  the  entropy  mode,  both  of  them  can  be  considered  as  independent 
entropy  modes.  Instead  of  dealing  with  the  fundamental  solutions  as  modes,  we  construct 
symmetric  and  antisymmetric  eigenfunctions  by  choosing  +  or  —  in  (2.177). 

The  adjoint  solution  corresponding  to  the  slow  acoustic  mode  is  given  by 
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(2.178) 
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Similarly,  the  adjoint  solution  corresponding  to  the  fast  acoustic  mode  is 

^002(2/5  fc)  = 
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There  is  an  associated  adjoint  vorticity  mode, 
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(2.179) 


Finally,  the  adjoint  solution  associated  with  the  entropy  mode  is  of  the  form 

/o\  /0\ 

B  e(y;k)  = 


(2.180) 


0 

l 

V°/ 


■riky  ± 


0 

Vo/ 


Jky 


(2.181) 


To  derive  vectors  (2.178)  -  (2.181),  we  used  the  theorem  [Kam59]  about  the  relationship 
between  fundamental  solutions  of  the  adjoint  system  (2.171)  and  the  matrix  of  fundamental 
solutions  of  the  direct  problem  (2.170).  The  .7-th  fundamental  solution  of  Eq.  (2.171)  can  be 
obtained  as  a  vector  comprised  of  cofactors  of  the  7-th  column  of  the  matrix  of  fundamental 
solutions  for  the  direct  problem,  Eq.  (2.170). 

One  can  establish  the  following  orthogonality  relation  for  the  modes  of  the  continuous 
spectra  [Tum03]: 

{R2AQ'(y;k'),Ba(y-k))  =  Qa6(k  -  k')  (2.182) 

where  6(k  —  kr)  is  the  Dirac  delta  function  and  Qa  is  a  constant,  which  depends  on  the 
normalization  of  the  eigenfunctions  ( Qa  —  0  if  a  and  a’  belong  to  different  normal  modes  or 
belong  to  different  symmetries  in  the  case  of  the  entropy  modes). 

For  the  particular  normalizations  of  A a(y;  k)  and  BQ(y;  k)  used  above,  one  can  find 
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=  — 27T 


127 


The  coefficients  of  the  expansion 

In  the  present  section,  we  are  going  to  show  that  the  solution  (2.165)  can  be  written  as  an 
expansion  into  the  eigenfunctions  so  that 


-tT 


A(x,i ,)  =  V/  CM)AAy,k')e"'ik' 

a'  J° 


(2.184) 


One  can  recognize  that  the  input  from  the  residue  value  in  (2.165)  is  associated  with  the 
entropy  and  vorticity  modes,  whereas  the  integrals  along  the  branch  cuts  lead  to  the  fast 
and  slow  acoustic  modes  in  (2.184). 

Using  the  orthogonality  condition  in  (2.182)  and  that  Ao (y)  is  a  given  vector  function  in 
(2.150),  it  follows  that 


Ca(k)  = 


(H2A0(y),Ba(y;fe)) 

Qa 


(2.185) 


In  order  to  confirm  that  the  eigenfunction  system  representation  (2.184)  together  with 
(2.185)  is  equivalent  to  (2.165),  we  proceed  with  the  discussion  of  the  modes  separately. 


Vorticity  modes 

The  vorticity  mode  has  two  non-zero  components  ( u  and  v)  and  therefore  its  contribution 
to  the  solution  involves  only  these  two  components.  Using  the  definition  for  the  vorticity 
coefficient  defined  in  (2.185),  we  will  show  that  the  contribution  of  the  vorticity  mode  is 
equivalent  to  the  residue  value  of  these  two  components  in  (2.163).  The  coefficient  of  the 
expansion  for  the  vorticity  mode  is  given  by  Eq.  (2.185),  therefore, 

k2  f°°  iuk  r°° 

Cv(k )  =  /  (uo  +  n0)  cos  ky'dy'  +  -  /  v0  sin  ky'dy'  (2.186) 

n(k2  +  u2)  J0  n(k 2  +  u2)  J0 

The  contribution  to  the  solution  from  the  vorticity  mode  can  be  evaluated  as  the  following 
integral: 

roc  roc 

Av(x,  y)=  Cv(k)Av(y;  k)eia^xdk  =  e™  /  Cv(k)Av(y\ ;  k)dk  (2.187) 

Jo  Jo 

The  first  component  of  A v(x,y)  is  exp (iu>x)uv(y)  where  uv(y)  is  determined  by  the  following 
integral: 
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cos  ky  dy  )  cos  kydk 


(2.188) 


sin  ky'dy' )  cos  kydk 
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Since  the  integrand  of  both  double  integrals  is  a  bounded  function  of  k  and  y' ,  we  can 
exchange  the  order  of  integration, 


2  (  f°°  k2  \ 

uv(y)  =  -  J  (u0  +  7 r0)  (  J  cos  ky cos  ky'dkj  dy' 


+ 


u  k 


cos  ky  sin  ky'dk  )  dy' 


u2  +  k 2 

The  integrals  inside  the  parentheses  can  be  evaluated  explicitly  [GROO]: 


f 

f 


2\ k2 cos kv cos ky'dk  =  -y')-- y  |e  cosha;y •  y  <y 

u  +  k  2  2  ye  v  cosh  a ;y,  y >  y 

“  ^^5 cos Jfej, sin ^  f  <  V 

oJ1  +  k2  2  |e_u;!/  cosha;y,  y  >  y 

Therefore,  one  can  obtain  from  (2.189) 

uv(x ,  y)  —  (7 r0  +  Uo)  —  uje^  f  [(u0  +  7 r0)  cosh  uy'  +  iv 0  sinh  ujy']  dy' . . . 

Jo 

roc 

—  u  cosh  wy  /  t~“v‘  [-iv0  +  («o  +  tt0)]  dy' 

Jy 


(2.189) 


(2.190) 


(2.191) 


Expanding  each  of  the  hyperbolic  sine  and  cosine  functions  and  regrouping  terms  lead  to  the 
following  result: 


uv(x,  y)  —  (7r0  +  Uo)  —  iue  f  [vo  sinh  uy'  —  i(u 0  +  7r0)  cosh  u )y'}  dy' . . . 

Jo 


+  iu  cosh  wy  e  wy'  [v0  +  i(uo  +  7r0)]  dy' 
Jy 


rv  e“v 


=  (uo  +  flo)  -  f  e  j  — ^ — [no  -  *( 7T0  +  Uo)]dj/'  -  - . 


-f 


-['Vo  +  i(uo  +  7T o)]dy' 


L,wy 


f 

J  y 


-[v0  +  i(u  1 


0  +  K0)]dy'^j 


Finally,  Eq.  (2.192)  can  be  recast  as 

uv(x, y)  =  +  tt0)  -  iu  [e^tfiiy)  +  /2(0)]  +  euvf2(y)]} 


(2.192) 


(2.193) 


where  fi(y)  and  f2(y)  are  defined  in  (2.164a)  and  (2.164b),  respectively. 

The  same  procedure  is  used  to  derive  the  second  component  of  A v(x,y),  which  is  defined 
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as  exp(zu;:r)t;„(y).  In  order  to  determine  vv(y),  we  write  that 

fOO 

vv(y)  =  -2  i  J  kcv{k) sin  ky'dy' 


k 2  +  u2 

ro°  uk 


sin  ky  sin  ky'dk )  dy' 


2  /  r°°  ^  \ 

- /  *(7r0  +  u0)  (  /  — - -  sin  ky  cos  ky'dk )  dy1 

n  Jo  \J o  k2  +  u>2  / 


k2  +  u)2 

The  integrals  in  parentheses  can  be  found  explicitely  [GROO],  i.e., 


f 


i J 

k2  +  UJ2  s'mkysin  ky  dk  =  — 


(  e~uy  si 
\e-^  s 


sinh  ojy1,  y'<y 
sinh  uy,  y' >  y 


[°°  u >k  _om\e^y  cosh  uy',  y'<y 

Jo  k?  +  u2  2  |  —£~“y  sinh  uy,  y'  >  y 

Expanding  of  the  hyperbolic  functions  and  regrouping  the  terms  lead  to 
T  fy  euy' 

Vv(y)  =  v\  e  wy  J  —  [v0  -  i{u0  +  7T0 )]dy' . . . 


C°°  e-u>y' 


fv  e-uy  r 

J  — 2 — Iv°  +  u°  +  no)W  +  e“v  j  — —  [v0  +  i(uo  +  7r0)]dj/' 


(2.194) 


(2.195) 


Finally,  Eq.  (2.195)  can  be  recast  as 

vv(x,y)  =  we"1  [e-“y[My)  +  /2(0)]  +  ^yf2(y)] 

There  are  no  other  non- zero  terms  in  Av,  therefore  the  contribution  to  the  solution  from  the 
vorticity  mode  is 

A  v(x,y)  =  eu 


f(u o  +  n0)  -  iu  [e-^f/jC y)  +  /2(0)]  +  e“yf2(y)}\ 
u  [e_u,y[/i(y)  +  /2(0)]  +  ewyf2(y)\ 

0 
0 


(2.196) 


J 


If  we  refer  to  Eq.  (2.163),  the  vorticity  contribution  is  exactly  equivalent  to  the  first  two 
components  of  the  residue  value  of  A5(j/)  exp(6*x)  at  s  =  iu.  In  the  following  we  shall  show 
that  the  third  component  of  the  residue  value  is  represented  by  the  entropy  mode. 


Entropy  modes 

For  brevity  of  the  discussion,  we  assume  that  the  initial  data  allow  expansion  only  into  the 
symmetric  entropy  mode.  The  entropy  mode  coefficient  is  calculated  using  Eq.  (2.185),  and 
so  we  obtain 

1  f°° 

Ce(k)  =  -  (Oo-  M277t0)  cos  ky'dy '  (2.197) 

7T  Jo 
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The  entropy  mode  has  only  one  non- zero  component,  i.e.,  Ae$(y\  k)  =  2  cos  ky.  Its  contribu¬ 
tion,  exp(iu)x)0e(y),  can  be  evaluated  as  the  following  integral: 


roo 

6e(y)  =  2  /  Ce(k)  cos  kydk 

-ircr 


[0„  _  M2(7  —  l)7To]  cos  ky'dy' )  cos  kydy 


(2.198) 


=  ~  J  [0o  —  M2(  7  —  1 )  7r0]  (/  cos  ky  cos  ky'  dk^  dy' 


The  integral  in  parentheses  can  be  found  to  be  proportional  to  the  Dirac  delta  function, 
specifically, 


f 


7T  , 


cos  ky  cos  ky'dk  =  — <5(j/  ~~  y) 


(2.199) 


Consequently, 

Oe{y)  =  00-  M2(7  -  1)7T0 

Now  it  is  clear  that  the  contribution  from  the  entropy  and  vorticity  modes  to  the  solution 
A(x,  y)  is  the  same  as  the  contribution  from  the  residue  value  at  s  =  lu  in  the  formal  solution, 
Eq.  (2.165), 


Res(A  s(y)e‘ 


■>-/ 


Cv(k)Av{y-,k)tiavXdk 


f 


Ce(k)Ae(y ■  k)eiQ'xdk 


f-iu) {e  uv[fi(y)  +  /2(0)]  +  euyf2{y)}  +  (7r0  +  uo)\ 

u  {e~wv[fi(y)  +  /2(0)]  -  e“y  f2(y)} 

00  -  M2( 7  -  1)7T0 

V  0  ) 


(2.200) 


Fast  and  slow  acoustic  modes 

It  will  be  shown  the  integrals  along  the  branch  cut  in  figure  2.96  that  have  been  parameterized 
by  k  >  0  in  (2.169),  can  be  represented  via  the  fast  and  slow  acoustic  modes.  The  equivalence 
will  follow  from  first  expressing  the  expansion  into  the  acoustic  modes,  and  subsequently 
showing  the  acoustic  mode  expansion  to  be  equivalent  to  the  integrals  that  appear  in  the 
formal  solution  in  (2.169).  First,  the  expansion  into  the  acoustic  modes  using  the  coefficients 
defined  in  (2.185)  for  the  slow  and  fast  modes  is  given  by 

roo 

Aac(x,y)=y'  /  Cacm{k)Aacm{y\k)eiQmXdk  (2.201) 

m=  1,2  Jo 

where  the  coefficients  are  found  from  (2.185)  as 

Cacm(k)  =  J-  -  d^Cm(k)  (2.202a) 

27 TLJ-amdk  v  ’ 

„  r  •  .  .  r  (u  M2{u)  —  am)  +  am  \  ,  , 

Cm(k)  =  j  iv0  sin  kydy  -  J  (  —uq  4 - - - n0)  cos  kydy  (2.202b) 
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The  wave  numbers  c*m(fc)  (m  =  1,2)  in  (2.202)  are  defined  by  (2.173a). 

Prom  (2.167)  it  is  clear  that  in  fact  6*m(fc)  =  zam(fc),  and  the  acoustic  mode  coefficients 
is  recast  as: 

1  k  H  c 

Cacm(k)  =  — — -jrCm(k)  (2.203a) 

27T  1(jJ  —  6’m  ufc 

Cm(k)  =  j  zv0sin  kydy  —  J  (j^uo  +  ~  1 — — 7r0^  cos  kydy  (2.203b) 

Also,  we  can  show  that  the  acoustic  mode  vector  can  be  represented  in  terms  of  the  funda¬ 
mental  solutions  of  the  Laplace  transform  solution  in  (2.169), 


*-<»,*)  [«“**.  (SI,,,)  (£*„<»,)] 

And  therefore  the  contribution  of  the  acoustic  modes  is  equivalent  to 

A„c(x,y)=Y^  [  Cacm(k)Aacm(y,k)eiamXdk 

m=  1,2  */o 

-  h^SCM  [e“'z'  (■-<») +*-*  (=£«*>)] 


Given  that  Z?m(fc)  =  Cm(fc)  where  Dm(k)  is  defined  in  (2.168),  the  acoustic  mode  component 
is  exactly  equal  to  the  integrals  that  appear  in  the  formal  solution  in  (2.169).  Therefore,  it 
is  concluded  that  integrals  over  7+  and  7“  can  be  represented  by  the  fast  and  slow  acoustic 
modes,  i.e., 

~2 \i\j  ■■  ds  +  J  +  •••d5)  =  X]  Jo  Cacm{k)Aacm{y\k)eiamXdk  (2.204) 

with  the  coefficients  defined  from  Eq.  (2.202).  Analysis  of  the  branches  corresponding  to 
the  slow  and  fast  acoustic  modes  ends  the  proof  of  the  equivalence  of  the  Cauchy  problem 
formal  solution  (2.165)  and  eigenfunction  expansion  (2.184). 


Two  examples  of  BES  application 

Projection  of  computational  results  onto  the  normal  modes 

The  biorthogonal  eigenfunction  system  can  be  used  to  obtain  insight  into  computational 
results  by  decomposition  of  the  perturbations  into  the  normal  modes.  For  the  purpose 
of  illustration,  we  analyze  computational  results  for  the  receptivity  problem  involving  a 
periodic-in-time  actuator  placed  on  a  flat  plate  in  uniform  supersonic  inviscid  flow.  This 
part  of  the  work  is  similar  to  the  analysis  of  acoustic  perturbations  in  [TWZ07]. 

The  actuator  is  emulated  by  the  inhomogeneous  boundary  condition  on  the  wall: 

v(x,  y  =  0,  t)  =  vw(x ,  t)  =  sg(x)  sin  ut  (2.205) 
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For  the  numerical  example  the  following  dimensionless  parameters  are  chosen:  frees tream 
Mach  number  M  —  6.62;  angular  frequency  of  the  perturbations  u  =  0.1,  the  actuator’s 
length  w  =  100,  and  the  specific  heats  ratio  7  =  1.4.  These  parameters  are  close  to  the  local 
parameters  in  the  direct  numerical  simulation  of  perturbations  emanating  from  the  wall  of 
a  wedge  in  supersonic  flow  in  [WZ05]. 

The  actuator  shape  function  g(x)  is  given  by 


9(x)  = 


20.25 15  -  35.4375/“  +  15.1875/2,  (/  <  1) 

-20.25(2.0  -  l)5  +  35.4375(2.0  -  /)“  -  15.1875(2.0  -  /)2  (/  >  1) 


(2.206) 


where  l(x)  =  2 x/w.  A  plot  of  the  shape  function  is  shown  in  figure  2.98.  The  actuator 
amplitude  e  is  chosen  as  10“4. 


X 


Figure  2.98:  The  shape  function  <?(x). 


The  nonlinear  Euler  equations  axe  solved  with  the  help  of  code  based  on  the  Conservation 
Element/Solution  Element  (CE/SE)  Euler  method  introduced  by  Chang  et  al.  [CWC99]. 

For  the  problem  at  hand,  we  use  the  following  computational  domain:  0  <  x  <  200  and 
0  <  y  <  35.  Two  grids,  Nx  x  Ny,  having  Nx  and  Nv  intervals  in  the  x  and  y  directions, 
respectively,  were  used  in  order  to  check  the  numerical  convergence: 

•  Coarse  Grid:  250  x  200  , 

•  Fine  Grid:  500  x  400. 

The  time  steps  were  r  =  0.1  and  0.05  for  the  coarse  and  fine  grids,  respectively. 

The  CE/SE  method  uses  two  alternating  grids,  fii  and  f22-  These  are  shown  in  figure 
2.99.  The  method  begins  with  grid  at  t  =  0,  intermediately  finds  a  solution  on  grid  fli 
at  t  =  r/2,  and  finishes  on  grid  fl2  at  t  =  r,  and  so  forth.  We  notice  that  at  certain  x- 
coordinates,  the  grid  uses  points  slightly  above  and  below  the  wall.  The  actuator  boundary 
condition  (2.205)  is  applied  at  these  points  in  spite  of  their  shift  from  y  =  0  in  order  to 
simplify  the  algorithm.  We  can  estimate  the  effect  of  the  simplified  boundary  conditions  by 
comparing  the  fine  and  coarse  grid  solutions  in  the  vicinity  of  the  wall.  Downstream  of  the 
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Figure  2.99:  The  alternating  grids  f2i  and  fi2- 

actuator,  the  no-penetration  boundary  condition  is  imposed  at  the  wall,  y  =  0,  following 
[CWC99].  The  boundary  conditions  at  the  right  and  the  upper  sides  of  the  domain  are  the 
non-reflecting  boundary  conditions  used  in  [CWC99].  On  the  left-hand  side  of  the  domain, 
the  no-perturbation  boundary  condition  was  used. 

The  CE/SE  scheme  includes  three  additional  parameters:  a  and  /?  (both  related  to  the 
control  of  oscillations  resulting  from  discontinuities  such  as  shock  waves)  and  So  (serving  to 
control  effects  of  numerical  viscosity).  In  this  case,  a  =  (3  =  0  and  e0  =  0.3.  The  value  for  e0 
was  chosen  after  experiments  with  the  parameter  and  was  found  to  mostly  affect  the  layer 
close  to  the  wall. 


Figure  2.100:  Coarse  grid  result  for  the  (a)  pressure  perturbation  (increment  of  .5  x  10  5 
between  the  contours)  and  (b)  streamwise  velocity  perturbation  (increment  1  x  10-5) 

The  numerical  results  for  the  pressure  field,  7r,  and  streamwise  velocity  field,  u,  at  t  =  200, 
are  shown  in  figure  2.100.  The  dashed  contours  represent  negative  contours  while  the  solid 
lines  represent  the  positive  contours.  Each  contour  represents  an  increase  or  decrease  of 
the  indicated  increment.  For  example,  the  outermost  positive  contour  in  figure  2.100(a)  has 
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value  0.5  x  10-5,  and  the  innermost  positive  contour  has  value  3.0  x  10-5.  These  results  were 
produced  using  the  coarse  grid. 

Comparison  of  the  numerical  results  with  e  =  2  x  10“4  in  (2.205)  demonstrated  that 
e  =  10~4  is  small  enough  that  the  perturbations  can  be  interpreted  as  linear. 

Figure  2.101  shows  the  pressure  perturbation  and  streamwise  velocity  as  function  of  y  at 
x  =  160  for  both  coarse  and  fine  grids.  The  results  show  nearly  perfect  agreement.  In  the 


Figure  2.101:  Coarse  (crosses)  and  fine  (solid-line)  grid  comparison  for  x  =  160  and  t  =  200 
for  the  (a)  pressure  perturbation  and  (b)  streamwise  velocity  perturbation 

case  of  the  streamwise  velocity,  there  is  a  relatively  larger  difference  between  the  coarse  and 
fine  grid  solutions  in  the  vicinity  of  the  wall,  which  we  attribute  to  the  inaccuracy  in  the 
application  of  the  actuator  boundary  condition  at  the  staggered  points  in  the  vicinity  of  the 
wall. 

As  an  example  of  the  BES  application,  one  can  use  the  computational  results  together 
with  (2.185)  in  order  to  find  a  projection  onto  the  normal  modes  at  a  prescribed  coordinate 
x.  Figure  2.102  shows  the  amplitudes  of  the  slow  and  fast  acoustic  modes  as  functions 
of  the  parameter  k.  Because  there  is  no  dissipation,  the  amplitude  distributions  shown  in 
figure  2.102  are  independent  of  x.  One  can  see  that  the  fast  acoustic  mode  amplitude  is 
a  magnitude  larger  than  the  slow  acoustic  mode.  The  BES  technique  reveals  this  insight, 
which  otherwise  would  remain  hidden  from  view  if  one  knew  the  numerical  solution  only. 

It  is  worthwhile  to  compare  the  computational  results  and  their  projection  onto  the  fast 
and  slow  acoustic  modes  presented  in  this  section  with  the  results  of  [TWZ07].  The  results 
are  very  close  qualitatively.  The  latter  means  that  the  main  features  of  the  numerical  results 
for  acoustic  modes  observed  in  [TWZ07]  have  an  inviscid  character. 

Projection  of  the  analytical  result  onto  the  normal  modes:  the  receptivity  prob¬ 
lem  solution 

The  receptivity  problem  that  was  solved  numerically  in  the  preceding  section  has  an  an¬ 
alytical  solution  [AL65].  It  can  be  found  as  a  solution  of  the  linearized  velocity  potential 
equation  with  inhomogeneous  boundary  condition  on  the  wall.  The  solution  provides  the 
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k  k 

Figure  2.102:  Projection  result  for  the  (a)  slow  acoustic  mode  (Cac  1)  and  (b)  fast  acoustic 
mode  (Cac2) 

perturbation  flow  field,  and  it  does  not  reveal  anything  about  the  amplitudes  of  the  fast  and 
slow  acoustic  modes.  Using  the  BES,  one  can  decompose  the  analytical  solution  as  was  done 
for  the  numerical  result.  Instead  of  the  decomposition  of  the  available  analytical  result,  we 
are  going  to  show  how  the  BES  can  be  used  to  find  the  receptivity  problem  solution  as  an 
expansion  into  the  normal  modes  directly.  (This  part  of  the  work  is  similar  to  the  receptivity 
problem  solution  in  [Tum06b],  within  the  scope  of  the  linearized  Navier-Stokes  equations.) 
After  that,  one  can  prove  that  the  solution  is  equivalent  to  the  result  of  [AL65]. 

Assuming  that  the  solutions  of  linearized  Euler  equations  are  proportional  to  exp(— iut), 
the  governing  equations  are  identical  to  (2.147)  except  for  differing  boundary  conditions  on 
the  wall. 


E-^j—  =  H]  A  4-  H2^j— 
ay  dx 

y  =  0:  A2(x,0)  =  vw(x) 

y -y  oo  :  |  — >•  0 


(2.207) 


where  vw(x)  =  eg{x)  as  defined  in  (2.206). 

To  find  the  formal  solution  of  the  problem,  we  begin  with  the  Fourier  transform  with 
respect  to  x, 


A(x,y)e~ia/Xds 


(2.208) 


As  a  result,  the  problem  (2.207)  is  transformed  to  the  following  boundary-value  problem  for 
ordinary  differential  equations: 


c/.A.  t 

E—  -  H,  A,  -  iafH2Af  =  0 

y  =  0  :  a/,2  =  f>(atf) 

V-*  o°  :  \Afj\  “»  0 


(2.209) 
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where 


(2.210) 


/OO 

vw(x)e~tafXdx 

OO 

One  can  find  the  solution  of  the  problem  (2.209)  as  follows: 

A  Ay)  =  pit*/)  (-- l.  -!)(<»/-■*)  V 

V  m  m  m  ) 


D-/^y 


where 


/x(a/)  =  yjoj  ~  M2(af  —  u)7 


and  the  positive  branch  of  the  square  root,  7 Ze(fi)  >  0  is  chosen. 
Finally,  one  can  write  the  formal  solution  of  problem  (2.207) 


A(z,s/)  =  J  A  f(y)eia'xdaf 


(2.211) 

(2.212) 


(2.213) 


The  formal  solution  can  be  presented  as  a  sum  of  the  normal  modes  with  coefficients 

(H  2Afo),B«(v;*)> 


Ca(k)  = 


Qa 

H2A/,Btt)e^/-^do/ 

27 \Qa 


(2.214) 


Using  the  dot  product  of  Eq.  (2.207)  and  Ba,  together  with  integration  by  parts,  one  can 
derive 


Therefore, 


Ca(k)  =  - 


(H2A7,BQ)  =  - 
Ba2{y  = 


p(af)Ba2{y  =  0;  k) 


v  =  0;fc)  /  1  / 

?«(*)  JL 


i(otf  —  a  (k)) 


da 


) 


Qa(k )  \2mJL  ctf-a(k)  "  f 

The  integral  in  (2.215)  can  be  evaluated  explicitly  as  the  residue  value  at  otj 
completing  the  path  in  the  upper  half- plane  otj.  As  a  result,  we  arrive  at 

ca(k)  =  -^^-Ba2(y  =  0-,k) 


(2.215) 
a(k)  by 

(2.216) 


If  we  refer  to  the  equations  defining  the  adjoint  modes,  it  is  clear  from  Eqs.  (2.180)  and 
(2.181)  that  the  entropy  and  vorticity  mode  coefficients  are  zero  since  the  second  component 
of  both  modes  is  zero,  i.e.,  Be2  =  0  and  Bv2  =  0.  This  result  explains  the  observation  in 
[Tum06b]  that  amplitudes  of  the  entropy  and  vorticity  modes  are  very  small  in  the  case  of 
a  periodic-in-timc  actuator  placed  at  the  bottom  of  the  boundary  layer. 
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For  the  slow  and  fast  acoustic  modes,  the  second  component  at  y  =  0  is  non- zero  for 
both  modes,  i.e.,  Bacm2  =  -2(u>  -  am)/fc,  and  one  can  find  explicitly  amplitudes  of  the  slow, 
Cacl(k),  and  fast,  Cac2(k),  modes  as  follows: 


Coci(fc)  —  — 


_ kp(oti{k)) _ 

27iV(M2  _  i) jfc2  +  Wu* 


(2.217) 


Cac2(k)  = 


kp{a2(k)) 


2ttV(M2  -  l)fc2  +  m? 


(2.218) 


The  Fourier  transform  p(a)  for  the  particular  case  of  vw(x)  was  found  the  help  of  Math- 
ematica,  [Wol99]  yielding 

2? iiirv  mrv 

p( ol )  =  — ~5ae — (8^^(48a2  +  (i3'iv2a 2)  cos  — -  3840ai  sin  — — h 

384(5ai  —  a2)^a:  —  8(10ai  —  6a2  +  a3)^3a3  +  (ai  —  a2  +  a3)i«;5a;5) 


with  d\  =  20.25,  a2  =  —35.4375,  and  a3  =  15.1875. 

We  are  now  able  to  compare  the  amplitudes,  (2.217)  and  (2.218),  with  the  amplitudes 
derived  from  the  projection  of  the  numerical  results  for  the  slow  and  fast  acoustic  modes  (see 
figure  2.103).  The  close  agreement  of  the  results  serves  as  validation  for  the  numerical  method 


k  k 


Figure  2.103:  Comparison  for  the  projection  (crosses)  and  theoretical  result  (solid  line)  for 
the  (a)  slow  acoustic  mode  (Cac i)  and  (b)  fast  acoustic  mode  (Cac2). 

that  was  employed  in  solving  the  Euler  equations  for  the  receptivity  problem.  Figure  2.104 
is  a  comparison  of  the  theoretical  and  computational  results  for  pressure  and  streamwise 
velocity  perturbations  at  x  =  160,  t  =  200. 


Conclusions 

The  practical  use  of  the  BES  technique  with  respect  to  analysis  of  computational  data 
was  illustrated  by  considering  the  receptivity  problem  of  a  periodic-in-time  actuator  on  the 
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Figure  2.104:  Comparison  of  the  theory  (solid-line)  with  the  coarse  (circle)  and  fine  (cross) 
results  for  the  (a)  pressure  and  (b)  streamwise  velocity 


wall  in  uniform  flow.  A  numerical  method  derived  from  [CWC99]  was  used  to  solve  the 
problem  numerically.  The  computational  data  were  projected  onto  the  normal  modes  of 
the  continuous  spectra  (slow  and  fast  acoustic  modes).  As  a  result,  it  was  found  that  the 
slow  and  fast  acoustic  modes  compose  the  perturbation  field  found  through  the  numerical 
method.  Thus,  The  BES  system  helps  to  reveal  the  physical  structure  of  the  flow. 

The  receptivity  problem  was  solved  analytically,  as  well.  With  the  help  of  the  BES 
technique,  it  was  shown  that  the  actuator  does  not  excite  vorticity  or  entropy  modes.  We 
compared  the  theoretical  and  numerical  amplitudes  of  the  fast  and  slow  acoustic  modes, 
finding  a  close  agreement  between  the  predictions  derived  from  our  theory  and  the  projection 
of  the  computational  results.  This  type  of  analysis  can  be  used  for  validation  of  numerical 
methods  in  other  problems. 
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2.7  Biorthogonal  eigenfunction  system  in  the  triple¬ 
deck  limit 


Introduction 

Many  problems  in  fluid  dynamics  at  high  Reynolds  numbers  are  associated  with  different 
length  scales.  This  is  an  obstacle  for  computational  methods  because  the  resolution  of  very 
different  scales  imposes  heavy  demands  on  computing  resources.  In  this  case,  asymptotic 
methods  might  serve  as  an  efficient  complementary  tool  for  understanding  the  flow  structure. 
Modern  asymptotic  theories  are  associated  with  the  triple-deck  theory  introduced  in  [Nei69], 
[SW69]  and  [Mes70].  One  can  find  a  large  number  of  references  relevant  to  the  triple-deck 
theory  in  monographs  [SRSK98]  and  [NBDL04],  and  in  a  recent  review  [RS98].  Initially, 
theoretical  models  dealt  with  steady  perturbations  like  humps  or  other  imperfections  of 
the  surface  (see  for  example  [BN71,  BN77,  SSB77,  BL85,  Bog86,  Bog87,  Bog88]).  Non- 
steady  perturbations  were  considered  within  the  triple-deck  theory  in  [Sch74,  Dan75,  RT77, 
ZR78,  Ter78,  ZR79,  Smi79].  This  extension  of  the  triple-deck  theory  included  problems 
of  stability  of  boundary-layer  flows  (Tollmien-Schlichting  waves)  in  the  modern  asymptotic 
framework  (one  can  find  the  main  references  relevant  to  the  predecessors  of  the  applications 
of  asymptotic  methods  to  the  hydro-dynamic  stability  theory  in  the  monograph  by  [DR81]). 

The  first  results  on  the  generation  of  TS  waves  within  the  scope  of  asymptotic  methods 
(the  triple-deck  theory)  for  an  actuator  on  the  plate  surface  were  obtained  by  [Ter81,  Ter84, 
Ter85].  [Gol83]  utilized  an  asymptotic  analysis  for  the  problem  of  TS  wave  generation  by 
acoustic  waves  interacting  with  a  plate  leading  edge.  Using  a  similar  approach,  [Gol85] 
and  [Rub85b,  Rub85a]  analyzed  the  excitation  of  TS  waves  by  acoustic  waves  scattered  by 
a  roughness  element.  Publications  relevant  to  the  asymptotic  analysis  of  boundary-layer 
receptivity  in  succeeding  years  can  be  found  in  [Cho98]  and  [SRK02], 

The  objective  of  this  section  is  to  establish  the  equivalence  between  the  receptivity  prob¬ 
lem  solutions  obtained  within  the  scope  of  the  biorthogonal  eigenfunction  system  and  those 
obtained  with  the  help  of  the  asymptotic  methods  at  the  limit  of  high  Reynolds  numbers. 


Receptivity  problem  solution  via  biorthogonal  eigenfunction  system 
Problem  formulation 

For  the  purpose  of  clarity,  we  repeat  the  main  results  relevant  to  the  receptivity  problem 
solution  within  the  scope  of  the  biorthogonal  eigenfunction  technique.  The  consideration 
will  be  restricted  only  by  incompressible  two-dimensional  boundary  layer  flow  and  by  two- 
dimensional  perturbations  in  the  parallel  flow  approximation.  The  linearized  Navier-Stokes 
equations  after  Fourier  transform  with  respect  to  time  are  written  in  dimensionless  form  as 
a  system  of  four  partial  differential  equations 


dA  (z,  y) 
dy 


H1A(x,y)  +  H2 


dA  (x,  y) 
dx 


(2.219) 
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The  vector- function  is  defined  as  follows:  A  =  (u,p,  v,  du/dy  —  dv/dx)T,  where  T  stands  for 
transposed;  U ( y )  is  the  unperturbed  velocity  profile;  U'  =  dU /dy;  u  and  v  are  the  stream- 
wise  and  normal  velocity  components  of  the  perturbation,  respectively;  p  is  the  pressure 
perturbation;  and  Re  is  the  Reynolds  number.  The  velocity  perturbations  in  Eq.  (2.219)  are 
scaled  with  the  free  stream  velocity,  Uoo ;  pressure  is  scaled  with  pU^,  where  p  is  the  density; 
and  the  coordinates  x  and  y  are  scaled  with  the  scale  L  having  the  order  of  magnitude  of 
the  distance  from  the  flat  plate  leading  edge. 

Assuming  that  there  is  a  localized  actuator  on  the  wall,  the  linearized  boundary  conditions 
are  as  follows: 


y  =  0  :  u  —  —U^hf  (x) ;  v  =  iuh f  (x) 

y  —>  oo  :  \Aj\  — >  0  (j  =  1,...,4) 


(2.220) 


where  =  (dU /dy)y=0,  f(x)  is  the  actuators  shape  function,  ma xx  f  =  1,  and  h  is  the 
amplitude  parameter.  The  linearized  boundary  conditions  on  the  wall  (2.220)  are  applicable 
if  the  amplitude  parameter,  /i,  is  very  small  with  respect  to  the  thickness  of  the  viscous 
sublayer  [Ter84].  For  simplicity,  we  consider  a  subcritical  frequency,  i.e.  the  perturbation 
decays  downstream  from  the  actuator.  In  the  particular  case  of  steady  perturbation,  u  =  0, 
the  problem  corresponds  to  the  case  of  a  two-dimensional  hump  placed  on  the  wall. 


Formal  solution 


With  the  help  of  the  Fourier  transform  with  respect  to  the  coordinate  x*,  we  arrive  at  the 
following  system  of  ordinary  differential  equations  with  inhomogeneous  boundary  conditions: 


where 


//A  ( 

~^M  =  HlAv(y)  +  iavH2Av(y) 

y  =  o  :  Avl  =  —U'whp  (<*„) ;  Av3  =  iuhp  ( av ) 

y->oo:  |A,-|->0  0  =  1,... ,4) 

+oo 


Av(2/)  =  2“  J  A(x’y)e 

—oo 

+oo 

P  («v)  =  ^  J  f  (*•)  t~iavXdx 


(2.221) 

(2.222) 

(2.223) 


The  system  of  ODE  (2.221)  has  four  fundamental  solutions,  Zi(y),...,Z4(,v).  Their 
asymptotic  behavior  outside  the  boundary  layer  can  be  easily  found  as  ~  cxp(A jy),  with 
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complex  numbers  A^o:,,),  j  = 


Ai>2  =  ±av;  A3|4  =  =p  Val  +  iRe{av  +  u) 


(2.224) 


In  the  general  case,  two  fundamental  solutions  are  decaying  outside  the  boundary  layer, 
and  the  other  two  solutions  are  exponentially  growing.  To  be  specific,  we  choose  Z i(y)  and 
Z3 (y)  as  the  decaying  solutions  at  y  — ►  00.  In  this  case,  we  choose  branch  Real(A3)  <  0,  and 
the  choice  of  Zj(j/)  as  decaying  at  y  — ►  00  solution  implies  that  Real(av)  <  0. 

Explicitly,  the  fundamental  solutions  outside  the  boundary  layer  are  written  as  follows 


Zi  = 


/ — —\ 
a+u ; 


1  a 

a+u; 

0  ) 


— — \ 
a+u; 


o«y- 


Z2  = 


toe 

a+u; 


-ay. 


0  J 


Z3  = 

/  _ m _ \ 

'  He  (a+u;) 

0 

a 

II 

S3 

§T 

I 

/ _ m _ \ 

f  He  (a+u;)  ’ 

0 

a 

T 

He  (a+u;) 

^  i  J 

H  =  \A*2  +  (a  +  w) 


(2.225) 


For  Real(a:„)  <  0,  the  solution  of  system  (2.221)  satisfying  the  boundary  conditions  (2.222) 
can  be  written  as  follows: 


hp{av )  .  ,  hp(av 

Av  ( V )  —  p  {—lUZiz  —  Uwz33)  0  Z,  (^)  h - — — 

^13  W  £-13 


£-13 

Eu  =  det  (2l<  21 A 

W  Z3jJy=0 


(2.226) 


where  2tj  stands  for  the  7-th  component  of  vector  Zj,  and  the  formal  solution  is  obtained  as 
the  inverse  Fourier  transform 


+  0O 

(*>  y)  =  Jav  (y)  e^daty 


(2.227) 


Biorthogonal  eigenfunction  system 

We  introduce  the  following  biorthogonal  eigenfunction  system  {AQ,B0}: 

dAa 

—  =  H\  Aa  -+■  iaH2Aa 
dy 

y  =  0  :  =  Aa3  =  0 

y~>  oo  :  \Aaj\  <  oo,  (j  =  1, ...,  4) 


(2.228) 
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Figure  2.105:  Branches  of  the  continuous  spectrum. 

-  ^2.  =  H?Ba  +  iaH? Ba 

dy 

y  =  0 :  Brt  =  Ba4  =  0  (2'229) 

V-*  °°  :  |£«tf|<oo,  (.7  =  1,... ,4) 

where  a  is  a  complex  number,  and  the  subscript  ‘a’  indicates  the  corresponding  solution 
[actually,  Eqs.  (2.229)  define  a  complex  conjugate  of  the  conventional  adjoint  problem]. 

Following  the  analysis  of  the  fundamental  solutions,  we  arrive  at  the  conclusion  that  the 
eigenvalues  a  belong  to  the  discrete  or  continuous  spectrum.  In  the  case  of  the  continuous 
spectrum,  a  is  found  from  =  — fc2,  m  =  where  k  is  a  real  parameter  ( k  >  0) 

and  Am(tt)  are  defined  in  Eqs.  (2.224).  The  branches  of  the  continuous  spectrum  on  the 
complex  plane  a  are  shown  in  figure  2.105.  There  are  two  pressure  and  two  vorticity  modes. 
The  modes  associated  with  the  upper  half- plane  a  are  the  downstream  modes,  whereas  the 
other  pair  of  modes  represents  the  upstream  ones.  For  the  purpose  of  further  analysis,  we 
are  interested  in  the  downstream  modes  only. 

The  pressure  modes  can  be  found  as  follows: 

Aa  ( V )  =  Zj  (y)  +  #iz2  (y)  +  ^Z3  (y)  (2.230) 

^23  ^23 

where  a  =  ik,  ( k  >  0)  and  the  coefficients  Eij  are  defined  in  (2.226).  At  y  — ►  oo,  the  mode 
(2.230)  has  a  non-zero  pressure  perturbation,  whereas  the  vorticity  perturbation  is  equal  to 
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(2.231) 


zero.  Similarly,  one  can  find  for  the  vorticity  mode 

Aa  (y)  =  z,  (y)  +  f^Z3  (y)  +  |^Z4  (y) 

^34  ^34 

where  a  =  -0.5 iR  ^1  -  y/l  +  4  (k2  +  iuR)  /R2^j ,  (fc  >  0).  At  y  — ►  oo,  the  mode  (2.231) 
has  non-zero  vorticity  perturbation,  whereas  the  pressure  perturbation  is  equal  to  zero.  In 
the  case  of  the  discrete  spectrum,  all  characteristic  numbers  Am  have  a  non-zero  real  part 
and  only  two  fundamental  solutions  can  be  used  to  represent  the  mode.  In  the  case  of 
Real(av)  <  0,  one  can  find  the  discrete  mode  as  follows: 

Aa(y)  =  Z,1(y)-^-Z3(y)  (2.232) 

*13 

where  subscript  ‘a’  means  that  the  solution  is  evaluated  at  a  as  a  root  of  the  equation 
i?i3  (tt)  =  0-  Fundamental  solutions  of  Eqs.  (2.229)  outside  the  boundary  layer  can  be 
written  as  follows 


0  ^ 

0  \ 

1 

eav; 

y2  = 

1 

i(o;+u;) 

i  J 

-1  J 

Re  / 

Y3 


\ 


2xa 
a+ui 
2  ic? 

(a+u,)2 

o 

2g/x 
\  Re(a+ lj)2  ) 


0~W. 


y4  = 


\ 

a+u 
2icr 
(a+u>)'2 
0 

2  an 
\  Re{a+u})2  ) 


(2.233) 


One  may  consider  the  dot-product  of  Eq.  (2.228)  and  BQ<,  and  integrate  the  result  with 
respect  to  y  on  the  interval  [0,oo).  With  the  help  of  integration  by  parts  and  Eq.  (2.229), 
the  following  orthogonality  relation  may  be  derived: 

roc 

(Hi  Aa,Ba>)=  (//2Aa,  B<*>)  dy  =  QAaa>  (2.234) 

Jo 

where  AQa'  is  the  Kronecker  symbol  if  a  or  a'  belongs  to  the  discrete  spectrum,  and  Aaa>  = 
6(n>.  —  a')  is  the  Dirac  delta  function  if  both  a.  and  a'  belong  to  the  continuous  spectrum. 
Coefficient  Q  in  the  right-hand  side  of  (2.233)  depends  on  the  normalization  of  A a(y)  and 

Ba(y). 


Contribution  of  the  modes  in  the  formal  solution 


The  eigenfunction  system  is  complete  (see  [Tum03]),  i.e.,  a  spatially  growing/decaying  solu¬ 
tion  of  linearized  Navier-Stokes  equations  can  be  presented  as  an  expansion  into  the  eigen¬ 
function  system)  as  follows: 


A(x,y)  =  ^cvAQ^i^ 

V 


roc 

Y!  Jo  C#)A«,  (y) 


'i{k)xdk 


(2.235) 
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where  ^  stands  for  summation  over  the  downstream  pressure  and  vorticity  modes  and 
represents  summation  over  the  discrete  modes. 

With  the  help  of  the  orthogonality  condition  (2.234),  one  can  find  from  Eq.  (2.235)  for 
modes  of  discrete  and  continuous  spectrum  at  some  distance  x 


c^(k)eia^x  =  (2.236) 

where  subscripts  v  and  j  refer  to  the  discrete  and  continuous  spectra  respectively.  If  we 
consider,  for  example,  the  dot-product  of  Eq.  (2.221)  and  BQj  and  integrate  with  respect  to 
y  over  the  interval  [0,oo),  we  arrive  at  the  following  relationship: 


(H2  A„,B0i) 


(AuiBaji  +  y=0 

i  (< Xj  cxt /) 


(2.237) 


Substitution  of  the  formal  solution  (2.227)  into  Eq.  (2.236)  together  with  Eq.  (2.237)  leads 
to  the  following  result 


c}(k)  =  -i- 

Qj  J 


z  ( ot  1/  Oij ) 


dau 


(2.238) 


By  closing  the  path  of  integration  in  the  upper  half-plane,  one  can  find  the  coefficient  as  the 
residue  value  at  av  =  ot.j 


Cj(k)  -  (AulBajl  +  Av3BajZ)y=0  =  — [U'wBaj  1  -  iuBaj 3)y= 


Q i 


v=0 


(2.239) 


The  coefficients  cv  corresponding  to  the  discrete  modes  are  obtained  from  (2.239)  with  a j 
replaced  by  au.  Finally,  substituting  the  coefficients  Cj(k)  and  cv  into  Eq.  (2.235)  provides 
the  solution  of  the  receptivity  problem  as  an  expansion  into  the  normal  modes. 


The  biorthogonal  eigenfunction  system  in  the  triple-deck  limit 

In  order  to  derive  the  triple-deck  limit  of  (2.235),  one  has  to  find  the  eigenfunction  system 
{Aa,Ba}  and  the  coefficient  Q  in  the  orthogonality  condition  (2.234)  in  the  limit  of  high 
Reynolds  number  and  scaling  corresponding  to  the  triple-deck  theory. 

Assuming  that  the  dimension  of  the  actuator  in  the  x  direction  has  the  order  of  magnitude 
£3L,  where  €  =  Re~1^  1  is  the  small  parameter,  we  arrive  at  the  triple-deck  structure  of 

the  flow  (see  figure  2.106).  The  coordinate  y  in  the  outer  deck  has  to  be  scaled  with  the 
scale  in  the  main  deck  is  £4L,  and  the  lower  deck  (viscous  sublayer)  has  a  scale  of  £5L.  In  the 
case  of  unsteady  perturbations,  the  time  is  scaled  with  e^L/U^.  We  are  going  to  consider 
the  introduced  normal  modes  in  the  triple-deck  limit.  The  derivation  of  the  asymptotic 
governing  equations  starts  with  the  linearized  Navier-Stokes  equations  (in  the  triple-deck 
theory,  the  linearization  is  utilized  in  the  analysis  of  the  lower  deck,  whereas  the  equations 
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Figure  2.106:  Triple-deck  structure. 


in  the  leading  order  of  magnitude  in  the  other  decks  are  linear).  Because  the  downstream 
vorticity  mode  has  a  ~  ~  (£2L)_1,  it  remains  out  of  the  triple-deck  scaling  and  will 

be  of  no  interest  in  the  present  section.  In  order  to  establish  the  equivalence  of  the  solution 
(2.235)  and  asymptotic  solutions  of  the  receptivity  problems,  we  have  to  find  an  asymptotic 
representation  for  the  pressure  and  the  discrete  modes.  They  could  be  composed  of  two 
(discrete  mode)  or  three  (pressure  mode)  fundamental  solutions.  The  triple-deck  limit  of  the 
fundamental  solutions  is  presented  in  A. 6. 

In  the  triple-deck  limit,  we  obtain  with  help  of  the  fundamental  solutions  from  the  A. 6 
the  following  result  for  £j13  (a)  =  Eis/e 4: 


ft 

£,s  <a) = ■  (€  ■ /  ai  (° d( 

oo 

n 

Ai'  (Cl)  -  Cl  J  Ai  (0  dC 


: sr.fr/  \  !/3 


A_  ( iaO l) 

&  w  U'w 


(2.240) 


where  a  =  a/s3,  u>  =  ue2,  U'w  =  e*U'w,  and  A  =  ±a  (depending  on  the  sign  of  Real  (a)),  and 

Cl  =  ( aU l)  2/3 .  For  a  discrete  mode,  it  has  to  be  Ei3  (a)  =  0,  and  Eq.  (2.240)  leads 

to  the  dispersion  relation  as  follows: 


Ai’ (Cl)  _  (taCC) 1/3 

Io-hiCl)  (I % )2 

oo  n  (2.241) 

/0  =  yAi(C)dC  =  i;  h  (Cl)  =  y Ai (0 <K 
o  o 
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One  can  find  that  the  dispersion  relation  is  equivalent  to  the  one  presented  in  [Ter81]. 
With  the  help  of  the  asymptotic  results  for  vectors  Zj  and  Z3,  we  can  find  from  (2.232)  the 
velocity  components  and  pressure  perturbations  for  the  discrete  mode  in  the  viscous  sublayer 
as  follows 

Aq  =  Zj  —  ^-^Z3  (2.242) 

*13  (0) 

where  a  has  to  be  found  from  Eq.  (2.241).  Explicitly,  the  velocity  and  pressure  perturbations 
of  the  discrete  mode  in  the  main  order  of  magnitude  are  recast  in  the  lower  deck  as  follows 


or 


1  - 


/Ai  (C)rfC 

oo 

/Ai(C)dC 


-3  4  r-T,  iot  iuj\  A  (iaU^)2/3  (  ,  / 

£  «  =  -t£^»S-*r  +  -3-  +  -r^ - —  Ai  (0  —  C  /  Ai  (r?)  dr] 

/Ai«)<«c'  J 


£  2p  =  1 


(2.243a) 


(2.243b) 

(2.243c) 


In  the  case  of  flow  perturbation  downstream  from  a  hump,  we  need  expressions  for  the 
pressure  modes  at  a  =  ik  (k  is  a  positive  parameter)  and  Q  =  0  (£1  =  0).  In  the  latter  case, 
the  pressure  mode  is  presented  similarly  to  Eq.  (2.230) 


A  p  =  Zi  +  C2Z2  +  C3Z3  (2.244) 

where  Zi  corresponds  to  A  =  a  =  ik  in  the  outer  layer  solution,  and  Z2  corresponds  to  the 
asymptotic  solution  with  A  =  —a  =  —ik.  The  coefficients  C2  and  C3  are  determined  from 
the  no-slip  condition.  Because  we  are  going  to  consider  the  pressure  modes  in  the  steady 
case,  O  =  0,  we  arrive  at  the  equations 


c2^-c3\{iau:y1/3  =  ^, 

a  3  v  7  a 

(2.245a) 

-C2ia  +  C3  (iaU^)1/3  Ai'  (0)  =  ia 

(2.245b) 

as  follows: 

3tC  (iaUi)1/3  Ai'  (0)  +  ia2  {iaU'w)~m 

W'w  (iaUi)1/3  Ai'  (0)  -  ia 2  (mt7;)“1/3 

(2.246) 

Finally,  the  pressure  perturbation  in  the  viscous  sublayer  (corresponding  to  the  pressure 
mode)  can  be  presented  as 


£  2pw  =  l  +  C2  =  — 


a  [^—4  +  q27-4/3  (iaU'J) 
7=  (— 3Ai'  (0))3/4  =  0.8272 


■5/3 


(2.247) 
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For  a  discrete  mode,  the  adjoint  problem  solution  can  be  written  as  the  sum  of  two  funda¬ 
mental  solutions 

Bi/  =  gi  +  Z?3g3  (2.248) 

evaluated  at  a  =  au  as  a  root  of  the  dispersion  relation  (2.241);  and  where  gi  is  the  funda¬ 
mental  solution  having  in  the  outer  deck  the  asymptotic  behavior  as  ~  exp(A?/2)  (A  =  ±a), 
whereas  g3  represents  the  fundamental  solution  localized  in  the  viscous  sublayer.  The  coef¬ 
ficient  D3  can  be  found  from  the  boundary  conditions  on  the  wall. 

In  the  case  of  the  pressure  mode,  the  adjoint  problem  solution  is  a  sum  of  three  funda¬ 
mental  solutions 

Bp  =  gi  +  £*2g2  +  (2.249) 

where  gi  corresponds  to  A  =  a  =  ik  in  the  outer  deck  solution,  g2  corresponds  to  the 
asymptotic  solution  with  A  =  —a  =  —ik,  and  g3  stands  for  the  fundamental  solution  localized 
in  the  viscous  sublayer.  The  coefficients  D2  and  D3  are  determined  from  the  wall  boundary 
condition.  Because  we  are  going  to  consider  the  pressure  modes  in  the  steady  case,  Q  =  0, 
we  arrive  at  the  equations 


92i+)  +  D29(Z~)  +  D3gg’sub)  =  0,  (2.250a) 

+  D2g[ *">  +  D3g%svb)  =  0  (2.250b) 


where  ^2i±)  are  defined  in  Eqs.  (A. 60).  The  superscripts  ‘±’  stand  for  A  =  ±<5 

respectively,  whereas  the  superscript  'sub ’  stands  for  the  solution  (A. 61)  corresponding  to 
g3.  After  substituting  the  solutions  into  Eqs.  (2.250),  one  can  obtain  the  algebraic  system 
of  equations  in  the  following  form: 


- ^-Bi  (0)  H-  1  -H  Z}2 — -^-Bi  (0)  4-  Z)2  -b  Z23Ai  (0)  =  0, 

o  o 

^Bi'  (0)  -  D2~-Bi'  (0)  -  D3 Ai'  (0)  =  0, 


(MOL) 

[u'wy 


(2.251a) 

(2.251b) 

(2.251c) 


It  is  straightforward  to  find  from  (2.251)  that 


D2  =  — C2 


(2.252) 


where  C2  is  defined  in  Eq.  (2.246). 

The  receptivity  problem  solution  in  the  triple-deck  limit 
Two-dimensional  hump 

In  the  case  of  a  hump  {Q  =  0),  there  are  no  downstream  discrete  modes.  The  solution  will 
be  represented  by  the  continuous  spectrum.  Moreover,  because  the  vorticity  modes  are  not 
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presented  in  the  triple-deck  limit,  we  have  to  analyze  pressure  modes  only.  For  the  purpose 
of  brevity,  we  consider  only  pressure  perturbation  on  the  wall  that  can  be  easily  evaluated 
within  the  triple-deck  theory. 

The  pressure  perturbation  on  the  wall  corresponding  to  the  pressure  mode  was  found  in 
Eq.  (2.247).  This  result  has  to  be  multiplied  by  the  receptivity  coefficient 


_3  2t Thp{a)r-T,  5 

£  - S - Uw&al 


Qj 


Pw 


y=0 


(2.253) 


where  h  =  h/s5,  p  =  p/s:3,  BajX  =  Bajl/e,  and  Qj  =  Qj/e2]  pw  stands  for  the  pressure 
perturbation  corresponding  to  the  eigenfunction  of  the  pressure  mode  and  evaluated  on  the 
wall  [Eq.  (2.247)].  Therefore,  the  induced  pressure  on  the  wall  is  recast  as  follows: 


£~2Pw  =  — 


Anhp  («)  U'wBa  lw 


aQj 


~i  +  «27 


-4/3 


{iaU’wy5/3} 


(2.254) 


The  next  step  is  to  find  the  asymptotic  expressions  for  BaXw  and  Qj.  One  can  find  from  the 
fundamental  solutions  in  the  lower  deck  (A. 60) 


Balw  =  S.-D2^=S.(l  +  C2) 


(2.255) 


The  coefficient  Qj  in  the  orthogonality  condition  (2.234)  for  the  continuous  spectrum  can 
be  found  with  the  help  of  the  asymptotic  solutions  outside  the  boundary  layer  (in  the  upper 
deck)  [Tum03]. 

Qj  =  7r  [D2  (H2 Zx,  Y2)  +  C2  (H2Z2,Y1)}(outerdeck)  (2.256) 

In  the  outer  deck,  one  can  use  the  explicit  form  of  the  matrix  H2  and  fundamental  solutions 
to  arrive  at  the  following  result 


Qj  =  %  =  47 nC2 


(2.257) 


Finally,  the  pressure  perturbation  on  the  wall  due  to  the  hump  is  found  from  Eq.  (2.254)  as 
follows: 

2 ihp  (a)  €3  1 


e  2PW  (a)  = 


a  [-5  +  a27_4/3  5/3j  ^  +  a27-4/3  ( iaU'w )  5/3j 

ihp{oi)£z  ihp  (a)e3 


(2.258) 


[-|  +  a2 7"4/3  (*a^)'5/3]  [|  +  a27"4/3  (iaUi)~5/3] 


where  a  =  ik.  In  accordance  with  the  solution  (2.235),  we  have  to  integrate  (2.258)  with 
respect  to  k  =  k/e 3  =  — ia/s 3.  Therefore,  the  pressure  perturbation  in  the  physical  space 
may  be  found  as  the  following  integral 


e~2Pw(x  3)=  f 

a=iO 


hp  (a)  el°X3 


hf)  (a)  el*X3 


k  [-|  +  c*27“4/3  (i(xU'w)  5/3]  [|  +  a27-4/3  (i(xU'w)  5/3 


>  da 


(2.259) 
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Figure  2.107:  Paths  of  integration  leading  to  transformation  of  Eq.  (2.261)  to  Eq.  (2.259). 


This  result  was  found  as  the  triple  deck  limit  of  the  solution  derived  with  the  help  of  the 
biorthogonal  eigenfunction  system,  and  we  are  going  to  show  that  it  is  identical  to  the  result 
obtained  from  the  triple-deck  theory. 

In  the  case  of  a  2D  hump,  one  can  find  from  [SSB77]  (as  the  2D  limit  of  the  3D  solution). 


e  Pw  ( a )  = 


/j{a) 


-]a|  +  a2!-473  faK)  5/3 

The  inverse  Fourier  transform  might  be  found  as  the  following  integral: 

p  (a)  eiaX3 


+oo  0 

-2 


/ 


e~  Pw  (a)  eiaX3da 


f  [  x  +  a 


— oo  [a 
+oo 


+ 


27-4/3  (iaU'w)  “5/3 

p  (a)  eiaX3 


da 


f _ pjfi 

l  |-i  +  Q!27-4/3  (iaU'w\ 


-5/3 


da 


(2.260) 


(2.261) 


The  two  integrals  on  the  right-hand  side  of  Eq.  (2.261)  can  be  recast  as  integrals  along 
the  imaginary  axis  by  closing  the  paths  of  integration  as  shown  in  figure  2.107,  and  one  can 
arrive  at  the  conclusion  that  (2.261)  is  identical  to  (2.259)  at  h  =  1. 


Two-dimensional  actuator 


In  the  case  of  an  unsteady  actuator,  we  are  interested  in  the  amplitude  of  a  discrete  mode 
(Tollmien-Schlichting  wave).  The  pressure  perturbation  on  the  wall  follows  from  Eq.  (2.239) 


Pw=  2-hpQ{-]  (U'wBal-iuBa3) 


Pu 


y=0 


(2.262) 
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where  pw  stands  for  the  pressure  perturbation  corresponding  to  the  eigenfunction  of  the 
discrete  mode  and  evaluated  on  the  wall.  Taking  into  account  the  difference  in  the  definition 
of  vector  Aa  in  Eq.  (2.242)  of  the  present  work  and  in  Eq.  (21)  of  [TA97],  one  can  derive 
from  Eq.  (2.262)  (with  the  help  of  Eqs.  (27)  and  (28)  of  [TA97])  the  following  result  for 
pressure  perturbation  on  the  wall 


_  2nihp(a)  .  , 

a,  =  — nr-  +  luJz™iv=oPv 

da 


(2.263) 


After  taking  into  account  solutions  in  the  viscous  sublayer,  we  arrive  at  the  following  result 

2mhp(a)  r_  _ 


£~2Pw  = 


dE  i3 
da 


[*33  U'w  +  ^213]  y=0 


With  the  help  of  explicit  solutions  on  the  wall, 


Z\i  (0)  =  — 


ULX 


a 


,2  » 


_  /  ia  icuX\ 

2i3(0)  =  (iaUi)~1/3  J  Ai  (rj)  dr], 

OO 

(mtC)1/3 


233  (0)  = 


UL 


Ai'  (ft)  -  ft  J  Ai  (7/)  dt] 


where  eigenvalue  a  has  to  be  found  from  Eq.  (2.241),  one  can  find 
[233^  +  ^213]y=0  =  («*£/;) 1/3  Ai'  (n) , 


9Ei 3  2 i  /._-;v -1/3 


U  _ 

2  J  Ai  (0  d(  -  nAi  (ft)  (1  - 


da  Wi 

Substituting  these  results  into  Eq.  (2.264)  yields 

3irhp  (a)  U'w  (iaU'w)V3  Ai'  (ft) 


£~2Pw  = 


2  (7o  —  h)  +  ftAi  (ft)  ^1  —  ) 


(2.264) 


(2.265a) 

(2.265b) 

(2.265c) 

(2.265d) 


(2.266a) 


(2.266b) 


(2.267) 


For  positive  frequency  (u  >  0),  the  discrete  mode  has  Real  (a)  <  0,  and  we  have  to  choose 
A  =  a.  One  can  find  that  the  result  (2.267)  is  the  same  as  in  [Ter81]. 
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Conclusion 

By  consideration  of  two  examples  (two-dimensional  actuator  placed  on  the  wall  and  a  two- 
dimensional  hump),  we  have  proved  that  the  receptivity  problem  solution  found  with  the 
help  of  the  biorthogonal  eigenfunction  system  is  equivalent  to  the  asymptotic  results  when 
the  triple-deck  scaling  is  assumed  and  the  Reynolds  number  tends  to  infinity 

The  biorthogonal  eigenfunction  system  allows  filtering  out  modes  of  continuous  and  dis¬ 
crete  spectra,  and  the  present  results  illustrate  how  this  technique  could  be  extended  to 
asymptotic  solutions  of  linearized  Navier-Stokes  equations. 
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Chapter  3 


Three-dimensional  wave  packets  in  a 
compressible  boundary  layer 

3.1  Introduction 

This  section  is  based  on  the  papers  published  in  collaboration  with  E.  Forgoston  and  M 
Veirgutz  [FT05,  FVT06]. 

The  transition  process  from  laminar  to  turbulent  flow  in  hypersonic  boundary  layers  has 
been  studied  for  many  years.  However,  our  understanding  of  this  phenomenon  is  still  very 
poor  compared  to  the  low  speed  case  [Res94].  Several  reasons  exist  for  this  difference.  For 
example,  experimental  conditions  are  severe  in  hypersonic  wind  tunnels.  Because  of  high 
levels  of  free-stream  noise,  it  is  difficult  to  perform  experiments  with  controlled  disturbances. 
Unlike  the  low  speed  case  [SS47],  it  is  difficult  to  design  perturbers  that  can  generate  high- 
frequency  artificial  disturbances  of  individual  modes.  Instead,  wave  trains  and  wave  packets 
are  generated.  Therefore,  interpretation  of  experimental  data  is  not  straightforward,  and  this 
issue  leads  to  the  need  for  close  coordination  between  theoretical  modeling  and  experimental 
design  and  testing  [FT03]. 

Experiments  with  controlled  disturbances  could  provide  insight  into  the  governing  mech¬ 
anisms  associated  with  hypersonic  laminar-turbulent  transition,  with  a  sharp  cone  being  a 
good  candidate  for  transition  studies  due  to  its  relatively  simple  geometry.  Several  methods 
for  excitation  of  artificial  disturbances  in  a  hypersonic  boundary  layer  are  available.  These 
methods  could  be  used  to  generate  either  two-dimensional  or  three-dimensional  wave  packets 
of  a  broad  frequency  band. 

Additionally,  due  to  advances  in  computational  fluid  dynamics,  it  is  possible  to  perform 
reliable  simulations  of  laminar-turbulent  transition.  Ma  and  Zhong  [MZ03a,  MZ03b]  and 
Zhong  and  Ma  [ZM02]  have  performed  direct  numerical  simulations  to  better  understand 
the  mechanisms  leading  to  hypersonic  boundary  layer  transition. 

Accompanying  these  experiments,  both  wind-tunnel  and  numerical,  should  be  theoretical 
modeling  and  studies  of  the  development  of  wave  packets  in  hypersonic  boundary  layers. 
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Gustavsson  [Gus79]  solved  a  two-dimensional  (2D)  initial- value  problem  for  incompress¬ 
ible  boundary  layer  flows.  Fedorov  and  Tumin  [FT03]  analyzed  a  2D  initial-value  problem 
in  a  compressible  boundary  layer.  However,  the  problem  for  three-dimensional  (3D)  wave 
packets  has  not  yet  been  considered. 

The  spatial  analysis  of  the  2D  instability  modes  in  hypersonic  flows  [Fed03a]  revealed  the 
following:  (1)  in  the  region  of  the  leading  edge,  two  discrete  modes,  Mode  F  and  Mode  S 
(we  use  Fedorov’s  [Fed03a]  terminology),  are  synchronized  with  fast  and  slow  acoustic  waves 
respectively;  (2)  at  a  downstream  location,  Mode  F  is  synchronized  with  the  entropy  and 
vorticity  waves;  (3)  further  downstream,  Mode  F  and  Mode  S  could  also  become  synchronized 
[FK01].  It  is  important  to  understand  these  features  due  to  the  role  they  may  have  in  the 
transition  process.  Later  on,  similar  features  of  Mode  F  and  Mode  S  were  seen  in  the  2D 
temporal  problem  [FT03]. 

The  objective  of  this  chapter  is  to  solve  the  initial- value  problem  for  a  three-dimensional 
wave  packet  in  a  compressible  boundary  layer  flow.  Additionally,  we  will  use  a  numerical 
example  to  illustrate  features  of  the  spectrum  that  are  associated  with  the  3D  character  of 
the  problem. 
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3.2  Initial-value  problem  for  three-dimensional  pertur¬ 
bations  in  a  compressible  boundary  layer 

Problem  formulation 

We  consider  a  three-dimensional  parallel  boundary  layer  flow  of  a  calorically  perfect  gas. 
At  the  initial  time,  t  =  0,  a  three-dimensional  localized  disturbance  is  introduced  into  the 
flow.  The  problem  is  to  describe  the  downstream  evolution  of  the  perturbation.  The  hy¬ 
drodynamic  and  thermodynamic  characteristics  of  the  flow  are  expressed  as  a  superposition 
Qs{y)  +  q(x,y,z,t ),  where  Qs  is  a  mean-flow  quantity  and  q  is  its  disturbance.  The  stream- 
wise,  normal  and  spanwise  spatial  coordinates,  given  respectively  by  x,  y,  2,  are  nondimen- 
sionalized  using  a  length  scale  L *,  and  time  is  nondimensionalized  as  L*/U *,  where  U*  is 
the  streamwise  mean  velocity  at  the  upper  boundary  layer  edge.  The  mean-flow  velocity 
components  are  referenced  to  {/*,  while  temperature,  density  and  viscosity  are  referenced  to 
their  respective  quantities  at  the  upper  boundary  layer  edge.  Pressure  is  made  nondimen- 
sional  using  the  dynamic  pressure,  p*e  ( U *)2.  We  denote  u ,  v,  and  w  to  be  respectively  the 
streamwise,  normal  and  spanwise  velocity  disturbances,  and  6 ,  7T,  p,  and  /x  to  be  respectively 
the  temperature,  pressure,  density  and  viscosity  disturbances.  The  linearized,  dimensionless, 
governing  equations  for  the  disturbances  are: 
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where  Re  is  the  Reynolds  number,  Pr  is  the  Prandtl  number,  and  7  is  the  specific  heat 
ratio.  Additionally,  r  =  2{e  +  2)/3,  m  =  2{e  —  l)/3  where  e  =  0  corresponds  to  the  Stokes 
hypothesis.  U8(y),  Ws(y ),  Ts(y ),  and  /jis(y)  are  mean  flow  profiles. 

Denoting  A  =  (u,du/dy,v,7T,  Q,dO/dy,  w,dw/dy)T  as  the  disturbance  vector  function, 
it  is  possible  to  rewrite  the  system  of  equations  (3.1a-3.1f)  in  the  following  matrix  operator 
form: 


,  dA  dA  ^  dA  tt  ^A  ^A 

dy  10  m  11 A  +  Ha  dx  +  n3dxdy  +  H4  dx- 2 

I  H  aA  I  TT  1  TT  ,  TT  d2A 

5  dz  6  dxdz  7  dydz  8  dz2 


(3-2) 


where  L0,  Hi0,  Hn,  H2,  H3,  H4,  H5,  H6,  H7  and  H8  are  8x8  matrices,  whose  non-zero 
elements  are  presented  in  the  Electronic  Physics  Auxiliary  Publication  Service  (EPAPS)  (see 
EPAPS  Document  No.  E-PHFLE6-17-005509  for  the  non-zero  elements  of  the  matrices  in 
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Eqs.  (3.2)  and  (3.8);  a  direct  link  to  this  document  may  be  found  in  the  online  articles 
HTML  reference  section;  the  document  may  also  be  reached  via  the  EPAPS  homepage 
(http://www.aip.org/pubservs/epaps.html)  or  from  ftp.aip.org  in  the  directory  /epaps;  see 
the  EPAPS  homepage  for  more  information).  At  the  initial  time,  t  =  0,  the  disturbance 
vector  is  denoted  as 


A{x,y,z,0)  =  A0(x,y,z) 

(3.3) 

The  boundary  conditions  are 

y  =  0 :  u  =  v  =  w  =  6  =  0 

2/->oo:  IAjl-^0,  (.7  =  1,..  .,8) 

(3.4) 

These  boundary  conditions  correspond  to  the  no-slip  condition  and  zero  temperature  distur¬ 
bance  on  the  wall,  and  all  disturbances  decaying  to  zero  far  outside  the  boundary  layer. 


Solution  of  the  initial-value  problem 

The  three-dimensionality  of  both  the  boundary  layer  flow  and  the  disturbance  adds  com¬ 
plexity  to  the  problem.  However,  the  problem  can  be  solved  using  a  similar  approach  to 
the  one  used  in  [FT03]  for  the  two-dimensional  wave  packet.  The  problem  is  solved  using 
a  Fourier  transform  with  respect  to  the  streamwise  coordinate,  x,  a  Fourier  transform  with 
respect  to  the  spanwise  coordinate,  z ,  and  a  Laplace  transform  with  respect  to  time,  t : 

oo  oo  oo 

Apc,p(y)  =  T  J  e~pt  J  e~,ax  J  e~'02Mx,y,z,t)dzdxdt  (3.5) 

0  — oo  — oo 


By  applying  the  transforms  given  by  Eq.  (3.5)  to  the  problem  (Eqs.  3. 2-3. 4),  we  arrive  at  a 
system  of  non- homogeneous  ordinary  differential  equations  for  the  amplitude  vector  Apap: 


d  ,T  dApaf) 

d^{u~df 


)  H - —  H10PA^  —  H10A0tt,  +  HiiApo/? 


+  faH2  ApQ/3  +  iaH3  -2 


dy 


-  afiHsApap  +  ipH7  *2 

dy 


-  a  H4ApQj3  +  ifiilsAjnp 

—  /?2H8Apa/3 


(3.6) 


where  A0ap{y)  is  the  Fourier  transform  (with  respect  to  both  x  and  z)  of  A0(x,y,z),  the 
initial  disturbance  vector.  The  solution  of  Eq.  (3.6)  satisfies  the  boundary  conditions 


y  ^  •  Apafti  Apory33  —  ApQp 5  —  Ap^p 7  —  0  .  . 

y~*  00  :  I -*■ 0  (j  =  1.  8) 

The  non-homogeneous  term  in  Eq.  (3.6)  is  the  term  containing  the  Fourier  transform  of 
the  initial  disturbance,  Aoap ■  The  remainder  of  the  terms  form  the  homogeneous  part  of 
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Eq.  (3.6).  This  homogeneous  equation  can  be  recast  as  the  following  system  of  ordinary 
differential  equations: 

^  =  HoA^  (3.8) 

where  Ho  is  an  8  x  8  matrix,  whose  non- zero  elements  axe  presented  in  EPAPS.  There  are 
eight  fundamental  solutions,  zu  ...,z8,  of  the  homogeneous  system  of  equations  given  by  Eq. 
(3.8).  Outside  the  boundary  layer  ( y  — ►  oo),  H0  is  a  matrix  of  constant  coefficients,  and  thus 
each  fundamental  solution  has  an  exponential  asymptotic  behavior  exp(A_,y),  where  Ai, ...,  As 
axe  determined  from  the  characteristic  equation 


det  ||H0  -  AI|| 


(3.9) 


For  ( y  — ►  oc),  Eq.  (3.9)  can  be  written  as 

(611  —  A2)  x  (641  —  A2)  x  [(622  —  A2)  (633  —  A2)  —  623^32]  =  0 

where 

bn  = 

64i  =  H o7  =  Hi 1  -  6„, 

u  _  tt4 2  z_r24  1  it 43  t/34  ,  z_r46  r/64  .  rr48  r/84 

022  —  n0  h0  +  n0  n0  +  h0  n0  +  n0  n0  , 

l  _  1/42  rr25  .  z_r43  rr35  ,  tt 46  rr65  ,  it 48  rr85 

O23  —  Ho  "b  ^0  ^0  "b  **0  J 

&32  = 

b33  =  Hi5 

with  H'0j  denoting  the  (i,j)  element  of  matrix  H0. 

The  roots  of  Eq.  (3.10)  are 


(3.10) 


A?, 2  =  6n  =  a2  +  p2  +  iRe  ( a  +  /3Wse  —  ip) , 

A3, 4  =  (^22  +  633)  /2  +  -J (622  ~  63s)2  +  4623632, 

l  ! -  (3.H) 

A5,6  =  (622  +  633)  /2  —  -  Y  (622  —  &33)2  +  4623632, 

A2  8  =  641  =  ex2  +  /?2  +  iRe  (a  +  /?VFse  —  zp) 

where  Wse  is  the  mean-flow  spanwise  velocity  at  the  upper  boundary  layer  edge.  The  root 
branches  are  chosen  to  have  Real(Ai,  A3,  A5,  A7)  <  0  and  we  define  a  matrix  of  fundamental 
solutions 

Z  =  || Zj , ...,  z8 1|  (3.12) 

The  non-homogeneous  system  given  by  Eq.  (3.6)  has  a  solution  expressed  in  the  form 


Apa/j  =  ZQ(y)  (3.13) 

where  the  vector  of  coefficients  Q(y)  is  found  using  the  method  of  variation  of  parameters: 


dZ  dQ  cPQ  dLo^dQ  d Q 

ZL,0~j — J b  L,0L—r-  +  — — L— h  Z/— — 

dy  dy  dy 2  dy  dy  dy 


id H3Z^  -  z/?H7Z^  =  F 
dy  dy 


(3.14) 
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where  F  =  —  (H10A0a^)-  Since  Z  is  the  matrix  of  fundamental  solutions  of  the  homogeneous 
system  of  equations,  it  follows  that  (TL/dy  =  H0Z.  Substitution  of  this  relationship  into  Eq. 
(3.14)  yields  the  system  of  equations 

2L0H0Z^  +  L0Z^  +  M  +  Z^  -  wH3Z^  -  z/?H7Z^  =  F  (3.15) 
dy  dy2  dy  dy  dy  dy  dy 

Let  us  consider  the  individual  equations  of  Eq.  (3.15).  Denoting  Zij  to  be  the  zth  component 
of  vector  Zj,  Qj  to  be  the  jth  component  of  vector  Q,  and  Fj  to  be  the  jth  component  of 
vector  F,  then  the  first,  third,  fifth,  sixth  and  seventh  equations  of  Eq.  (3.15)  are  respectively: 


II 

O 

(3.16) 

*  *  ~ Fs 

(3.17) 

(3.18) 

dQj  p 

Z6jH  ~  Fe 

(3.19) 

dQj  _ 

73  dy 

(3.20) 

The  second  and  eighth  equations  of  Eq.  (3.15)  are  respectively: 

(3.21) 

(3.22) 

Substitution  of  Eq.  (3.17)  into  Eq.  (3.21)  and  Eq.  (3.22)  leads  to  the  following  forms: 

-^  =  F2  +  iaH?Fz 


dy 

dQj 

dy 


=  F8  +  i/3H*3F3 


Zij 

Zsj 

The  fourth  equation  of  Eq.  (3.15)  is 

°L43H3i-  dQj  l  L43~  i  ~  dQj  |  dL$  dQj 

2L0  H0  z*  dy  +  L0  z3j  —  +  Zij—  +  =  F< 

By  considering  only  the  non-zero  elements  of  H$',  Eq.  (3.25)  can  be  rewritten  as 

dQj  _F4-  L$H33F3  - 


(3.23) 

(3.24) 

(3.25) 


Z^j  ■ 


dy 


1  +  LtfH34 


(3.26) 
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Therefore,  the  non-homogeneous  system  (3.15)  can  be  rewritten  as 


with 


(3.27) 


<P\  =  0, 

<A>  =  -  (H10Aoa/»)a  —  iaH™  (HioAoa^ , 

<^3  =  —  (H10A0o/3)3  , 

—  *  f  m  A  \  _L  T 43  t/33  /xj  A  I  ^  (^03  (HloA0a/j)3) 

_  1  +  t —  ltlioAott^j4+  L0  M0  (H10AoQ^)3  H - — - 

<^5  =  0, 

V^6  =  (HioAfttf).  , 

<^7  =  0, 

V?8  =  —  (HioA0q/3)8  -  t/?//?3  (HioA0a^)3 
The  formal  solution  of  Eq.  (3.27)  is  expressed  as 


A 


paP  — 


E 


(3.28) 


where  the  constants  a_,  and  ijj  are  determined  using  the  boundary  conditions  given  by  Eq. 
(3.7).  Using  properties  of  determinants,  we  obtain  the  following  solution: 
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(y  \  v 

f  dQi  ,  \  f  dQ2  , 

0,  +  /"*  *'r,+y  "^r  !,Z!+ 


oo 

y 


+  (  &5  + 


Jwd*)z'  +  jltd*,+ 


a  i  = 

a3  = 

a5  = 

a7  = 


C2  £-2357  +  C4E4357  +  C^Ee3 57  +  CgEg357 
^1357 

^2^1257  +  Q^1457  +  ^6^1657  +  ^8^*1857 

£*1357 

C2E1S27  +  ^4^1347  +  Ce£g367  +  ^8^1387 

^1357 

C2-El352  +  C4£l354  +  06^1356  +  ^8^1358 


E} 


1357 


7dQjfJi 

c>=]  wdy' 


Eijki  —  det 


Z\i 

Zij 

Z\k 

Zll 

Z3  i 

z3j 

Z3k 

Z31 

Z5i 

25 3 

Zhk 

Zbl 

Z7i 

Zjj 

Z7k 

Z71 

y=0 

(3.29b) 

(3.29c) 

(3.29d) 

(3.29e) 

(3.29f) 

(3.29s) 


Inverse  Laplace  transform 

The  inverse  Laplace  transform  of  Eq.  (3.29a)  is 


po+ioo 


A a0(y,t-a,p)  = j  A f»/j(v;p,a,/?)ep*dp 


PQ—lOO 


(3.30) 


Figure  3.1  shows  a  schematic  of  an  appropriate  integration  contour  for  the  inverse  Laplace 
transform,  which  is  determined  by  poles  (relevant  to  the  discrete  spectrum)  and  by  branch 
cuts  (relevant  to  the  continuous  spectrum). 

By  integrating  along  the  contour  shown  in  figure  3.1,  Eq.  (3.30)  can  be  written  as  a  sum 
of  integrals  along  the  sides,  7+  and  7”,  of  each  branch  cut  and  a  sum  of  residues  resulting 
from  the  poles  of  Eq.  (3.29a)  given  by  the  equation  £1357^)  =  0,  i.e. 


=  ~2i r~i  S  J  Ajx*pept dp  +  J  Apape^dp  +  J^Resn  (A^  ept) 

m  U  7~  /  " 


(3.31) 
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Figure  3.1:  Integration  contour  for  the  inverse  Laplace  transform. 
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Discrete  spectrum 


Modes  of  the  discrete  spectrum  correspond  to  poles  of  Eq.  (3.29a),  which  are  roots  of 
£1357 (p)  =  0,  where  Ei357  is  defined  by  Eq.  (3.29g).  Discrete  modes  arise  from  the  situa¬ 
tion  when  all  the  roots  of  Eq.  (3.11)  have  non- zero  real  parts  and  are  given  by  the  poles’ 
contribution  to  the  inverse  Laplace  transform,  i.e.  the  residues  shown  in  Eq.  (3.31).  These 
residues  have  the  form 


Resn(Apa/3  ept)  =  A n(y;pn,a, /3)ePnt 


(3.32) 


with 


An  =  [aizi  -h  U3Z3  4-  CI5Z5  +  a7z7]  x 


<9El357 

dp 


(3.33) 


where  o,\,  0,3,  0,5  and  0,7  are  given  by  Eqs.  (3.29b-3.29e).  If  the  eigenvalue  pn  =  —  iun  belongs 
to  the  discrete  spectrum,  then  the  associated  eigenfunction  An  decays  exponentially  outside 
the  boundary  layer  (y  — ►  00). 

To  illustrate  features  of  the  spectrum,  we  consider  a  boundary  layer  over  an  adiabatic 
sharp  cone  at  zero  angle  of  attack.  The  length  scale  is  L *  =  y/(p*ex* / p*eU* )  and  the  Reynolds 
number  is  Re  =  \J (p*U*x*/pl).  Using  the  Lees-Dorodnitsyn  transformation  [Jr. 89],  we  solve 
the  conical  problem  with  boundary  layer  profiles  for  a  flat  plate.  Accordingly,  all  conical 
results  presented  hereafter  can  be  adjusted  to  the  flat  plate  boundary  layer  by  dividing  the 
parameters  Re,  a,  0  and  u  by  y/3. 

The  standard  form  for  the  direct  problem  given  by  Eq.  (3.8)  was  used  for  the  numerical 
evaluations.  The  numerical  scheme  performs  the  integration  of  Eq.  (3.8)  for  four  fundamental 
solutions  (discrete  spectrum)  or  for  five  fundamental  solutions  (continuous  spectrum).  A 
fourth  order  Runge-Kutta  integration  method  with  constant  step  (301  points)  was  used  to 
integrate  from  outside  the  boundary  layer  ( ymax  =  25)  toward  the  wall  using  the  Gram- 
Schmidt  orthonormalization  procedure. 

When  analyzing  the  continuous  spectrum,  A;  is  a  parameter,  and  the  frequency  uj  is 
calculated  using  \2-  =  — k 2,  where  A j  are  given  by  Eq.  (3.11).  When  analyzing  the  discrete 
spectrum,  u  is  calculated  using  Newton’s  iteration  method.  This  iteration  method  depends 
on  the  initial  approach  to  u.  A  two-domain  Chebyshev  spectral  collocation  method  [Mal90] 
was  used  to  determine  the  initial  approach. 

To  maintain  consistency  with  the  2D  problem  analyzed  in  [FT03],  we  choose  the  following 
parameter  values:  M  =  5.6,  Re  =  1219.5,  Pr  =  0.7,  7  =  1.4,  e  =  0  with  an  adiabatic  wall 
and  stagnation  temperature  T0  =  470A. 

Two  discrete  modes  are  of  interest.  One  of  the  discrete  modes  will  be  referred  to  as 
“Mode  F” ,  where  “F”  stands  for  “fast” ;  this  is  the  mode  whose  phase  speed  approaches  that 
of  the  fast  acoustic  mode  as  a  — ►  0  (2D  case).  Another  discrete  mode  will  be  referred  to  as 
“Mode  S” ,  where  “S”  stands  for  “slow” ;  this  is  the  mode  whose  phase  speed  approaches  that 
of  the  slow  acoustic  mode  as  a  — >  0  (2D  case).  Even  though  in  the  3D  case,  synchronism 
with  the  fast  and  slow  acoustic  modes  as  a  — ►  0  may  no  longer  occur,  the  behavior  of  each 
Mode  curve  (3D)  is  similar  to  the  behavior  of  the  corresponding  2D  Mode  curve.  Thus,  it 
should  not  be  confusing  to  refer  to  the  3D  curves  as  “Mode  F”  and  “Mode  S” . 


163 


Mode  S:  M=5.6,  Re=1219.5,  u=0.2,  |}=0.14 


Figure  3.2:  Streamwise  velocity  disturbance  of  Mode  S. 


Mode  S:  M=5.6,  Re=1219.5.  c<=0  2,  (5=0 .14 


Figure  3.3:  Normal  velocity  disturbance  of  Mode  S. 
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Mode  S:  M=5.6,  Re=1219.5.  a=0.2,  |J=0.14 


Figure  3.4:  Spanwise  velocity  disturbance  of  Mode  S. 

As  an  example,  figures  3.2,  3.3  and  3.4  show  the  distribution  for  the  streamwise,  normal 
and  spanwise  velocity  disturbances  corresponding  to  Mode  S  for  a  =  0.2,  0  =  0.14,  with 
complex- valued  eigenvalue  u)  —  0.18291  +  *3.95  x  10-5  (this  choice  of  parameters  corresponds 
to  a  disturbance  propagation  angle  of  ip  «  35°,  where  tan  ip  =  0/a).  Figures  3.5  and  3.6 
show  respectively  the  pressure  and  temperature  disturbances  corresponding  to  this  mode. 

Continuous  spectrum 

Modes  of  the  continuous  spectrum  correspond  to  branch  cuts  of  Eq.  (3.29a).  Solutions  of 
the  continuous  spectrum  arise  from  the  situation  when  a  characteristic  number  A_,  given  by 
Eq.  (3.11)  is  purely  imaginary  (A2  =  -fc2,  k  >  0,  j  =  1,...,8).  As  in  the  two-dimensional 
case  discussed  in  [FT03],  the  first  pure  oscillatory  solution  corresponds  to  A22  =  —k2.  This 
equation,  along  with  Eq.  (3.11),  leads  to  the  following  (different  from  the  2D  case)  relation: 

Pc, i  =  —i  (a+  0Wse )  -  ( k 2  +  a2  -I-  02)  /Re  (3.34) 

As  in  the  2D  case,  this  solution  is  interpreted  as  a  vorticity  branch,  where  the  vorticity 
disturbances  are  propagating  with  a  phase  speed  of  c  =  1.  The  equation 


(f>22  —  A2)  (p33  —  A2)  —  &23&32  =  0 


(3.35) 


is  a  third  degree  polynomial  in  p  and  has  three  roots  at  A2  =  -k2.  These  roots  (pc,2,  pc,3, 
pc, 4)  were  computed  numerically  for  the  case  when  Wse  =  0  (2D  mean  flow).  Figure  3.7 
shows  the  results  for  a  =  0.2,  0  =  0.14.  The  horizontal  branch  in  figure  3.7  has  a  finite 
limiting  point  and  is  interpreted  as  an  entropy  branch,  where  the  entropy  disturbances  are 
propagating  with  a  phase  speed  of  c  =  1.  The  vorticity  branch  given  by  Eq.  (3.34)  overlaps 
the  entropy  branch.  The  upper  and  lower  branches  in  figure  3.7  are  associated  with  fast  and 

slow  acoustic  waves.  These  waves  travel  with  the  respective  phase  speeds  c  =  1±  ■ 
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Mode  S:  M=5.6?  Re=1219.5,  u=0.2,  [5=0.14 


Figure  3.5:  Pressure  disturbance  of  Mode  S. 


Mode  S:  M=5.6,  Re=1219.5.  a=0.2,  (5=0.14 


Figure  3.6:  Temperature  disturbance  of  Mode  S. 
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M=5.6,  Re=1219.5,  «=0.2,  (i=0.14 


Figure  3.7:  Branch  cuts  of  the  continuous  spectrum  in  the  complex  plane  p  =  —iu. 


The  fifth  pure  oscillatory  solution  is  an  additional  solution  not  found  for  the  2D  case.  The 
equation,  X28  =  — k 2,  along  with  Eq.  (3.11),  leads  to  the  relation: 


Pc s  =  ~i  (a+  0W.)  ~  (k2  +  a2  +  (?)  /Re  (3.36) 

Eq.  (3.36)  is  identical  to  Eq.  (3.34).  The  fifth  relation  is  also  interpreted  as  a  vorticity 
branch,  where  the  vorticity  disturbances  are  propagating  with  a  phase  speed  of  c  =  1.  The 
existence  of  two  vorticity  modes  reflects  the  three-dimensionality  of  the  perturbations. 

As  in  the  2D  case,  it  is  possible  to  find  compact  forms  for  the  solutions  of  the  various 
regions  of  the  continuous  spectrum.  Using  a  similar  technique  to  that  used  in  [FT03],  we 
denote  one  side  of  each  branch  cut  as  *+’  and  the  other  side  of  the  branch  cut  as  ’  in 
accordance  with  the  asymptotic  behavior  of  the  type  of  disturbance  being  considered.  By 
relating  z+  to  zj  and  dQj  /dy  to  dQ~/dy,  the  integrals  along  the  branch  cut  sides  7+  and 
7_  can  be  written  as  one  integral  of  the  difference  -  A^. 

Solutions  for  the  acoustic  waves  include  five  fundamental  vector  functions,  three  of  which 
decay  outside  the  boundary  layer,  and  two  of  which  oscillate  as  e±tky.  A^,  —  A^  can  be 
written  solely  in  terms  of  the  functions  on  the  “+’  side  of  the  branch  cut  as 


A  +  _ 


-f-S 

\Ev 


^*2^1275 


+ 


^‘3^1753  .  £4-^1754 


1753^1754 


E 


1753^1754 


E1753E 


+ 


^6^1756 


+ 


1753^1754 


>1753^1754 


^8^7185 

£'1753^1754 


(£*573421  +  E\  754Z3  +  £7153Z4+  £7134Z5  +  £l534Z7) 


(3.37) 

The  horizontal  branch  cut  in  the  2D  case  has  a  region  of  overlapping  vorticity  and  entropy 
disturbances.  The  remainder  of  the  branch  cut  is  a  region  of  vorticity  disturbances.  In  the  3D 
problem,  the  entire  branch  cut  contains  a  region  of  overlapping  vorticity  modes,  and  there 
is  a  region  of  the  branch  cut  that  has  entropy  disturbances  overlapping  the  two  vorticity 
modes. 
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In  the  region  of  overlapping  vorticity  modes,  there  is  an  uncertainty.  There  are  six 
fundamental  solutions  (four  oscillating  and  two  decaying)  in  this  region;  however,  this  number 
of  fundamental  solutions  is  larger  than  is  needed  to  satisfy  the  boundary  conditions.  This 
difficulty  is  resolved  using  the  technique  described  above  in  obtaining  Eq.  (3.37).  The 
solution  can  be  expressed  as  a  sum  of  two  stand-alone  vorticity  modes  as  follows 


At*0  ~  Apa3  -  Ac,l  +  Ac,5 


(3.38) 


where 


cl  =  ( 


Ci  ^1753  C2E2753  +  C4 £4753  ^  C6 £6753  C3E3733  \  ^ 

E1753E2753  E1753E2753  £l 753  £2753  £l 753  £2753  £l 753  £'2753  / 


(£2753*1  —  £l753z2  +  £l275z3+  £l723z5  +  £1233X7) 


and 


c,s  U* 


cl  £l253  ^-4  £5234  Qs  £2563  |  C7  £7253  Cg  £8253  \  ^ 

2753  £2853  £2753  £2853  £2753  £2853  £2753  £2853  £2753  £2853  / 


(£785322  +  £278523  —  £278325—  £2853  27  +  £275328) 


(3.39) 


(3.40) 


Both  Eq.  (3.39)  and  Eq.  (3.40)  satisfy  the  boundary  conditions  on  the  wall. 

In  the  region  of  three  overlapping  modes  (two  vorticity  and  entropy),  there  also  exists 
an  uncertainty.  There  are  seven  fundamental  solutions  in  this  region  (six  oscillating  and 
one  decaying).  Again,  this  number  of  fundamental  solutions  is  larger  than  is  needed  to 
satisfy  the  boundary  conditions.  This  difficulty  is  resolved  using  the  technique  described 
above  in  obtaining  Eq.  (3.37),  and  since  the  region  of  three  overlapping  modes  has  not  been 
encountered  before,  we  shall  show  the  derivation  of  the  solution.  In  this  overlapping  region, 
we  denote  one  side  of  the  branch  cut  as  '+’  and  the  other  side  of  the  branch  cut  as  in 
accordance  with  the  asymptotic  behavior: 


z+  ~  eiky,  zf  ~  e~iky,  z%  ~  t~iky, 

Zj  ~  e,ky,  zj  ~  e*3*',  Z3  ~  eA3y, 
zj  ~  e x>y,  Z4  ~  e x*y,  Z5  ~  eik'y, 

Z5  ~  e~ikiy,  z+  ~  e~ikiy,  zg  ~  eifciy, 

z+  ~  e<fcy,  zf  ~  e-ifcy,  z+  ~  e~iky,  Zg  ~  e<fey 


(3.41a) 

(3.41b) 

(3.41c) 

(3.41d) 

(3.41e) 


where  k  and  fc]  are  real,  positive  parameters,  and  A3>4  are  given  by  Eq.  (3.11).  It  is  possible 
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to  obtain  the  relations 


z,  —  zj ,  z2  —  zf ,  z3  —  z3  ,  z4  —  Z4  , 

Z5  =  z6  ,  Z6  =  Z5  ,  Z7  =  Zg  ,  Zg  =  Z+ , 

dQi  d,Qi +  (IQ2  dQ  1 + 


dy 

dy 

’  dy 

dy  ’ 

dQs 

_  dQi  + 

dQi~ 

dQ3  + 

dy 

dy 

’  ~dy 

dy  ’ 

dQs 

=  dQe  + 

dQe 

dQ5  + 

dy 

dy 

’  dy 

dy  ’ 

dQ? 

=  dQj* 

dQs 

+ 

00 

O* 

1 

dy 

dy 

’  dy 

dy  ’ 

(3.42a) 

(3.42b) 

(3.42c) 

(3.42d) 

(3.42e) 

(3.42f) 


The  integrals  along  the  branch  cut  sides  7+  and  7  can  be  written  as  one  integral  of  the 
difference 


OO 


(3.43) 

After  substitution  of  the  relations  given  in  Eqs.  (3.41a-3.41e)  and  (3.42a-3.42f),  simplification 
leads  to  the  following  expression 


Apa/?  -  Apa/J  =  (4  +  4)  4  ”  (4  +  «1  )  Z2  +  («3  “  °'3  )  Z3  +  (4  +  4)  Z. 

—  (a5  +  4)  Z6  +  (4  "b  4)  Z7  —  (4  ~b  a7  )  Z8 

Equation  (3.44)  can  be  expressed  in  the  compact  form 

Apa/?  “  Apa/J  =  Ac,l  +  Ac,2  +  Ac,5 


(3.44) 


(3.45) 
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FA  Mode:  M=5.6,  Re=1219.5,  «=0.2,  (1=0.14 


Figure  3.8:  Streamwise  velocity  disturbance  of  the  acoustic  mode  -  (a)  slow  (b)  fast. 


where  Ac,i  and  ACi5  are  given  by  Eqs.  (3.39)  and  (3.40)  and  with 

Cl  -ft  1283  C4E2S34 


-( 


^5^2853  ^  ^6^2863  C7&2783  \ 

£*2853^2863  -^2853  ^2863  ^2853^2863  -^2853^2863  ^2853^2863  / 

(^8563Z2  +  ^2856Z3  +  £*286325  —  £2 853Z6  —  £*256328) 


(3.46) 


Each  term  in  Eq.  (3.45)  satisfies  the  boundary  conditions  on  the  wall  and  can  be  inter¬ 
preted  as  a  stand-alone  mode. 

As  an  example,  figures  3.8  and  3.9  show  the  distribution  of  the  streamwise  and  spanwise 
velocity  for  both  slow  and  fast  acoustic  disturbances. 
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FA  Mode:  M=5.6,  Re=1219.5,  a=0.2,  (5=0.14 


Figure  3.9:  Spanwise  velocity  disturbance  of  the  acoustic  mode  -  (a)  slow  (b)  fast. 
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Summary 

We  can  now  express  the  inverse  Laplace  transform  given  by  Eq.  (3.31)  as 

5  00 

AQ0(y,t;a,p)  =  J  Ac,m(y- k,a,0)ep'-m{k)t^j^dk+  ]T  An{y,pn,a,0)ePnt 

m=  1  q  n 

(3-47) 

where  rn  =  1  corresponds  to  one  vorticity  wave,  with  pcj  and  ACji  given  by  Eqs.  (3.34) 
and  (3.39)  respectively;  rn  =  2  corresponds  to  the  entropy  wave,  with  pc>2  and  ACi2  given  by 
Eqs.  (3.35)  and  (3.46)  respectively;  rn  =  3,4  correspond  to  slow  and  fast  acoustic  waves, 
with  Pc, 3,4  and  ACi3  4  given  by  Eqs.  (3.35)  and  (3.37)  respectively;  rn  =  5  corresponds  to  the 
second  vorticity  wave,  with  pc,5  and  Ac>5  given  by  Eqs.  (3.36)  and  (3.40)  respectively;  pn  is 
a  root  of  Ei3s7(p)  =  0,  and  An  is  given  by  Eq.  (3.33). 

Biorthogonal  system  of  eigenfunctions 

Following  [SG81],  it  is  possible  to  express  a  solution  of  the  initial- value  problem  (Eq.  (3.47)) 
as  an  expansion  in  the  biorthogonal  eigenfunction  system  {AW,BU},  where  the  vector  Aw 
is  a  solution  of  the  direct  problem  and  the  vector  Bw  is  a  solution  of  the  adjoint  problem. 
There  is  an  orthogonality  relation  associated  with  the  biorthogonal  eigenfunction  system. 
This  orthogonality  relation,  along  with  the  Fourier  transform  of  the  initial  data,  can  be 
used  to  compute  the  coefficients  associated  with  each  of  the  discrete  and  continuous  modes. 
Further  details  can  be  found  in  B.l. 

Synchronism  of  Mode  S  and  Mode  F  with  acoustic  waves 

In  the  2D  problem,  Mode  S  and  Mode  F  are  synchronized  respectively  with  the  slow  and 
fast  acoustic  modes  for  a  wave  number  o:  — »  0.  Figure  3.10  shows  numerical  results  for 
eigenvalues  uT  of  Mode  F  for  a  fixed  choice  of  spanwise  wave  number  0.  Included  in  figure 
3.10  are  lines  of  constant  phase  speed.  One  of  these  is  a  line  of  phase  speed  c  =  1,  the  speed 
at  which  the  entropy  and  vorticity  disturbances  travel.  The  other  lines  are  associated  with 
fast  acoustic  modes  (FA  Mode)  and  slow  acoustic  modes  (SA  Mode)  for  0  =  0.0001  (2D) 

and  0  =  0.1601.  The  fast/slow  acoustic  waves  travel  with  phase  speed  c  =  1  ± 

Figure  3.10  shows  that  Mode  F  for  both  0  =  0.0001  and  0  =  0.1601  is  a  subsonic  disturbance 
relative  to  the  free  stream  for  a  <  0.37  and  is  a  supersonic  disturbance  relative  to  the  free 
stream  for  a  >  0.37.  Furthermore,  although  it  is  not  shown  in  any  figure,  these  disturbances 
are  everywhere  decaying.  To  obtain  a  clearer  picture  of  what  is  occurring  at  the  lower  wave 
numbers,  figure  3.11  shows  a  section  of  figure  3.10. 

As  can  be  seen  in  figure  3.11,  just  as  Mode  F  at  0  =  0.0001  is  synchronized  with  the 
0  =  0.0001  fast  acoustic  mode  at  a  wave  number  a  <  0.1,  Mode  F  at  0  =  0.1601  is 
synchronized  with  the  0  =  0.1601  fast  acoustic  modes  at  a  wave  number  a  <  0.1. 

Figure  3.12  shows  numerical  results  for  eigenvalues  ujt  of  Mode  S  for  a  fixed  choice  of 
spanwise  wave  number.  Also  included  in  figure  3.12  are  lines  of  constant  phase  speed  for 
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Mode  F:  M=5.6,  Re=1 219.5 


Figure  3.10:  Eigenvalues  for  Mode  F  for  (3  =  0.0001  and  (3  =  0.1601. 


Mode  F:  M=5  6,  Re=1219.5 


Figure  3.11:  Figure  3.10  at  low  wave  number. 
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Figure  3.12:  Eigenvalues  for  Mode  S  for  /3  =  0.0001  and  (3  =  0.1601. 


ModeS:  M=5.6,  Re=1219.5 


ModeS:  M=5.6,  Re=1219.5 


Figure  3.13:  Figure  3.12  at  low  wave  number. 
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the  FA  Mode  and  SA  Mode  for  0  =  0.0001  and  0  =  0.1601.  The  two  Mode  S  curves  are 
virtually  overlapping.  In  order  to  gain  a  clearer  view  of  what  is  occurring  at  the  lower  wave 
numbers,  figure  3.13  shows  a  section  of  figure  3.12. 

In  contrast  to  Mode  F,  figure  3.13  clearly  shows  that  Mode  S  for  both  choices  of  0  is 
asymptotically  approaching  the  SA  Mode  for  0  =  0.0001.  We  have  observed  this  behavior 
at  every  choice  of  0  that  we  have  checked.  Even  though  Mode  S  for  various  choices  of  0 
(3D)  approach  the  SA  Mode  for  0  =  0.0001,  there  is  no  synchronism  between  the  two.  The 
primary  synchronism  of  Mode  S  with  acoustic  waves  for  a  <  0.1  is  two-dimensional  (2D 
Mode  S  with  the  2D  SA  Mode). 

Synchronism  of  Mode  F  with  entropy  and  vorticity  waves 

Figure  3.14  shows  eigenvalues  of  Mode  F  for  xp  =  0°  and  ip  =  60°.  One  can  see  that  for 
xp  =  0°,  Mode  F  is  subsonic  relative  to  the  free  stream  for  a  <  0.35  and  is  supersonic  relative 
to  the  free  stream  for  a  >  0.35.  However,  for  xp  =  60°,  Mode  F  is  subsonic  relative  to  the 
free  stream  for  this  entire  range  of  a.  It  can  also  be  seen  that  Mode  F  for  both  angles  of 
disturbance  propagation  is  everywhere  decaying. 

Furthermore,  figure  3.14  shows  the  synchronism  between  the  2D  Mode  F  and  the  entropy 
and  vorticity  modes  of  the  phase  speed  c  =  1.  In  the  2D  case,  as  the  discrete  mode  coalesces 
with  the  continuous  spectrum  from  one  side  of  the  branch  cut,  it  reappears  on  the  other  side 
at  another  point.  Mathematically,  the  pole  associated  with  Mode  F  approaches  one  side  of 
the  branch  cut  on  the  complex  p  plane.  At  the  same  time,  another  pole,  located  on  the  lower 
Riemann  sheet,  approaches  the  branch  cut  from  the  opposite  side.  As  the  pole  on  the  plane 
coalesces  with  the  branch  cut,  it  moves  to  the  upper  Riemann  sheet,  while  simultaneously, 
the  pole  that  was  on  the  lower  Riemann  sheet  moves  into  the  complex  p  plane  at  another 
point  [FT03].  This  leads  to  a  jump  in  As  the  angle  increases,  the  synchronism  continues, 
but  the  jump-size  decreases,  until  it  is  seen  that  for  xp  =  60°,  there  is  neither  a  synchronism, 
nor  a  jump  in  a;*,  at  least  for  this  interval  of  wave  number  a.  Figure  3.15  shows  contours  of 
Ui  in  the  a  —  0  wave  number  plane.  One  can  see  the  jump  location  for  choices  of  a  and  0. 
Also  plotted  in  the  figure  is  a  small  region  bounding  the  branch  cut.  This  region  is  denoted 
by  the  dashed  lines.  We  have  done  this  in  lieu  of  plotting  the  branch  cut,  since  the  branch 
cut  plot  obscures  the  jumps  in  u It  is  clear  that  the  discontinuity  of  is  associated  with 
the  synchronism  of  Mode  F  and  the  entropy  and  vorticity  waves.  For  large  values  of  /?,  it 
appears  that  no  jump  is  seen  in  figure  3.15  at  the  location  of  the  branch  cut.  A  jump  does 
in  fact  exist,  but  the  size  of  the  jump  is  small  enough  so  that  it  cannot  be  seen  on  the  scale 
of  this  figure. 

By  plotting  lines  of  constant  angle,  it  is  seen  that  the  synchronism  between  Mode  F  and 
the  entropy  and  vorticity  waves  vanishes  for  large  enough  angles. 

Synchronism  of  Mode  S  with  Mode  F 

Figure  3.16  shows  the  eigenvalue  curves  for  Mode  S  and  Mode  F  for  xp  =  30°.  The  Mode 
S  curve  given  by  the  imaginary  part  of  the  eigenvalue  u \  contains  two  regions  of  instability. 
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Mode  F:  M=5.6,  Re=1219.5 


Mode  F:  M=5.6.  Re=1219.5 


Figure  3.14:  Eigenvalues  for  Mode  F  for  ij)  =  0°  and  ip  =  60°. 
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Figure  3.15:  Contours  of  u>i  in  the  a  —  /3  plane. 


The  unstable  region  located  at  o  =  0.12  is  equivalent  to  Mack’s  first  mode.  The  unstable 
region  located  at  a  =  0.26  is  equivalent  to  Mack’s  second  mode.  Further  details  regarding 
the  relation  between  Mode  S  and  Mode  F  and  Macks  acoustic  modes  can  be  found  in  the 
Discussion  paragraph.  The  range  of  t*  is  extended  to  a  =  0.5  in  order  to  show  the  decaying 
behavior  of  both  Mode  S  and  Mode  F  for  larger  values  of  a. 

In  the  2D  case,  Mode  F  is  synchronized  with  Mode  S.  This  synchronism  is  indicative  of 
the  fact  that  the  discrete  spectrum  has  a  branch  point  at  a*  in  the  complex  a  plane.  True 
synchronism  (Mode  S  and  Mode  F  have  the  same  value  of  u k  as  well  as  the  same  value  of 
ur)  occurs  at  a*,  which  may  have  a  different  real  part  from  where  Mode  S’s  value  of  uT  is 
equal  to  Mode  F’s  value  of  uiT.  At  values  of  a  >  a*,  the  disturbance  spectrum  branches 
out:  Mode  S  becomes  unstable  while  Mode  F  becomes  more  stable  (the  topological  pattern 
may  be  sensitive  to  the  mean  flow  parameters,  such  as  Mach  number,  Prandtl  number  and 
temperature  factor;  further  details  can  be  found  in  [FK01]). 

As  seen  in  figure  3.16,  this  Mode  S  instability  continues  for  a  disturbance  propagating  at 
ip  =  30°  (near  a  ~  0.23).  For  larger  angles,  though,  even  though  there  is  still  synchronism 
between  Mode  S  and  Mode  F,  the  synchronism  is  no  longer  accompanied  by  a  Mode  S 
instability.  This  behavior  can  be  seen  for  a  disturbance  propagating  at  xp  —  45°  in  figure 
3.17.  Even  though  it  cannot  be  seen  in  figure  3.17,  plots  of  the  pressure  disturbance  indicate 
that  there  is  a  switch  from  the  Mack  first  mode  to  the  Mack  second  mode.  However,  for  this 
disturbance  propagation  angle,  there  is  no  amplified  Mack  second  mode. 
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Mode  F  and  Mode  S:  M=5.6,  Re=1219.5 


Mode  F  and  Mode  S:  M=5.6,  Re=l219.5 


Figure  3.16:  Eigenvalues  for  Mode  F  and  Mode  S  for  ip  —  30°. 
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Mode  F  and  Mode  S:  M=5.6,  Re=1219.5 


Figure  3.17:  Eigenvalues  for  Mode  F  and  Mode  S  for  tp  =  45°. 
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Mode  F  and  Mode  S:  M=5.6,  Re=1219.5 


a 


Figure  3.18:  Eigenvalues  for  Mode  F  and  Mode  S  for  xp  =  60°. 

In  figure  3.18,  one  can  see  that  at  even  higher  angles  of  disturbance  propagation,  there  is 
no  synchronism  between  Mode  S  and  Mode  F.  Additionally,  at  this  angle,  the  Mode  S  curve 
consists  entirely  of  the  Mack  first  mode. 

Discussion 

In  order  to  avoid  confusion,  we  now  discuss  Mack’s  [Mac69,  Mac84]  results  and  how  they 
relate  to  Mode  S  and  Mode  F.  Mack  first  considered  inviscid  perturbations  and  computed 
eigenvalue  curves  or  families  for  various  choices  of  parameters.  Each  of  these  families  contains 
an  unstable  region  corresponding  to  one  of  the  higher  Mack  modes  (first  mode,  second  mode, 
third  mode,  etc.),  and  each  amplification  rate  curve  represents  a  distinct  discrete  mode. 
Using  asymptotic  analysis,  [GF89]  also  captured  the  feature  that  each  amplified  first  mode, 
second  mode,  etc.  represents  a  separate  solution. 
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Mack  then  considered  viscous  perturbations  and  computed  families  of  eigenvalues  for 
finite  Reynolds  numbers  and  compared  the  eigenvalue  curves  with  the  inviscid  ones.  For 
one  of  Mack’s  choices  of  parameters,  there  were  two  “separate  inviscid  amplification  rate 
curves  for  the  first  and  second  modes”  (page  12-24  of  [Mac69])  (i.e.  two  inviscid  normal 
modes),  but  “only  a  single  amplification  rate  curve  at  the  finite  Reynolds  number  shown” 
(page  12-24  of  [Mac69])  (i.e.  one  viscous  normal  mode).  This  one  viscous  solution  was 
comprised  of  both  the  first  mode  and  the  second  mode.  This  viscous  family  is  analogous  to 
the  Mode  S  mentioned  in  prior  sections.  Mode  S  in  our  analysis  is  a  single  discrete  mode 
that  corresponds  to  a  single  pole  in  the  complex  p  plane.  Furthermore,  Mode  S  is  comprised 
of  Macks  amplified  first,  second  and  possibly  higher  modes. 

Additionally,  Mack  explained  how  “the  inviscid  solutions  are  to  be  the  Re  — ►  oo  limit 
of  the  viscous  solutions”  (page  12-25  of  [Mac69])  through  “the  existence  of  multiple  viscous 
solutions”  (page  12-25  of  [Mac69]).  For  the  Reynolds  number  of  his  example,  this  additional 
viscous  solution  is  damped,  and  it  is  analogous  to  the  Mode  F  mentioned  in  prior  sections. 
We  would  like  to  point  out  that  [MZ03a,  MZ03b]  and  [ZM02]  refer  to  Mode  F  as  Mode  I 
and  refer  to  Mode  S,  not  as  a  single  family,  but  rather  to  the  parts  that  comprise  the  family 
(Mack’s  first  mode,  second  mode,  etc.). 

Mack  used  a  nomenclature  for  these  viscous  families  that  was  based  on  his  inviscid  nomen¬ 
clature.  However,  at  the  time,  the  receptivity  problem  was  not  understood,  and  the  decom¬ 
position  of  the  solutions  of  the  linearized  Navier-Stokes  equations  had  not  been  developed. 
We  therefore  suggest  keeping  the  terminology  corresponding  to  the  normal  mode  analysis. 
The  normal  modes,  Mode  S  and  Mode  F,  are  represented  by  separate  poles  in  the  complex 
plane,  and  they  may  be  synchronized  with  slow  and  fast  acoustic  waves  at  a  wave  number 
a  — ►  0. 

Conclusions 

In  this  Section  we  solve  the  three-dimensional  initial-value  problem  for  disturbances  propa¬ 
gating  in  a  compressible  boundary  layer  in  the  parallel  flow  approximation.  After  resolving 
the  issue  with  overlapping  branch  cuts,  we  showed  that  the  solution  can  also  be  expressed  as 
an  expansion  in  a  biorthogonal  eigenfunction  system.  A  numerical  example  that  is  used  to 
investigate  the  spectrum  of  three-dimensional  disturbances  in  a  two-dimensional  high  speed 
boundary  layer  flow  leads  to  the  following  conclusions: 

1.  Mode  S  and  Mode  F  are  eigenvalue  curves  that  correspond  to  separate  solutions. 
Mathematically,  each  curve  is  the  trajectory  of  a  single  pole  in  the  complex  p  plane. 

2.  Mode  S  contains  regions  of  Mack  first  and  second  modes.  Our  results  are  consistent 
with  Mack’s  [Mac69,  Mac84]  in  so  far  as  the  Mode  S  region  comprised  of  Mack’s  second 
mode  is  most  unstable  to  2D  disturbances,  and  the  Mode  S  region  comprised  of  Mack’s  first 
mode  is  most  unstable  to  a  3D  disturbance. 

3.  The  discrete  spectrum  can  change  dramatically  depending  on  the  angle  of  the  distur¬ 
bance  propagation. 

4.  Eigenvalue  plots  for  choices  of  fixed  spanwise  wave  number,  /?,  show  that  the  synchro¬ 
nism  of  Mode  S  with  the  slow  acoustic  mode  is  primarily  two-dimensional. 
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5.  At  a  sufficiently  high  angle  of  disturbance  propagation,  Mode  F  ceases  to  synchronize 
with  the  entropy  and  vorticity  modes. 

6.  At  a  sufficiently  high  angle  of  disturbance  propagation,  the  synchronism  of  Mode  S 
and  Mode  F  is  no  longer  accompanied  by  a  Mode  S  instability.  At  even  higher  angles,  there 
is  no  synchronism  between  Mode  S  and  Mode  F. 

The  synchronism  observed  in  the  example  means  that  the  phase  velocities  of  the  modes 
are  the  same.  However,  their  complex  eigenvalues  are  different.  When  the  parallel  flow 
assumption  is  used,  as  it  has  been  for  this  analysis,  the  normal  modes  are  orthogonal  to 
one  another  and  therefore  do  not  interact  with  each  other.  However,  this  analysis  may  be 
extended  to  the  case  of  non-parallel  flow  through  the  use  of  multiple  scale  methods.  There 
will  be  a  slow  and  a  fast  scale.  At  the  level  of  the  fast  scale,  the  analysis  shown  here  for 
parallel  flow  will  be  valid.  At  the  level  of  the  slow  scale,  the  normal  modes  will  interact  and 
hence,  one  mode  may  be  generated  by  another  mode  at  the  point  of  synchronism.  Analysis  of 
a  non-parallel  boundary  layer  flow  was  performed  by  [FK01]  for  the  spatial  stability  problem. 
They  showed  that  Mode  F  may  be  generated  by  the  vorticity/entropy  modes.  This  decaying 
Mode  F  may  then  effectively  generate  an  unstable  Mode  S.  Additionally,  this  behavior  has 
been  seen  in  numerical  studies  for  the  spatial  stability  problem.  Therefore,  the  features  of 
the  3D  spectrum  found  in  our  analysis  of  the  initial-value  problem  might  have  a  significant 
impact  on  the  transition  scenario  in  high  speed  boundary  layers.  All  the  features  discussed 
must  be  taken  into  account  when  designing  transition  experiments  in  hypersonic  flows. 
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3.3  Three-dimensional  wave  packets 

This  section  is  devoted  to  the  application  of  the  developed  solution  of  the  initial- value  prob¬ 
lem. 

Receptivity  to  a  Temperature  Spot 

As  an  example  of  an  initial  disturbance,  we  consider  a  temperature  spot  localized  at  a 
distance  Y0  from  the  wall.  For  the  3D  initial-value  problem,  this  disturbance  will  have  the 
form 

0{x,y,z)  =  6{x)6(y  -Y0)8(z)  at  t  =  0.  (3.48) 

The  orthogonality  condition  given  by  Eq.  (B.15)  allows  one  to  determine  the  weights  of 
the  modes  generated  by  the  temperature  spot.  For  Mode  F  and  Mode  S,  the  weight  is  given 
by 

c(a,0)={HloA^fi’Bu),  (3.49) 

where  u  (a,/?)  corresponds  to  the  eigenvalue  for  the  mode  of  interest.  For  a  temperature 
spot  of  the  form  given  by  Eq.  (3.48),  it  is  possible  to  use  the  definition  of  if10  to  obtain  from 
Eq.  (3.49)  the  expression 

c(a,0)  =  TO  (3  50) 

with  H\j0  denoting  the  (i,j)  element  of  matrix  Hi0. 

The  coefficient  c(a,/?)  depends  on  the  normalization  of  the  eigenfunction  A w.  However, 
the  product  c(a,/3)  is  independent  of  the  choice  of  normalization.  We  would  like  to 
normalize  the  eigenfunction  so  that  the  maximum  value  of  u  is  1.  However,  for  our  choice  of 
parameters,  there  are  two  local  maxima.  We  therefore  choose  to  normalize  the  eigenfunction 
so  that  the  value  of  the  inner  maximum  is  1  (i.e.  we  normalize  as  umax  —  inner  maximum 
of  u(y)  =  1).  The  normalized  value  of  the  outer  maximum  may  be  greater  than  1.  With 
this  normalization,  c  is  the  amplitude  of  the  maximum  streamwise  velocity  component  umax 
associated  with  the  appropriate  mode. 

As  a  limiting  case,  as  /?  — >  0,  one  obtains  the  receptivity  coefficient  associated  with  the 
2D  initial- value  problem  [FT03]. 

Inverse  Fourier  Transform  -  2D 

The  solution  (before  application  of  the  two  inverse  Fourier  transforms)  is  denoted  as  AQp 
and  is  given  by  Eq.  (B.16).  In  the  2D  case,  the  solution  (before  application  of  one  inverse 
Fourier  transform)  is  denoted  as  Aa  and  will  have  a  form  similar  to  that  of  the  3D  case. 
The  2D  inverse  Fourier  transform  is  given  by 

oo 

J  c  (a)  Aa  (a,  y)  da.  (3.51) 
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As  an  example,  we  consider  the  streamwise  velocity  component,  a,  of  the  disturbance  vector, 
A.  The  transform  we  are  therefore  interested  in  is  given  as 

oo 

J  c(a)u(a,y)ei{ox-u{a)t)da,  (3.52) 

— OO 

where  the  coefficient  c(a)  is,  for  this  example,  the  amplitude  of  the  maximum  streamwise 
velocity  component  umax.  Expression  (3.52)  is  transformed  using  a  symmetry  argument. 
Using  the  direct  and  complex  conjugate  matrix  operator  equations,  when  a  is  replaced  by 
—ex,  i.e.,  when  a  — >  —ex,  it  can  be  shown  that  u  — »  —l J,  c  — ►  c,  and  u  — ►  if,  where  the  overbar 
stands  for  complex  conjugate.  Therefore,  (3.52)  can  be  rewritten  as 

f  c(a)u(a,p)ei(ax-wMt)da  = 

— OO 

2  /  Real  {c  (or)  u  (a,  y )  ei(ax~u(a)t) }  da 
o 

In  the  computation,  we  ignore  the  factor  of  2.  For  the  purpose  of  analysis,  the  Mode  F  and 
Mode  S  wave  packets  are  considered  separately. 

Mode  F 

Figure  3.19(a)  shows  the  imaginary  part  of  the  eigenvalue  u;<  for  Mode  F.  Figure  3.19(b) 
shows  the  maximum  streamwise  velocity  amplitude,  umax,  at  t  =  0  for  Mode  F,  which  is 
generated  by  a:  components  of  the  temperature  spot  located  at  varying  normal  distances  Y0 
from  the  wall.  One  can  see  from  figure  3.19(b)  that  there  is  little  to  no  receptivity  to  a 
temperature  spot  located  at  y0  <  5  and  y0  >  11. 

The  integral  given  by  (3.53b)  is  numerically  computed  from  a  =  0.1  to  a  =  0.5.  We  were 
unable  to  calculate  the  Mode  F  eigenvalues  below  a  «  0.08  (figure  3.19(a)).  However,  for 
a  finite  time,  the  input  into  the  integral  for  a  <  0.1  is  not  significant  since  the  receptivity 
coefficient,  umax,  is  close  to  0  for  this  range  of  a  (figure  3.19(b)).  Beyond  this  finite  time, 
the  main  input  into  the  integral  will  come  from  the  piece  of  Mode  F  with  the  largest  values 
of  c Ui  (as  a  — >  0),  and  this  range  of  a  should  be  considered. 

Figure  3.19(b)  also  shows  that  the  largest  values  of  umax  occur  near  a  ss  0.27.  This  fact, 
coupled  with  the  fact  that  Mode  F  is  everywhere  decaying,  suggests  that  there  will  not  be 
much  input  into  the  integral  for  a  >  0.5  if  a  sufficiently  large  time,  t,  is  chosen. 

There  is  a  synchronism  between  Mode  F  and  the  entropy  and  vorticity  modes.  As  the 
discrete  mode  coalesces  with  the  continuous  spectrum  from  one  side  of  the  branch  cut,  it 
reappears  on  the  other  side  at  another  point.  This  leads  to  the  jump  in  u>i  seen  in  figure 
3.19(a). 

Figure  3.20  shows  contours  of  t Ji  in  the  complex  a  plane.  One  can  see  the  jumps  in 
uii  along  a  nearly  vertical  line.  As  (3.53b)  is  integrated  from  a  =  0.1  to  a  =  0.5,  we  must 
consider  the  continuous  spectrum  along  with  Mode  F  at  the  point  of  coalescence.  To  make  the 


(3.53a) 

(3.53b) 
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Figure  3.19:  (a)  Imaginary  part  of  the  eigenvalue  for  Mode  F  and  (b)  contours  of  itmax  at 
t  —  0  generated  by  a  components  of  the  temperature  spot  located  at  Yo.  The  contour  levels 
in  (b)  range  from  0.0026  to  0.0156  in  increments  of  0.0026. 
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Figure  3.20:  Contours  of  Ui  in  the  complex  a  plane.  The  contours  range  from  —0.0298  at 
the  bottom  of  the  figure  to  0.0028  at  the  top  of  the  figure  in  increments  of  0.0015. 

analysis  less  complicated,  we  analytically  continue  the  path  of  integration  into  the  complex 
a  plane  in  order  to  avoid  the  discontinuities  associated  with  the  coalescence  of  Mode  F  with 
the  continuous  spectrum.  Therefore,  the  computed  result  is  obtained  using  only  Mode  F. 
However,  had  we  considered  the  sum  of  Mode  F  and  the  continuous  spectrum  and  integrated 
along  the  real  a  axis,  we  would  obtain  the  same  result.  Figure  3.21  is  a  schematic  of  an 
appropriate  integration  path.  Due  to  the  analyticity  of  the  function  being  integrated,  the 
result  should  be  independent  of  the  path  of  integration. 

Using  Yo  =  8.9  (the  edge  of  the  boundary  layer  is  located  at  y  «  10),  t  =  50  and  the 
integration  path,  Path  1,  (3.53b)  is  integrated.  Using  the  letters  found  in  figure  3.21  (with 
points  A,  B,  E  and  F  located  on  the  real  axis),  Path  1  is  given  explicitly  as  the  following: 
At  point  A,  a  =  0.1.  At  point  B,  a  =  0.17.  At  point  C,  a  =  0.17  —  0.015z.  At  point  D, 
a  =  0.2  —  0.015i  At  point  E,  a  =  0.2,  and  at  point  F,  a  =  0.5. 

The  result  is  shown  in  figure  3.22(a)  as  contours  of  u  in  the  x  —  y  plane.  To  better 
illustrate  the  Mode  F  wave  packet,  figure  3.22(b)  shows  a  slice  of  figure  3.22(a)  taken  at 
y  =  2.02. 

To  illustrate  the  decay  of  the  wave  packet  in  time,  (3.53b)  is  integrated  again  using  Path 
1  and  Yo  =  8.9  for  t  =  200.  Figure  3.23  shows  the  result  taken  at  the  slice  y  =  2.02.  When 
figure  3.23  is  compared  to  figure  3.22(b),  one  sees  that  u  is  an  order  of  magnitude  smaller 
for  t  =  200  than  for  t  =  50.  This  order  of  magnitude  decrease  in  amplitude  is  consistent 
with  Ui  «  -0.015  (figure  3.19(a)).  Additionally,  the  wave  packet  is  seen  to  have  moved 
downstream  with  the  increase  in  time.  By  comparison  of  figure  3.23  to  figure  3.22(b),  one 
can  also  estimate  the  Mode  F  wave  packet  group  velocity  to  be  dur/da  «  0.65.  One  can 
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Figure  3.21:  Schematic  picture  of  an  integration  path  around  the  branch  cut. 

see  from  figure  3.10  (Mode  F  eigenvalue  curve  for  /?  =  0.0001  (2D))  in  Section  3.2  that  the 
group  velocity  estimate  is  very  reasonable. 

For  the  two  times  considered,  we  expect  the  main  input  into  the  integral  to  come  from 
the  receptivity  coefficient.  Figure  3.24  shows  the  amplitude  spectrum  for  Mode  F  for  both 
t  =  50  and  t  =  200.  This  figure  shows  that  the  main  input  for  both  t  =  50  and  t  =  200 
occurs  at  an  a  value  that  corresponds  favorably  with  the  maximum  values  of  umax  for  a 
temperature  spot  located  at  Y0  =  8.9  (figure  3.19(b)).  As  time  increases,  the  main  input  to 
the  integral  will  no  longer  come  from  the  receptivity  coefficient,  but  rather  from  the  e~iu(a'>t 
component  of  the  integrand  at  low  a.  Therefore,  we  expect  the  amplitude  peak  to  be  located 
at  low  values  of  a  for  large  times.  For  t  =  200,  figure  3.24  shows  that  the  amplitude  peak 
has  begun  this  shift  to  lower  values  of  a.  Also,  figure  3.24  clearly  shows  the  decay  of  Mode 
F  in  time. 

To  ensure  that  these  results  are  independent  of  the  choice  of  path  of  integration,  the 
results  shown  for  Yo  =  8.9  at  t  —  50  using  Path  1  are  compared  with  results  found  using 
three  other  paths  of  integration.  Using  the  letters  found  in  figure  3.21,  Paths  2,3  and  4  are 
given  as  follows: 

Path  2  -  At  point  A,  a  =  0.1.  At  point  B,  a  —  0.15.  At  point  C,  a  =  0.15  —  0.015*.  At  point 

D,  a  =  0.2  —  0.015*.  At  point  E,  a  =  0.2,  and  at  point  F,  a  =  0.5. 

Path  3  -  At  point  A,  a  =  0.1.  At  point  B,  a  =  0.15.  At  point  C,  a  =  0.15  —  0.015*.  At  point 

D,  a  =  0.21  —  0.015*.  At  point  E,  a  =  0.21,  and  at  point  F,  o:  =  0.5. 

Path  4  -  At  point  A,  a  —  0.1.  At  point  B,  a  =  0.17.  At  point  C,  a  =  0.17  —  0.031*.  At  point 

D,  a  =  0.2  —  0.031*.  At  point  E,  a  =  0.2,  and  at  point  F,  a  —  0.5. 

To  compare  the  results,  figure  3.25  shows  the  wave  packet  at  the  slice  y  =  2.02  for  each 
choice  of  integration  path. 

There  is  good  agreement  between  the  results  obtained  using  the  four  different  integration 
paths.  A  portion  of  each  path  of  integration  passes  through  a  region  of  the  complex  a  plane 
where  c **  <  0.  This  leads  to  numerical  error  associated  with  growth  from  the  eiax  term  in  the 
integrand.  Since  Path  3  has  a  longer  portion  of  its  path  in  the  negative  complex  a  plane,  this 
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Figure  3.22:  (a)  Contours  of  u  in  the  x  —  y  plane  and  (b)  streamwise  velocity  disturbance, 
a,  at  y  =  2.02  for  t  =  50.  The  contour  levels  in  (a)  are  spaced  in  increments  of  0.0001.  The 
solid  contours  are  positive;  the  dashed  contours  are  negative;  the  bold  contours  are  0. 
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Figure  3.23:  Streamwise  velocity  disturbance,  u,  at  y  =  2.02  for  t  —  200. 


Figure  3.24:  Amplitude  spectrum  of  Mode  F  for  t  =  50  (solid  line)  and  t  =  200  (dashed 
line). 
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Figure  3.25:  Streamwise  velocity  disturbance,  u,  at  y  =  2.02  for  t  =  50  for  4  paths  of 
integration.  The  Path  1  result  is  denoted  with  “cross”  markers;  the  Path  2  result  with 
“square”  markers;  the  Path  3  result  with  “circle”  markers;  the  Path  4  result  with  “triangle” 
markers. 

phenomena  explains  why  the  Path  3  result  differs  from  the  other  three  results  (this  deviation 
is  difficult  to  see  at  the  scale  used  for  figure  3.25). 

Mode  S 

Figure  3.26(a)  shows  the  imaginary  part  of  the  eigenvalue  u>i  for  Mode  S.  Figure  3.26(b) 
shows  the  maximum  streamwise  velocity  amplitude,  umax,  at  t,  =  0  for  Mode  S,  which  is 
generated  by  a  components  of  the  temperature  spot  located  at  varying  normal  distances  Y0 
from  the  wall. 

The  integral  given  by  (3.53b)  is  numerically  computed  from  a  =  0.1  to  a  =  0.5.  The 
greatest  input  into  the  integral  will  be  from  the  region  of  a  «  0.2  to  c*  «  0.3.  It  is  in  this 
region  that  the  receptivity  coefficient,  umax,  is  the  highest,  and  it  is  also  in  this  region  where 
Ui  attains  its  largest  value.  Beyond  a  =  0.5,  Mode  S  is  decaying,  so  that  for  sufficiently  large 
times,  there  will  not  be  significant  input  into  the  integral  for  a  >  0.5. 

Unlike  the  Mode  F  case,  there  is  no  need  to  deform  the  path  of  integration  to  compute 
the  Mode  S  inverse  Fourier  transform.  The  result  for  y0  =  8.9  at  t  =  500  is  shown  in  figure 
3.27(a)  as  contours  of  u  in  the  x  —  y  plane.  To  better  illustrate  the  Mode  S  wave  packet, 
figure  3.27(b)  shows  a  slice  of  figure  3.27(a)  taken  at  y  —  2.02. 

We  expect  that  the  main  input  into  the  integral  will  come  from  the  Gaussian  shaped 
growth  portion  of  the  Mode  S  eigenvalue  plot  (figure  3.26(a)).  Figure  3.28  shows  the 
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Figure  3.26:  (a)  Imaginary  part  of  the  eigenvalue  for  Mode  S  and  (b)  contours  of  umax  at 
t  —  0  generated  by  a  components  of  the  temperature  spot  located  at  Y0.  The  contour  levels 
in  (b)  range  from  0.0005  to  0.0025  in  increments  of  0.0005. 
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Figure  3.27:  (a)  Contours  of  u  in  the  x  —  y  plane  and  (b)  streamwise  velocity  disturbance, 
u,  at  y  =  2.02  for  t  =  500.  The  contour  levels  in  (a)  are  spaced  in  increments  of  0.0001.  The 
solid  contours  are  positive;  the  dashed  contours  are  negative;  the  bold  contours  are  0. 
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Figure  3.28:  Amplitude  spectrum  of  Mode  S  for  t  =  500. 


amplitude  spectrum  of  Mode  S  for  t  =  500.  This  figure  shows  that  the  main  input  occurs  at 
an  a  value  that  compares  favorably  with  the  location  of  the  Gaussian  peak  (figure  3.26(a)). 

Asymptotic  approximation  with  Taylor  series  expansion  of  u  («) 

Because  the  eigenvalue  plot  for  Mode  S  contains  a  region  where  a;*  >  0,  the  Mode  S  wave 
packet,  unlike  the  Mode  F  wave  packet,  will  grow  in  time  (and  downstream).  It  is  useful  to 
compare  the  Mode  S  computed  inverse  Fourier  transform  with  an  asymptotic  approximation 
of  the  Fourier  integral. 

The  development  of  2D  and  3D  wave  packets  comprised  of  spatially  growing  discrete 
modes  for  incompressible  boundary  layer  flows  (parallel  and  non-parallel)  has  been  considered 
previously  by  Gaster  [Gas81,  Gas82,  Gas68].  In  particular,  Gaster  used  the  method  of  steep¬ 
est  descent  to  find  the  asymptotic  representation  of  integrals  of  the  form  given  by  (3.53b). 
Starting  with  (3.53b),  we  have  the  following: 

oo 

/  c  (a)  u  (a,  y)  e*(QI -“(“)*)  da  = 

— oo 

/  c  (a)  u  (a,  y)  e*(“t-<«>)  da.  (3.54) 
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Assuming  that  the  saddle  point  lies  near  the  point  amax,  we  approximate  a;  (a)  as 


w(o) 


,  , (du\ 

^max  "I"  (ft  ®max)  ( 


2  (ft  ftmax) 


\day 
(Pu 
da 2 


+ 


(3.55) 


where  {duj/da)max  is  real  valued.  To  find  the  saddle  point,  a*,  at  a  prescribed  x/t,  we  let 
(f>(a)  =  ax/t  —  u(a)  and  derive  the  following: 


/ d(f>\*_  x  / duA 

t  \da/ 


( a  ftmax) 

max 


Solving  for  a*,  one  obtains 


0  —  Or, 


7  -  (I51) 

t  \  <jol  /  max 

(d2u\ 

\  da2  1  max 


Equation  (3.57)  can  be  rewritten  as 


(3.56) 


(3.57) 


ft*  =  aw  +  ,  (3.58) 

V  da. 2  /  max 

where  xmax  =  t  (du/da)max. 

Expression  (3.54)  can  now  be  rewritten  as 

c(a*)u(a*,y )  J ea(#a*)+*(a-amm*)a*"(am))da  =  (3.59a) 

L 

c(a')“(“''9)  =  <3-59b> 
c(a*)u(a*,y)  (3.59c) 

y  V  da2  /  max 

where  L  is  the  contour  of  integration  that  has  been  deformed  to  pass  through  the  saddle 
point,  the  prime  (/)  symbol  denotes  differentiation  with  respect  to  a,  and  <j>"  =  —dFu/da2. 

After  substitution  of  a*  into  (3.59c),  the  asymptotic  representation  of  the  original  Fourier 
integral  is  given  as: 


>  max 


( ■  .  i  (•£  ^max)  \ 

exp  I  tam&xX  , ^2 w  \  ^max t  J  . 


(3.60) 


'  max 
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Actually,  the  use  of  a  2nd  order  Taylor  series  expansion  of  u  (a)  within  the  framework  of  the 
method  of  steepest  descent  is  equivalent  to  Gaster’s  Gaussian  model  for  a  Fourier  integral 
[Gas81,  Gas82]. 

Using  numerical  results,  the  various  quantities  found  in  (3.60)  can  be  determined.  They 
are 

amax  =  0.254,  u;max  =  0.2342  +  0.00392 
(is)™,  =  0  86,  =  -0.2034  -  3.6431*. 

Additionally,  c(a*)  u{a*,y),  the  receptivity  coefficient  multiplied  by  the  eigenfunction  at 
the  saddle  point  for  the  slice  y  =  2.02  is  0.00174  —  0.001  lz. 

These  values  can  be  used  to  compare  the  computed  inverse  Fourier  transform  with  the 
asymptotic  approximation  of  the  transform.  Because  we  have  used  (3.53b)  without  the 
factor  of  2  to  compute  the  inverse  Fourier  transform,  we  will  compare  the  computational 
result  with  the  Real  part  of  the  asymptotic  approximation  given  by  (3.60).  Though  we 
expect  good  agreement  between  the  two  methods,  especially  for  large  times,  there  may  be 
some  differences  between  the  “exact”  result  found  numerically  and  the  “approximate”  result 
found  with  the  method  of  steepest  descent. 

Figure  3.29(a)  compares  the  wave  packet  found  for  Vo  =  8.9  and  t  =  500  at  the  slice 
y  =  2.02  with  the  asymptotic  approximation  at  t  =  500  given  by  (3.60)  using  the  values 
given  above.  Figure  3.29(b)  shows  a  similar  comparison  for  t  =  1000.  One  can  see  that  as 
the  time  increases,  the  wave  packet  spreads  out  as  it  moves  downstream.  Furthermore,  the 
amplitude  of  the  perturbation  increases  with  time.  By  comparing  figure  3.29(a)  to  figure 
3.29(b),  one  can  estimate  the  Mode  S  wave  packet  group  velocity  to  be  dur/da  &  0.8.  This 
estimate  is  consistent  with  the  group  velocity  value  (du /da)max  =  0.86. 

Overall,  the  asymptotic  representation  provides  a  good  approximation  to  the  computed 
wave  packet.  However,  the  “tails”  of  the  two  wave  packets  do  not  agree  very  well.  This  is 
particularly  true  for  the  front  edge  of  the  wave  packet. 


Asymptotic  approximation  with  numerical  computation  of  the  saddle  point 

In  an  attempt  to  improve  the  asymptotic  approximation  of  the  wave  packet  at  the  “tails” 
of  the  wave  packet,  we  numerically  compute  the  location  of  the  saddle  point.  To  find  the 
saddle  point,  a*,  at  a  prescribed  x/t,  we  let  <l>  (a)  =  ax/t  -  u  (a)  and  derive  the  following: 


/ _  x  du 
V<9a/  t  da 

Therefore,  the  following  relationships  must  be  satisfied  at  a*: 


x 

1 


d(jJr 

da 


and 


(3.61) 


(3.62) 
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Figure  3.29:  Comparison  of  computed  integral  (solid  line)  with  the  asymptotic  approximation 
(using  2nd  order  Taylor  series  expansion  of  a;  (a))  (dashed  line)  for  (a)  t  =  500  and  (b) 
t  =  1000. 
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Using  the  method  of  steepest  descent,  the  asymptotic  representation  of  the  inverse  Fourier 
transform  is  given  as: 


c(“') 

exp  (ia*x  —  iu*t)  (3.63) 

(Note  that  (3.63)  is  the  same  as  (3.60)  with  x  =  xmax  and  all  of  the  “max”-values  replaced 
by  “saddle  point  (*)” -values). 

Using  Eq.  (3.62),  a*,  lj*  and  (d2u;/<9a2)*  are  calculated.  Figure  3.30(a)  compares  the 
“exact”  computed  wave  packet  found  for  Y0  =  8.9  and  t  =  500  at  the  slice  y  =  2.02  with 
the  asymptotic  approximation  at  t  =  500  given  by  (3.63)  using  the  saddle  point  values. 
Figure  3.30(b)  shows  a  similar  comparison  for  t  =  1000.  There  is  now  excellent  agreement 
across  the  entire  wave  packet  for  both  choices  of  time. 

Inverse  Fourier  Transform  -  3D  for  Fixed  Spanwise  Wave  Number 

For  the  streamwisc  velocity  disturbance,  u  (of  Aap  given  by  Eq.  (B.16)),  the  3D  inverse 
Fourier  transform  is  given  by 

oo  oo 

J  J  c{a,  /3)  u(a,  0,y)  ei{ax+0z~^a'0)t)  dad/3.  (3.64) 

— OO  — OO 

Integration  with  respect  to  a  for  a  prescribed  (3  leads  to 

oo 

ei0z  J  c  (a,  0)  u  (a,  /3,  y)  ei(ax~“(a'm  da.  (3.65) 

— OO 

As  for  the  2D  case,  the  integral  of  (3.65)  can  be  transformed  using  a  symmetry  argument 
to  an  integral  over  the  positive  a  half- plane.  As  before,  for  the  purpose  of  computation,  we 
ignore  the  factor  of  2. 

Figure  3.31(a)  shows  the  imaginary  part  of  the  eigenvalue  Ui  for  Mode  S  for  0  =  0.1001. 
Figure  3.31(b)  shows  for  Mode  S  at  t  =  0  the  maximum  streamwise  velocity  amplitude, 
Umax,  multiplied  by  the  value  of  the  eigenfunction  at  y  =  2.02,  which  is  generated  by  a  and 
(3  components  of  the  temperature  spot  located  at  the  distance  Vo  =  8.9  from  the  wall. 

The  inverse  Fourier  transform  given  by  (3.65)  is  numerically  computed  from  a  =  0.1  to 
a:  =  0.5  with  /?  =  0.1001  and  2  =  0.  Even  though  uJi  >  0  for  a  <  0.1,  the  receptivity 
coefficient  (figure  3.31(b))  is  near  0  in  this  region.  The  greatest  input  into  the  integral  will 
be  from  the  region  of  a  «  0.2  to  a  a  0.3.  It  is  in  this  region  that  the  receptivity  coefficient, 
Umax,  is  the  largest,  and  it  is  also  in  this  region  where  cj,  attains  its  largest  value.  Beyond 
a  =  0.5,  Mode  S  is  decaying,  so  that  for  sufficiently  large  times,  there  will  not  be  significant 
input  into  the  integral  for  a  >  0.5. 
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Figure  3.30:  Comparison  of  computed  integral  (solid  line)  with  the  asymptotic  approximation 
(using  numerically  computed  saddle  point  values)  (dashed  line)  for  (a)  t  —  500  and  (b) 


t =  1000. 
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Figure  3.31:  (a)  Imaginary  part  of  the  eigenvalue  for  Mode  S  for  (3  =  0.1001  and  (b)  contours 
of  c(a,/3)  u  at  y  =  2.02  at  t  =  0  generated  by  a  and  /?  components  of  a  temperature  spot 
located  at  Y0  =  8.9.  The  contour  levels  in  (b)  increase  in  increments  of  0.0002,  beginning 
with  0.0004  on  the  left  side  of  the  figure  and  0.0006  on  the  right  side  of  the  figure.  The 
dashed  contour  is  0.0022,  the  bold  dashed  contour  is  0.0024  and  the  bold  solid  contour  is 
0.0026. 
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Figure  3.32:  Comparison  of  computed  integral  (solid  line)  with  the  asymptotic  approximation 
(using  numerically  computed  saddle  point  values)  (dashed  line)  for  0  =  0.1001,  z  =  0  and 
t  =  1000. 

Using  the  method  of  steepest  descent,  the  asymptotic  approximation  of  the  inverse  Fourier 
transform  for  a  prescribed  spanwise  wave  number  0  is  given  as 


c(a*,0)  u(a*,0,y) 


exp  (i0z)  exp  (ia*x  —  iu*t) . 


(3.66) 


By  numerically  computing  the  saddle  point  quantities  a*,  u* ,  and  (d^ui/da2)* ,  and  using 
the  fact  that  c(a* , 0)  u(a* , 0,y),  the  receptivity  coefficient  multiplied  by  the  eigenfunction 
at  the  saddle  point  for  the  slice  y  =  2.02  is  0.00159  —  0.00126f,  one  can  use  (3.66)  to  find 
the  asymptotic  representation  of  the  Fourier  integral  (as  with  the  2D  case,  the  Real  part  of 
(3.66)  is  taken  for  the  purpose  of  comparison  with  the  computed  result). 

Figure  3.32  compares  the  wave  packet  computed  for  0  =  0.1001,  z  =  0,  Vo  =  8.9  and 
t  —  1000  at  the  slice  y  =  2.02  with  the  asymptotic  approximation  at  t  =  1000  given  by  (3.66). 
There  is  good  agreement  across  the  entire  wave  packet. 


Inverse  Fourier  Transform  -  3D 

It  was  shown  in  Section  VI  that  it  was  necessary  to  deform  the  path  of  integration  of  the 
2D  inverse  Fourier  transform  for  Mode  F,  but  not  for  Mode  S.  Each  inversion  of  the  Fourier 
integral  must  be  accompanied  by  an  analysis  of  the  spectrum  to  find  a  suitable  integration 
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path.  In  order  to  perform  the  double  integration  of  the  3D  inverse  Fourier  transform,  it  is 
again  necessary  to  understand  the  features  of  the  spectrum  so  that  an  appropriate  path  of 
integration  is  used.  Due  to  the  complexities  associated  with  the  3D  spectrum,  we  will  use 
an  asymptotic  approximation  of  the  Fourier  integral  to  compute  the  3D  wave  packets. 

For  the  streamwise  velocity  disturbance,  u,  the  3D  inverse  Fourier  transform  is  given 
by  (3.64).  As  in  the  2D  case,  (3.64)  can  be  transformed  using  a  symmetry  argument.  Using 
the  direct  and  complex  conjugate  matrix  operator  equations,  when  a  is  replaced  by  —a,  i.e. 
when  a  — ►  —a,  it  can  be  shown  that  p  — ►  — /?,  u)  — >  — SJ,  c  — >  c,  and  u  —>  u,  where  the 
overbar  stands  for  complex  conjugate.  Therefore,  (3.64)  can  be  rewritten  as: 

oo  oo 

//  c  (a,  0)  u  (a,  0,  y)  da  dp  =  (3.67a) 

— oo  — oo 
OO  oo 

2  J  jReal{c{a,l3)u(a,0,y)ei{ax+fiz-u'^m}dad0 

0  0 

oo  oo 

+  2  J  J Real {c  (a,  -0)  u  (a,  -/?,  y)  }  da  dp.  (3.67b) 

0  0 

As  before,  the  factor  of  2  will  be  ignored. 

At  a  first  glance  of  (3.67b),  it  is  tempting  to  think  that  there  are  two  saddle  points. 
The  first  saddle  point,  associated  with  the  first  double  integral,  must  satisfy  the  following 
relations: 


x  dur(a,0) 
t  da 

and 

dui(a,p) 
da  ’ 

z  duT  (a,  0) 
t  ~  dp 

and 

dui  (a,  0) 
dp  - 

(3.68) 

The  second  saddle  point,  associated  with  the  second  double  integral,  must  satisfy  the  fol- 

lowing  relations: 

x  du)r  (a,  —0) 
t  da 

and 

duji  (a,  -p) 
da 

1 

i 

ii 

N  1 

and 

dui  (a,  -p) 

dp  ' 

(3.69) 

Using  the  symmetry  transformations  along  with  properties  of  complex  conjugation,  it  can 
be  shown  that  Eq.  (3.69)  can  be  rewritten  as 


x  _  dur  (a,  (3) 
t  da 

z  _  dujr  (a,  /?) 
t  ”  dp 


and  0  = 


and  0  = 


dUi  (a,  /?) 

da  ’ 

dui  (a,  0) 
dp  ' 


201 


(3.70) 


However,  it  can  be  shown  numerically  that  no  saddle  point  satisfies  the  relations  given  in 
Eq.  (3.70),  unless  x  =  0  and  2  =  0.  Therefore,  there  is  only  one  saddle  point,  and  it  is 
associated  with  the  first  double  integral  of  (3.67b). 

We  follow  Gaster  [Gas68]  to  find  the  asymptotic  representation  of  the  3D  inverse  Fourier 
transform.  For  a  fixed  /?,  the  Fourier  integral  becomes 


OO  OO 

J  ei0z  J  e«(af  -“(“'ft)  dadp. 


(3.71) 


— OO  — OO 


The  asymptotic  representation  of  the  inner  integral  in  (3.71)  is  known  from  the  2D  case,  and 
substitution  of  this  representation  leads  to  the  following: 


fa  °f  e«(«’(0 f+/9t-w(«*(fl,0) 

*  i  -L  («*-/?) 


If  we  let 

and  expand  </>  about  /?*  so  that 


<t>  (a*,/T)  + 


dp. 

(3.72) 

(«*  (/?),/?)) , 

(3.73) 

-*"(a*,/T)  , 

(3.74) 

then  (3.71)  can  be  written  as: 


OO 

(P-0*)2  (  a2u ;  ,  O  a2u ;  (  da\  ,  d2u>  (  Pa  \2\  * 

elt  2  )  d(3  _ 

—  OO 

271*  -u;(a*  ,0*)) 

it 


i 


d2u)  d2uj  _  ( 

\dad{3 


ry 


(3.75a) 

(3.75b) 


The  asymptotic  representation  of  the  inverse  Fourier  transform  given  by  (3.75b)  can  be 
derived  more  generally  using  a  transformation  of  variables  [BH86,  WonOl].  Starting  with 
(3.64)  with  <t>  given  as  <t>  (a,  /?)  =  ax  4-  0z  —  u  (a,  0)  t,  we  approximate  <t>  as: 


^(a,/3W*+(a  2Q*)2<Paa+ 

(3  —  ft*)2 


(3.76) 
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where  the  a  and  0  subscripts  refer  to  first  and  second  partial  derivatives. 
Using  the  change  of  variables 


g  =  (a  -  «*) ,  h=  (0  —  0*) 


(3.77) 


(3.64)  is  transformed  to  the  following: 


j  r 


dt^dg. 


(3.78) 


— oo  —  oo 


The  integral  given  in  (3.78)  is  an  iterated  integral  where  each  integral  is  Gaussian.  Eval¬ 
uation  of  the  iterated  integral  results  in  the  asymptotic  representation  of  the  Fourier  integral 
given  by  (3.75b). 

The  saddle  point  (a*,/?*)  and  the  various  derivatives  at  the  saddle  point  used  in  (3.75b) 
are  numerically  computed.  Using  the  asymptotic  approximation  of  the  3D  inverse  Fourier 
transform,  the  Mode  S  wave  packet  is  calculated  for  t  =  1000.  Figure  3.34(a)  is  a  surface 
plot  of  the  streamwise  velocity  disturbance,  u,  taken  at  the  slice  y  =  2.02  for  y0  =  8.9  and 
t  =  1000.  Figure  3.34(b)  is  a  rotation  of  figure  3.34(a)  in  order  to  see  the  underside  of  the 
wave  packet.  To  have  a  clearer  sense  of  the  amplitude  values,  figure  3.34(c)  shows  contours 
of  u  for  y  —  2.02,  Y0  =  8.9,  and  t  =  1000.  It  is  clear  from  these  figures  that  the  wave  packet 
is  essentially  2D.  Furthermore,  it  is  possible  to  compare  figure  3.34(a)-(c)  with  figure  3.33 
(3D  Mode  S  wave  packet  for  t  =  500)  and  see  that  the  3D  Mode  S  wave  packet  group  velocity 
is  very  similar  to  the  2D  Mode  S  wave  packet  group  velocity. 

Conclusions 

The  previously  solved  2D  and  3D  initial-value  problems  were  used  along  with  features  of 
the  discrete  and  continuous  spectrum  for  one  set  of  parameters  to  study  the  evolution  of 
wave  packets  for  two  discrete  modes,  Mode  S  and  Mode  F.  The  biorthogonal  eigenfunction 
system  provides  a  method  for  the  determination  of  the  weights  of  individual  modes  given  a 
specific  initial  disturbance.  Using  the  specific  disturbance  of  an  initial  temperature  spot,  we 
computed  the  2D  inverse  Fourier  transform  for  both  Mode  F  and  Mode  S.  Additionally  the 
3D  inverse  Fourier  transform  was  computed  for  a  fixed  value  of  spanwise  wave  number  0. 

As  shown  in  [FT03]  and  [FT05]  (see  Section  3.2),  Mode  F  and  Mode  S  are  eigenvalue 
curves  that  correspond  to  the  trajectory  of  poles  in  the  complex  p  plane,  while  continuous 
modes  correspond  to  branch  cuts  in  the  complex  p  plane.  It  is  possible  for  various  modes  to 
be  synchronized,  and  therefore  it  is  crucial  to  fully  understand  the  behavior  of  the  spectrum 
before  computing  the  inverse  Fourier  transform.  For  the  2D  case,  due  to  the  synchronism 
between  Mode  F  and  entropy/ vorticity  waves,  the  path  of  integration  is  deformed  around  the 
branch  cut  associated  with  this  synchronism.  This  allows  us  to  compute  the  inverse  Fourier 
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Figure  3.33:  Surface  (view  1)  (a),  surface  (view  2)  (b)  and  contours  (c)  of  u  for  y  =  2.02, 
Y0  =  8.9,  and  t  =  500.  The  contour  levels  in  (c)  are  spaced  in  increments  of  0.000025.  The 
solid  contours  are  positive;  the  dashed  contours  are  negative;  the  bold  contours  are  0. 
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Figure  3.34:  (a)  Surface  (view  1),  (b)  surface  (view  2)  and  (c)  contours  of  u  for  y  =  2.02, 
Yo  =  8.9,  and  t  =  1000.  The  contour  levels  in  (c)  are  spaced  in  increments  of  0.0001.  The 
solid  contours  are  positive;  the  dashed  contours  are  negative;  the  bold  contours  are  0. 
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transform  using  only  Mode  F.  The  result  is  equal  to  that  found  by  considering  Mode  F  and 
the  continuous  spectrum  together  and  integrating  along  the  real  a  axis.  Since  the  integrand 
associated  with  the  sum  of  Mode  F  and  the  continuous  spectrum  is  analytic,  the  choice  of 
the  integration  path  should  not  affect  the  result,  and  in  fact,  the  numerical  results  for  four 
choices  of  integration  path  agree  very  well. 

For  the  2D  and  3D  (fixed  /?)  cases,  the  results  for  Mode  S  were  compared  with  an  asymp¬ 
totic  approximation  of  the  Fourier  integral.  The  first  approximation  used  a  Taylor  series 
expansion  of  u.  Generally,  this  approximation  compared  favorably  with  the  computed  re¬ 
sults.  However,  there  is  a  significant  discrepancy  at  the  wave  packet  “tails” .  The  asymptotic 
approximation  was  improved  using  numerically  computed  saddle  point  values.  From  a  com¬ 
putational  point  of  view,  it  is  much  faster  to  compute  the  wave  packet  using  the  asymptotic 
approximation  with  numerically  computed  saddle  point  values  than  it  is  to  compute  the 
inverse  Fourier  transform. 

Additionally,  the  full  3D  inverse  Fourier  transform  was  found  for  Mode  S.  Since  the  3D 
spectrum  is  so  complex,  rather  than  compute  the  inverse  Fourier  transform,  we  have  used  an 
asymptotic  approximation  of  the  Fourier  integral,  with  numerically  computed  saddle  point 
values.  A  key  feature  of  the  3D  wave  packet  is  its  2D  nature.  As  discussed  in  Section 
3.2,  Mode  S  is  a  single  discrete  mode  that  corresponds  to  a  single  pole  in  the  complex  p 
plane.  This  single  mode  is  comprised  of  Mack’s  first  and  second  modes,  and  for  this  set  of 
parameters,  the  most  unstable  section  of  Mode  S  is  associated  with  Mack’s  second  mode, 
whose  maximum  growth  rate  is  associated  with  2D  disturbances.  Thus,  it  is  not  surprising 
that  for  sufficiently  large  time,  the  3D  wave  packet  will  have  a  2D  appearance.  One  should 
note  that  a  comparison  of  figure  3.26(a)  and  figure  3.31(a)  shows  that  the  spanwise  wave 
number  has  little  effect  on  the  growth  rate.  This  is  a  hint  of  the  two-dimensionality  of  the 
3D  wave  packet. 

The  previous  analysis  has  been  performed  under  a  parallel  flow  assumption.  However, 
this  analysis  may  be  extended  to  the  case  of  weakly  non-parallel  flows  through  the  use  of 
multiple  scales  methods.  Discussion  of  this  extension  may  be  found  in  Section  3.2.  For 
strongly  non-parallel  flows,  one  should  consider  a  BiGlobal  stability  problem  formulation 
[The03].  Unlike  the  present  analysis,  the  BiGlobal  stability  problem  deals  with  a  2D  PDE 
based  generalized  eigenvalue  problem.  However,  it  should  be  noted  that  the  biorthogonal 
eigenfunction  system  formulation  can  be  used  in  the  analysis  of  BiGlobal  instability  problems 
(e.g.  separated  flow),  and  that  we  believe  this  is  a  worthwhile  area  of  exploration. 
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Chapter  4 

Transient  growth  of  perturbations  in 
compressible  boundary  layers 

This  section  is  based  on  the  papers  published  in  collaboration  with  E.  Reshotko,  S.  Zuccher, 
and  I.  Shalaev  [ZTR06,  ZSTR07]. 


4.1  Introduction 

The  problem  of  optimal  disturbances,  in  the  context  of  bypass  transition  to  turbulence,  has 
been  of  great  interest  during  the  last  decade.  This  interest  is  motivated  by  the  fact  that  there 
are  many  applications  where  transition  to  turbulence  occurs  without  the  classical  exponential 
growth,  allowing  a  large  transient  growth  of  the  disturbance  energy  in  flows  that  are  stable 
to  wave-like  perturbations  (Tollmien-Schlichting  waves). 

Today  it  is  clear  that  transient  growth  arises  from  the  coupling  between  slightly  damped, 
highly  oblique  Orr-Sommerfeld  (OS)  and  Squire  modes.  This  can  lead  to  an  algebraic  growth 
followed,  in  viscous  flows,  by  exponential  decay  in  subcritical  regions  outside  the  Tollmien- 
Schlichting  (TS)  neutral  curve.  A  weak  transient  growth  can  also  occur  for  two-dimensional 
modes  since  the  OS  operator  and  its  compressible  counterpart  are  not  self-adjoint,  and 
therefore  their  eigenfunctions  are  not  strictly  orthogonal  [ResOl,  SH01]. 

Historically,  the  first  approach  to  nonmodal  disturbances  was  in  the  inviscid  limit.  [EP75] 
found  that  the  streamwise  disturbance  velocity  amplitude  may  grow  algebraically  in  time, 
even  though  the  basic  flow  does  not  posses  an  inflection  point.  This  growth  mechanism  was 
labeled  “lift-up”  [Lan75].  Later  on,  [Lan80]  showed  that  all  parallel  inviscid  shear  flows  are 
unstable  to  a  wide  class  of  three-dimensional  disturbances  and  the  result  is  independent  of 
whether  or  not  the  shear  flow  is  unstable  to  exponential  growth.  The  temporal  analysis 
involving  resonance  between  OS  and  Squire  modes  was  employed  for  the  study  of  Couette 
flow  [GH80],  Poiseuille  flow  [Gus81]  and  boundary  layers  [HG81,  BG81,  JBG86],  revealing 
a  viscous  decay  following  initial  algebraic  growth  of  the  disturbance,  otherwise  known  as 
transient  growth.  Meanwhile,  the  transient  growth  phenomenon  was  intensively  studied  in 
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meteorology  [Far82,  Far84,  Far86,  Far87]. 

[Far88a,  Far88b]  was  the  first  to  use  the  term  optimal  perturbations  to  denote  the  ini¬ 
tial  flow  disturbances  that  produced  the  maximum  gain,  defined  as  the  ratio  between  the 
perturbation  kinetic  energies  at  the  final  and  initial  time.  A  similar  concept  had,  however, 
already  been  introduced  for  flow  in  a  pipe  by  [BB88].  The  first  quantitative  calculation 
of  three-dimensional  optimal  perturbations  with  respect  to  temporal  growth  for  a  paral¬ 
lel  approximation  of  the  Blasius  boundary  layer  was  performed  by  [BF92],  Other  works 
[Gus91,  RH93,  TTRD93],  carried  out  more  than  a  decade  ago,  recognized  the  great  poten¬ 
tial  of  nonmodal  growth  for  explaining  bypass  transition. 

Optimal  perturbations  in  the  spatial  framework  have  only  more  recently  been  considered. 
The  spatial  Cauchy  problem  within  the  scope  of  the  linearized  Navier-Stokes  equations  is, 
however,  radically  different  from  the  temporal  one  and  is  ill  posed.  This  is  the  main  obsta¬ 
cle  in  applying  to  the  spatial  analysis  the  same  optimization  methods  used  in  the  temporal 
case.  The  problem  rises  from  the  presence  of  modes  with  a  negative  imaginary  part  of  the 
streamwise  wavenumber  a.  These  are  modes  decaying  upstream  and  associated  with  the 
downstream  boundary  conditions.  [TR01]  pointed  out  that  if  the  downstream  boundary  is 
moved  far  away,  the  upstream  decaying  modes  can  be  neglected  and  the  optimization  can 
be  carried  out  within  the  scope  of  the  Cauchy  problem,  similarly  to  the  temporal  analysis. 
The  ill-posedness  of  the  spatial  Cauchy  problem  was  first  overcome  by  considering  the  (lin¬ 
earized)  boundary  layer  equations  [ABH99,  LucOO]  instead  of  the  Navier-Stokes  equations. 
In  addition,  [ABH99]  and  [LucOO]  included  nonparallel  effects.  It  was  found  that  the  opti¬ 
mal  initial  disturbance  is  composed  of  stationary  streamwise  vortices  whereas  the  induced 
velocity  field  is  dominated  by  streamwise  streaks.  For  example,  in  the  case  of  incompressible 
boundary  layer  past  a  flat  plate,  the  maximum  amplification  occurs  in  the  steady  case  (fre¬ 
quency  u  =  0)  and  for  a  non-zero  value  of  the  spanwise  wavenumber  0  —  0.45  (scaled  with 
l  =  y/vL/Uoo,  v  being  the  kinematic  viscosity,  Uoo  the  freestream  velocity  and  L  the  longi¬ 
tudinal  distance  from  the  leading  edge  to  the  location  where  output  energy  is  maximized). 
For  the  spatial  problem,  [ZBL06]  computed  the  optimal  perturbations  in  the  nonlinear  case. 

The  compressible  counterpart  of  the  aforementioned  works  has  also  been  considered. 
Temporal  [HSH96,  HH98]  and  spatial  [RT00,  TR01,  TR04a]  analyses  of  the  transient 
growth  phenomenon  have  been  carried  out  within  the  scope  of  the  parallel  flow  approxima¬ 
tion.  [TR03]  developed  a  model  for  transient  growth  including  non-parallel  effects  in  the 
compressible  boundary  layer  past  a  flat  plate. 

Compressible  optimal  perturbations  calculated  by  including  surface  curvature  effects  and 
non-parallel  growth  of  the  boundary  layer  are  still  missing  and  can  actually  be  of  great 
importance  to  explain  the  long-standing  blunt  body  paradox  [RT00]. 

Depending  on  the  choice  of  the  norm,  which  states  what  quantity  will  be  maximized, 
constrained  optimization  in  the  framework  of  optimal  perturbation  can  lead  to  quite  different 
results.  With  reference  to  the  incompressible  case,  [ABH99]  maximized  a  full  energy  norm 
including  all  velocity  components,  whereas  [LucOO]  considered  the  energy  of  the  streamwise 
component  only.  On  the  other  hand,  the  choice  of  the  initial  condition  (i.e.  the  choice  of  the 
norm  at  the  inlet)  may  contribute  as  well  to  the  result.  In  the  incompressible  framework, 
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the  full  inlet  energy  norm  [ABH99]  and  the  energy  norm  including  only  the  spanwise  and 
wall-normal  velocity  components  [LucOO]  were  employed.  In  [ABH99]  both  norms  at  the 
inlet  and  at  the  outlet  depend  on  the  Reynolds  number  Re.  However,  in  the  limit  Re  — >  oc 
(practically  for  Re  >  104)  results  collapse  onto  those  obtained  by  [LucOO]. 

The  choice  of  the  energy  norm,  therefore,  can  be  a  delicate  issue,  especially  in  the  com¬ 
pressible  case  where  effects  due  to  compressibility  should  be  taken  into  account  through  the 
inclusion  of  density  and  temperature.  The  physics  of  transient  growth  is  mainly  dominated 
by  streamwise  vortices  [ABH99,  LucOO]  and  therefore  the  choice  of  an  initial  energy  exclud¬ 
ing  the  streamwise  velocity  component,  in  the  fashion  proposed  by  [LucOO],  is  satisfactory. 
The  choice  of  an  outlet  norm  including  only  temperature  and  the  component  of  the  velocity 
in  the  streamwise  direction,  however,  might  not  represent  completely  the  structure  of  the 
flow  field  if  the  flow  is  not  dominated  by  streamwise  streaks.  This  could  be  the  case  of  a 
blunt  body,  for  which  there  are  some  indications  that  the  largest  transient  growth  is  located 
close  to  the  stagnation  point  [RT04].  Due  to  the  short  interval  in  the  streamwise  direction, 
a  flow  field  mainly  dominated  by  streaks  might  not  be  completely  established  and  thus  the 
contribution  of  the  wall-normal  and  spanwise  velocity  components  to  the  energy  norm  at  the 
outlet  could  be  non  negligible. 
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4.2  Spatial  transient  growth,  problem  formulation 

Governing  equations 

Governing  equations  for  the  steady,  three-dimensional  disturbance  in  a  compressible  flow  are 
derived  from  the  linearized  Navier-Stokes  equations. 

A  small  parameter  e  =  HTef / Lref  is  introduced  for  scaling  purposes,  where  HTe!  — 
•sj vTefLTe(/Uref  is  a  typical  boundary  layer  length  in  the  wall-normal  direction  y  and  Lre f 
is  a  typical  scale  of  the  geometry  (length  of  the  flat  plate  L,  radius  of  the  sphere  R ,  etc.), 
C/ref  and  vre{  are  respectively  the  reference  scaling  velocity  and  kinematic  viscosity.  In  the 
case  of  the  flat  plate  HTe f  =  /  =  y/i^LjU^,  (the  subscript  oo  stands  for  freestream  pa¬ 
rameters,  outside  the  boundary  layer),  while  for  the  sphere  HTe!  —  \ZvrefR/Ure{  where  the 
reference  quantities  are  the  values  at  the  edge  of  the  boundary  layer  at  a  certain  downstream 
location  xTe{,  x  being  the  streamwise  direction.  The  scaling  parameter  e  is  thus  strictly  re¬ 
lated  to  the  Reynolds  number  Re.  For  the  flat  plate  e  =  Re~1/2,  where  Re  —  U^Ljv^  is 
the  Reynolds  number  based  on  the  length  of  the  plate  and  freestream  conditions,  while  for 
the  sphere  e  =  ReT^/2,  where  Reie f  =  UTe{R/vTe(  is  the  reference  Reynolds  number  based  on 
the  radius  of  the  sphere  R  and  reference  parameters. 

As  it  follows  from  previous  works  regarding  optimal  perturbations  in  both  incompressible 
and  compressible  boundary  layers  [LucOO,  CLOO,  TR04a,  ZLB04,  ZBL06],  the  disturbance 
flow  is  expected  to  be  dominated  by  streamwise  vortices  and  therefore  the  following  scaling 
is  employed.  The  streamwise  coordinate  x  is  normalized  with  Lref,  whereas  the  wall-normal 
coordinate  y  and  the  spanwise  coordinate  z  are  scaled  with  eLie f.  The  streamwise  velocity 
component  u  is  scaled  with  UTe f,  wall-normal  velocity  v  and  spanwise  velocity  w  with  dJTe f, 
temperature  T  with  Tie{  and  pressure  p  with  e2pte(U2e{.  Density  p  is  eliminated  through  the 
state  equation. 

Due  to  the  scaling  adopted,  the  second  derivative  with  respect  to  the  streamwise  coordi¬ 
nate  x  is  smaller  than  the  other  terms,  and  is  therefore  neglected.  This  leads  to  a  change  in 
the  nature  of  the  equations  from  elliptic  (Navier-Stokes  equations)  to  parabolic. 

For  the  flat  plate,  perturbations  are  assumed  to  be  periodic  in  z,  so  that  a  general  variable 
can  be  expressed  as  q(x,  y)  exp(i/?z),  where  q(x,  y)  is  the  amplitude,  which  depends  on  x  and 
y,  0  is  the  spanwise  wavenumber  and  i  is  the  imaginary  unit.  Similarly,  for  the  sphere, 
perturbations  are  assumed  to  be  periodic  in  the  azimuthal  direction  cj)  as  exp(i m<j>),  where 
rn  is  the  azimuthal  index. 

If  the  vector  of  perturbations  is  f  =  [u,  v,  w,  T,p]T  (where  the  superscript  T  denotes  the 
transpose),  and  w  =  i w  ( w  being  the  amplitude  of  the  spanwise  velocity  component),  the 
governing  equations  can  be  written  as  follows  [TR03]: 

(j4f)x  =  (Dfy)x  +  Bq{  +  B\fy  +  B^iyy  (4.1) 

This  form  of  the  governing  equations  is  general  and  can  be  derived  for  different  geometries 
such  as  flat  plate,  sphere,  sharp  cone  or  blunt-nose  cone.  Nonzero  elements  of  the  5  by  5 
real  matrices  A,  B0 ,  Bu  B2  and  D  for  the  flat  plate  are  defined  in  the  appendix  of  [TR03], 
while  for  the  sphere  they  are  reported  in  Appendix  C.l. 
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As  far  as  boundary  conditions  are  concerned,  all  perturbations  are  required  to  be  zero  at 
the  wall  except  for  p,  while  in  the  freestream  all  perturbations  vanish  except  for  u: 

y  =  0  :  u  =  0;  v  =  0;  ?/;  =  0;  T  =  0  .  , 

y  — >  oo  :  u  — >  0;  w  — ►  0; p  — ►  0;  T  — ►  0. 

In  order  to  isolate  the  derivative  with  respect  to  x,  system  (4.1)  can  be  recast  in  a  simple 
form  as 

(H,  f)x  +  H2  f  =  0  (4.3) 

where  operators  Hi  and  if2  are  still  5  by  5  real  matrices  and  contain  the  dependence  on  x 
and  y  due  to  the  basic  flow: 

Hi  —  A  -  £>(•)„;  H2  =  -B0  -  £,(•),  -  B2(-)yy.  (4.4) 

System  (4.3)  is  parabolic  in  nature  and  can  be  solved  by  means  of  a  downstream  marching 
procedure  with  initial  data  specified  at  the  inlet  section  of  the  domain  x  =  x*in. 

It  is  worth  noting  that,  due  to  the  normalization  chosen,  the  disturbance  equations  for 
the  flat  plate  are  Reynolds-number  independent,  i.e.  the  Reynolds  number  Re  does  not  enter 
explicitly  in  the  equations,  while  for  the  sphere  they  are  not  Reynolds-number  independent 
due  to  the  parameter  e  in  the  scaling,  which  is  associated  with  curvature  effects. 

Constrained  optimization  and  adjoint  discrete  equations 

As  stated  in  the  introduction,  we  are  interested  in  finding  initial  optimal  disturbances  for 
the  compressible  boundary  layer  over  a  flat  plate  and  a  sphere.  The  term  “optimal”  here 
refers  to  the  initial  condition  that  is  able  to  produce  the  worst  possible  scenario  as  far  as 
transition  is  concerned.  It  is  clear  that  the  choice  of  a  specific  quantity  that  can  measure  this 
worst  possible  scenario  is  neither  easy  nor  unique.  In  previous  works  dealing  with  optimal 
perturbations  in  the  incompressible  framework  [ABH99,  LucOO,  CL00,  ZLB04,  ZBL06],  the 
kinetic  energy  of  the  disturbance  field  has  always  been  the  choice. 

Once  the  objective  function  has  been  identified,  the  Lagrangian  multiplier  technique  is 
employed  in  order  to  solve  the  constrained  optimization  problem.  In  doing  so  the  costate 
(or  adjoint)  equations  are  derived.  If  this  is  applied  to  the  discrete  equations,  the  discrete 
version  of  the  adjoint  problem  is  obtained.  The  procedure  is  outlined  for  a  general  case,  as 
done  in  the  section  with  governing  equations. 

The  objective  function 

In  problems  related  to  boundary-layer  transition,  the  quantity  that  monitors  the  instability 
development  is  typically  the  kinetic  energy.  In  optimal  perturbation  studies  the  latter  is 
usually  maximized  at  the  outlet  of  the  computational  domain,  but  in  other  cases  the  integral 
of  the  kinetic  energy  over  the  whole  domain  has  been  considered,  especially  for  optimal 
control  problems  [see  CL00,  ZLB04].  Since  one  of  the  goals  of  the  present  study  is  to  check 
how  the  use  of  a  “full  energy  norm”  at  the  outlet  can  influence  the  results,  the  expression 
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we  choose  to  maximize  is  Mack’s  energy  norm  [Mac69]  including  the  perturbation  kinetic 
energy  and  temperature  in  the  outlet  plane.  After  employing  the  scaling  in  the  governing 
equations’  section,  the  latter  reads 


Ea 


■n 


P»out  (“out  +  e2('Vout  +  «£J)  + 


A«T, 


sout 


+ 


'^out^sout 


IPsoutM2  7(7~1  )T50UtM2 


dy .  (4.5) 


Expression  (4.5)  was  derived  for  perturbations  in  the  boundary  layer  over  a  flat  plate  within 
the  temporal  framework  and  is  here  utilized  for  the  spatial  one,  as  done  by  [TR03]  (for  the 
sphere,  the  integration  generates  a  slightly  different  expression  for  the  energy  norm,  which 
can  be  found  in  Appendix  C.l).  After  employing  the  equation  of  state  for  the  basic  flow  and 
for  the  perturbation,  the  norm  reads 


Eout  =  jf  \ps ont  («out  +  eVout  +  «£J)  + 
and  can  be  more  compactly  recast  in  matrix  form  as 

Eout  (foutMoutfout)  dy 
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W2outM*\ 


dy 


where  the  linear  operator  Mout  is  a  diagonal  5x5  matrix 
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(4.6) 


(4.7) 


(4.8) 


The  initial  condition  for  the  compressible  boundary-layer  equations  is  not  arbitrary,  but 
only  three  of  the  five  variables  can  be  imposed  at  X;n  [Tin65].  However,  in  the  incompress¬ 
ible  case  and  for  Re  oo,  [LucOO]  observed  that  the  choice  uin  —  0 ,  pm  =  0,  vm  and 
Win  related  by  the  continuity  equation  guarantees  the  maximum  gain  in  an  input-output 
fashion  (in  the  incompressible  case  the  number  of  independent  initial  conditions  is  two;  see 
also  [LB98,  LucOO,  ZBL06]).  This  choice  also  corresponds  to  the  physical  mechanism,  ob¬ 
served  in  transitional  boundary  layer  flows,  known  as  the  lift-up  effect  [Lan80],  according  to 
which  streamwise  vortices  lift  low-momentum  flow  up  (from  the  wall)  and  push  down  high- 
momentum  flow  causing  streaks  that  eventually  break  down  to  turbulence.  Led  by  these 
considerations,  here  we  focus  on  initial  perturbations  with  only  v  and  w  nonzero,  which 
correspond  to  steady,  streamwise  vortices.  It  should  be  noticed,  however,  that  in  the  case  of 
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finite  Reynolds  number,  for  example  Re  =  1000,  and  for  the  incompressible  boundary  layer 
past  a  flat  plate,  the  choice  of  a  full  energy  norm  at  both  inlet  and  outlet  guarantees  the 
largest  gain  in  the  optimization  [ABH99]. 

The  kinetic  energy  of  the  optimal  disturbance  fin,  if  only  vm  and  win  axe  nonzero,  is 
therefore: 


Eh, 


=  f  [p.i„e2K  +  «&)]  dy, 
Jo 


(4.9) 


or  more  compactly 


Eh, 


=  j r  (f£Min fin)  dy 


where  Mm  is  a  5  x  5  diagonal  matrix 
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The  quantity  to  be  maximized  is  G  =  Eout/Em,  the  ratio  between  the  outlet  and  inlet 
norms.  However,  in  order  to  allow  direct  comparison  with  previous  works,  Ge2  will  be 
presented  in  the  results  section.  Combining  expressions  (4.6)  and  (4.9)  leads  to 
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which  reduces,  in  the  Re  — *  oo  limit  (e  — >  0),  to  the  expression  maximized  by  [TR03]  for  the 
compressible  case  and  by  [LucOO]  for  the  incompressible  one.  Since  the  problem  is  linear, 
an  arbitrary  normalization  for  the  initial  disturbance  at  xin  can  be  chosen,  e.g.  Ein  =  E0  = 
1,  so  that  the  maximization  of  (4.12)  turns  out  to  be  equivalent  to  the  maximization  of 
expression  (4.7). 

From  the  above  discussion  it  is  clear  that  the  whole  problem  of  finding  optimal  pertur¬ 
bations  reduces  to  a  “constrained  optimization”,  in  which  we  seek  the  initial  conditions 
for  the  disturbance  equations  (4.3)  that  maximize  (4.7)  and  that  satisfy  the  constraint 
Ein  =  E0  at  xin  together  with  the  direct  equations  (4.3)  and  boundary  conditions  (4.2) 
at  each  x*  €  (x',n,  x*out). 
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Constrained  optimization 

The  classical  Lagrange  multiplier  technique  is  one  of  the  most  known  tools  to  solve  con¬ 
strained  optimization  problems.  As  applied  to  optimal  perturbations,  numerous  examples 
can  be  found  in  the  literature  regarding  the  continuous  version  of  such  an  approach,  which 
leads  to  the  so-called  adjoint  equations  in  a  continuous  fashion.  Rigorously  speaking,  in 
the  theory  of  linear  operators  the  adjoint  equations  are  derived  by  satisfying  an  equality 
involving  an  inner  product  [NSOO,  Kre89].  Therefore  their  form  is  not  necessarily  related 
to  constrained  optimization  problems.  On  the  contrary,  when  the  adjoint  equations  are  de¬ 
rived  from  a  constrained  optimization  (as  in  our  case)  only  if  the  objective  function  includes 
exclusively  quantities  at  the  boundaries  of  the  domain  then  their  form  is  the  same  as  those 
derived  from  an  inner  product  equality.  In  fact,  if  we  try  to  maximize  the  integral  of  the 
energy  over  the  whole  domain  (as  opposed  to  the  outlet  energy  only),  a  source  term  arises 
in  the  adjoint  equations  [CLOO,  ZLB04,  ZBL06].  As  opposed  to  the  continuous  version  of 
the  Lagrange  multiplier  approach,  less  numerous  are  the  examples  where  this  technique  is 
applied  directly  to  the  discrete  equations  [LB98,  LB01,  LucOO,  CLOO,  ZLB04,  ZBL06]. 

The  adjoint  methodology  for  the  calculation  of  optimal  perturbations,  and  in  particular 
its  discrete  implementation,  was  introduced  by  [FM92]  in  the  context  of  oceanic  flows.  The 
use  of  the  discrete  approach  has  several  advantages  among  which  the  necessity  of  an  “ad 
hoc”  adjoint  code  is  avoided  and  a  foolproof  test  is  available  by  comparing  the  results  of  the 
direct  and  adjoint  calculations,  which  must  match  up  to  machine  accuracy  for  any  step  size 
and  not  only  in  the  limit  of  step  size  tending  to  zero  [ZBL06].  This  is  due  to  the  conservation 
of  a  quantity  which  depends  on  x  only  [LB98,  LucOO].  For  a  thorough  discussion  on  the 
issue  of  continuous  versus  discrete  adjoints  the  reader  is  referred  to  [GunOO]. 

The  numerical  discretization  of  a  general  parabolic  system  of  partial  differential  equations 
such  as  (4.3)  can  always  be  recast  as 

Cn+lfn+l  =  Bnfn  (4.13) 

where  n  denotes  the  n-th  grid  point  in  the  streamwise  direction  x,  f  is  the  vector  of  unknowns 
(not  with  only  5  elements  but  with  5  x  Ny,  where  Ny  is  the  number  of  grid  points  in  the 
wall-normal  direction  y )  and  matrices  C  and  B  depend  on  x  (as  the  basic  flow  does)  and 
account  for  the  discretization  in  both  x  and  y.  The  solution  is  found  by  marching  forward 
in  space  from  n  =  0  (xin),  given  the  initial  condition  f0,  to  n  =  N  (xout).  The  boundary 
conditions  at  the  wall  and  for  y  — ►  oo  axe  already  included  in  the  matrices  rows.  The  discrete 
objective  function  we  aim  to  maximize  is  J  =  where  MN  is  the  discrete  version 

of  Mout  as  defined  in  (4.8)  and  accounts  for  the  discretization  of  the  integral  in  y. 

The  augmented  functional  £,  which  contains  the  objective  function  J  =  Eout,  the  con¬ 
straints  (4.13)  and  Em  =  E0,  and  the  Lagrange  multipliers,  is  written  as 

N  —  l 

£(f0,...,fw)  =  $MNfN  +  [pt  (Cn+1fn+1  -  Bnfn)]  +  A0[f0TM0fo  -  Eo]  (4.14) 

n=0 

where  p„  is  the  vector  of  Lagrangian  multipliers,  which  depends  on  the  streamwise  location  n 
and  M0  is  the  discrete  version  of  Min  as  defined  in  (4.11),  in  the  same  fashion  as  MN.  Only 
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the  dependence  on  fn  (n  =  0, . . . ,  N)  has  been  emphasized  in  C  because  its  derivative  with 
respect  to  the  Lagrangian  multipliers  (which  is  needed  to  impose  SC  =  0)  would  lead  to  the 
constraints,  that  are  already  known.  The  summation  between  0  and  N  —  1  in  (4.14)  involving 
pn  reflects  the  integral  along  x.  The  integration  by  parts  (which  would  be  performed  in  the 
continuous  case)  is  here  replaced  by  adding  and  subtracting  p^+1J3n+1fn+1  in  the  summation 
so  that  the  terms  can  be  rearranged  as 
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and  expression  (4.14)  can  be  rewritten  as 
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As  in  the  continuous  case,  the  stationary  condition  is  found  when  SC  =  0 
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which,  in  order  to  be  satisfied  for  any  arbitrary  f0,  fn+j  and  fN,  leads  to 
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(4.16) 
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Equation  (4.16)  furnishes  the  optimality  condition  to  be  satisfied  at  xin  and  equation 
(4.17)  leads  to 


Pn^n+l  Pn+l-®n+l  —  0, 


(4.19) 


which  is  the  discrete  form  of  the  adjoint  equations  to  be  solved  by  marching  backwards  from 
^out  t'O  *^*in  with  the  initial  condition  provided  by  equation  (4.18)  solved  for  p^. 
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Outlet  conditions 

From  expression  (4.18)  follows 

BpjPN  =  2JVfNfftr  (4.20) 

where  BN  is  the  discrete  representation  of  Hloul  and  is  singular  due  to  the  fact  that  the 
fifth  column  in  H1  is  made  of  zeros  as  px  =  0  in  this  approximation  (the  last  column  of 
matrix  A  is  made  of  zeros).  This  implies  that  the  solution  cannot  be  found  unless  the 
solvability  condition  is  satisfied.  The  singularity  of  H \  is  not  simply  a  practical  numerical 
problem  for  the  solution  of  (4.20)  but  contains  deeper  information  and  insights  regarding  the 
initial  condition  for  the  adjoint  variables.  The  impossibility  to  determine  a  unique  solution 
of  (4.20)  translates  into  the  fact  that  at  least  one  out  of  five  adjoint  variables  is  free  at 
x  =  xout  and  therefore  can  be  chosen  arbitrarily.  For  sake  of  simplicity,  we  set  ps  (the  fifth 
adjoint  variable)  to  zero. 

Inlet  conditions 

By  imposing  6C/8fm  =  0  condition  (4.16)  was  obtained.  The  operator  M0  is  the  discrete 
counterpart  of  Min  and  is  singular  (as  Mout)  so  M0'  does  not  exist  and  (4.16)  can  not 
be  solved.  However,  M0  is  diagonal  and  therefore  the  j-th  element  of  f0  corresponding  to 
M0jj  /  0  can  be  retrieved  by 


r  W 

2XM0jj 


if  M0jj  ^  0 
if  M0jj  —  0 


The  multiplier  A  is  found  by  imposing  the  constraint  E0  —  Em. 


(4.21) 


An  optimization  algorithm 

The  constrained  optimization  developed  above  has  enabled  us  to  write  a  set  of  equations  and 
boundary  conditions  that  must  be  satisfied  simultaneously.  More  specifically,  we  first  need 
to  solve  system  (4.13)  from  x  =  xin  (n  =  0)  to  x  =  xout  (n  =  N  —  1)  with  initial  conditions 
at  xin  expressed  by  (4.21).  We  refer  to  this  as  the  direct  or  forward  problem.  Then  we  need 
to  solve  system  (4.19)  from  x  =  xout  (n  =  N  —  1)  to  x  =  xin  (n  =  0),  with  initial  conditions 
derived  from  (4.20)  and  provided  at  x  =  x'out.  We  call  this  the  adjoint  or  backward  problem. 

A  quite  large  system  of  linear  equations  supplemented  by  initial  and  boundary  conditions 
has  to  be  solved.  Instead  of  doing  it  in  one  shot,  however,  we  employ  the  intrinsic  parabolic 
nature  of  the  equations  to  efficiently  solve  separately  the  two  coupled  problems.  Such  an 
algorithm  can  be  outlined  in  the  following  few  steps: 

1.  a  guessed  initial  condition  f/n0)  is  provided  at  the  beginning  of  the  optimization  proce¬ 
dure 

2.  the  forward  problem  (4.13)  is  solved  at  the  i-th  iteration  with  the  initial  condition 
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3.  the  objective  function  J W  =  E^t  is  computed  at  the  end  of  the  forward  iteration  and 

compared  to  the  objective  function  =  Z^ut^  at  the  end  of  the  previous  forward 

iteration.  If  —  1|  <  et  (where  e 1  is  the  maximum  tolerance  accepted  to  stop 

the  optimization)  then  the  optimization  is  considered  converged 

4.  if  —  1|  >  €«  the  initial  conditions  for  the  backward  problem  (4.20)  are 

assigned  at  the  outlet  and  derived  from  the  direct  solution  at  x  =  xout 

5.  the  backward  problem  (4.19)  is  solved  from  x  =  xout  to  x  =  X\n 

6.  a  new  initial  condition  for  the  forward  problem  ffnt+1)  is  obtained  from  the  solution  of 
the  backward  problem  at  x  =  xin  employing  (4.21) 

7.  the  loop  is  repeated  from  step  2  on. 

A  similar  iterative  approach  was  first  introduced  by  [FM92]  for  obtaining  the  most 
rapidly  growing  perturbations  in  oceanic  flows. 

It  should  be  noted  that  the  above  procedure  does  not  necessarily  guarantee  convergence. 
If  there  is  an  attractor  for  the  solution,  then  the  procedure  will  capture  it  and  this  happens 
quite  fast  (2-3  forward-backward  iterations)  when  the  norm  proposed  by  [LucOO]  is  used.  On 
the  other  hand,  it  was  observed  that  when  the  full  energy  norm  is  employed  the  convergence 
is  generally  much  slower,  depending  on  the  wavenumber  /?,  reaching  the  fastest  convergence 
in  the  proximity  of  the  optimal  /?. 

Discretization 

A  finite  difference  discretization  scheme  has  been  implemented  to  numerically  solve  equa¬ 
tions  (4.3)  with  boundary  conditions  (4.2).  For  sake  of  generality,  grid  points  in  x  and  y 
are  not  necessarily  equally  spaced.  A  staggered  grid  is  introduced  in  the  wall-normal  direc¬ 
tion,  with  variables  ?/,  w  and  T  known  at  the  grid  points,  and  p  known  at  the  mid-grid 
(staggered)  points.  All  equations  are  satisfied  at  the  grid  points  except  for  continuity,  which 
is  satisfied  in  the  mid-grid  points.  The  use  of  the  uneven  grid  in  y  allows  us  to  cluster 
more  nodes  close  to  the  wall  so  as  to  take  into  account  the  large  gradients  of  boundary  layer 
quantities  in  this  region. 

The  last  point  of  the  j/-grid  is  located  far  enough  from  the  wall  to  allow  us  to  specify 
there  the  boundary  conditions  for  y  — ►  oo. 

Fourth-order  non-compact  finite  differences  are  used  for  the  y  discretization,  employing 
six  points  so  as  to  allow  4th  order  accuracy  for  the  second  derivative.  By  using  six  points, 
the  first  derivative  is  automatically  5th  order  accurate  and  the  function  (when  interpolated 
due  to  the  staggered  grid)  is  6th  order  accurate. 

Also  the  discretization  in  the  streamwise  direction  is  based  on  uneven  grid.  Since  the 
system  of  boundary  layer  equations  is  parabolic,  a  second  order  backward  discretization  is 
chosen,  which  requires  the  solution  at  two  previous  steps  to  be  known.  For  the  first  step, 
however,  a  first  order  scheme  is  used  because  only  the  initial  condition  is  available. 
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After  the  discretization,  the  original  system  of  partial  differential  equations  (4.3)  can  be 
re-written  in  the  following  form: 

[CSX  +  Hn+l]  fn+l  =  -CUlK f„  -  (4.22) 

where  coefficients  C^+1,  C„+l  and  C^+1  account  for  the  streamwise  discretization  and  ma¬ 
trices  and  if^+1  are  the  discretized  version  of  respectively  Hi  and  H2  introduced  in 

the  governing  equations’  section.  The  solution  is  thus  completely  determined  once  the  initial 
condition  f0  =  fin  is  given  at  xin.  Clearly,  for  the  first  step  in  x  a  first-order  approximation 
is  used  for  the  derivative  since  data  are  available  only  at  one  point  upstream,  not  two. 
Equation  (4.22)  can  be  easily  rewritten  in  a  form  similar  to  (4.13) 

CWifn+i  =  Cn+iBn  fn  +  C^+1i?n_ifn_i  (4.23) 

where  Cn+1  =  [<^+1H>+1  +  H2n+1]  and  Bn  =  -H\ 

Contrary  to  the  simple  form  (4.13),  which  refers  to  a  scheme  where  the  new  solution 
fn+i  depends  on  fn  only,  the  discrete  equation  (4.22)  depends  on  f„  and  fn_i  due  to  the 
second  order  approximation  in  x.  Therefore,  the  discrete  adjoint  system  is  slightly  different 
from  (4.19).  More  specifically,  by  repeating  the  same  steps  as  in  constrained  optimization 
section,  the  constraint  Cn+ifn+1  —  C„+1Bn fn  -  C%+  xBn^n-\  =  0  is  left  multiplied  by  the 
vector  of  Lagrangian  multipliers  p„  and  then  all  terms  are  included  in  the  summation  on  n 
(in  the  streamwise  direction)  to  form  the  functional  for  the  constrained  optimization.  Within 
this  summation,  we  first  add  and  subtract  the  quantity  pj+1  [C*+2i?„+if„+i  +  C%+2Bnfn] 
and  rearrange  the  summation  as  [Cn+1fn+1]-£pT+1  [Cln+2B 

n+ 1  fn+ 1  +  Cl+2Brfn]  and 

then  we  add  and  subtract  the  quantity  p^+2  [C^+3Sn+1f„+]]  so  that  the  final  form  of  the 
summation  is  £  pj  [Cn+1fn+1]  -  £  p£+1  [C^+z-Bn+ifn+ij  -  £  p^+2  [C^+3Bn+ifn+1] .  In  this 
way,  all  terms  are  right  multiplied  by  fn+i  so  that  the  derivative  of  the  functional  £  with 
respect  to  fn+J  leads  to  the  adjoint  discrete  equation  in  the  form 

Pn^n+l  ~  Pn+l^l+2Bn+l  ~  Pn+2^n+3Bn+l  =  0,  (4.24) 

where  the  solution  at  step  n  is  obtained  by  marching  upstream  in  space  from  the  outlet  to 
the  inlet  and  needs  two  steps  downstream  to  be  computed. 


The  basic-flow  model 


The  basic  flow  for  the  flat  plate  is  the  same  as  in  [TR03]  and  is  obtained  from  a  conventional 
similarity  solution. 

For  the  high-speed  flow  past  a  sphere,  the  streamwise  velocity  Ue  at  the  edge  of  the 
boundary  layer  of  the  subsonic  part  of  the  flow  can  be  approximated  by 


0, 
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where  dUe/d9\o  is  the  derivative  of  the  edge  velocity  with  respect  to  the  meridional  coordinate 
9  evaluated  at  the  stagnation  point.  This  quantity  can  be  calculated  from  the  modified 
Newtonian  pressure  distribution  [Jr.89]  as 


_  /^Pmax^oo 

Uoo  d9  o  V  Po 


with  CPmax  (maximum  pressure  coefficient)  and  p0  evaluated  at  the  stagnation  point  for  a 
calorically  perfect  gas  with  specific  heat  ratio  7  =  1.4.  Flow  parameters  at  the  edge  of 
the  boundary  layer  for  the  downstream  locations  can  then  be  found  from  the  isentropic 
relationships. 

For  the  compressible  boundary  layer  we  consider  the  local-similarity  approximation  [Jr.89] 
and  introduce  the  Levy-Lees-Dorodnitsyn  variables 


peHeUeR?( sin  9)2  d9; 


fj  = 


peUeR  sin  9 


V2{, 


where  r/  =  y/Hre{,  y  being  the  coordinate  in  the  wall-normal  direction.  After  substituting 
these  new  variables  £  and  fj,  boundary-layer  equations  can  be  recast  as 


(Cf")'  +  ff"  +  (3H 


=  0 


+  /$'  + 


(7  —  l)Me2 

1  +  '1^M\ 

2  e 


=  0 


where  the  prime  (')  denotes  the  partial  derivative  with  respect  to  7/,  C  =  (pp) /(pepe)  and 
0h  =  (2 t/Ue)dUe/d£  is  the  Hartree  parameter.  These  boundary  layer  equations  are  solved 
subject  to  the  conventional  boundary  layer  conditions  on  the  wall  and  in  the  freestream 
[Jr.89].  The  flow  quantities  are  then  retrieved  from  functions  f(£,fj)  and  which  are 

related  to  the  velocity  U(£,fj)  and  total  enthalpy  /(£,/?)  according  to  the  similarity  laws 


UtfJl)  =  Ue(OfU,rl);  I&fi)  =  legit,  fi). 


As  proved  in  figures  4.1(a)  and  4.1(b),  for  9  <  30°  lies  within  the  interval  [0.5;  0.6] 
and  the  Mach  number  is  a  linear  function  of  9.  Moreover,  when  the  wall-normal  distance  is 
scaled  with  H{9)  =  \/2£/(peUeRsm9)  profiles  of  U /Ue  and  T/Te  are  almost  independent  of 
the  Mach  number  Me  and  Hartree  parameter  (3H,  as  shown  in  figures  4.2(a)  and  4.2(b). 

The  dependence  on  the  meridional  angle  9  enters  the  analysis  only  through  the  local 
velocity,  temperature,  density  and  pressure  at  the  edge  of  the  boundary  layer,  and  through 
the  local  length  scale  H(9),  which  is  however  a  slow  function  of  9  as  figure  4.3  clearly  shows. 

For  the  present  study  we  have  chosen  the  scaled  velocity  and  temperature  profiles  ob¬ 
tained  for  Me  =  0.6  and  =  0.5. 
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(a) 


(b) 


0  [deg]  6  [deg] 


Figure  4.1:  Hartree  parameter  (3h  (a)  and  local  Mach  number  Me  at  the  edge  of  the  boundary 
layer  (b)  as  a  function  of  the  the  meridional  angle  6. 


(a)  (b) 


Figure  4.2:  Effect  of  the  Mach  number  Me  and  Hartree  parameter  (3h  on  the  basic  flow 
profiles,  (a)  streamwise  velocity,  (b)  temperature. 
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6  [deg] 


Figure  4.3:  Boundary  layer  local  length  scale  ReoH/R  as  a  function  of  the  the  meridional 
angle  6 

Shortcoming  of  the  iterative  algorithm 

As  mentioned  before,  the  choice  of  the  norm  is  not  unique.  Here  we  discuss  some  limitations 
of  the  iterative  algorithm  due  to  the  choice  of  the  inlet  norm  and  focus  on  the  incompressible 
case,  for  which  previously  published  results  obtained  with  different  norms  are  available. 

[ABH99]  employed  the  full  norm  including  all  components  of  velocity.  By  combining  the 
continuity  equation  with  the  streamwise  momentum  equation  (for  the  perturbations)  and 
the  continuity  equation  for  the  basic  flow  they  derived  a  constraint  that  holds  for  each  x  >  0 

{01  -  Vy)u  +  Vuy  -  uyy  +  UyV  —  U Vy  -  (3U w  =  0 ,  (4.25) 

but  optimal  disturbances  were  computed  at  the  leading  edge  of  the  flat  plate,  xin  =  0. 
In  order  to  avoid  discontinuity  of  the  solution  at  x  =  0,  [ABH99]  required  the  optimal 
perturbation  [ttin,  Vm,  Win]  to  satisfy  the  constraint  (4.25)  also  at  x  =  0~.  However,  since  u,  v 
and  w  at  x  =  0“,  as  resulting  from  the  application  of  the  inlet  conditions  stemming  from  the 
adjoint-based  iterative  algorithm,  do  not  satisfy  (4.25),  [ABH99]  needed  to  solve  a  further 
least  square  problem  seeking  [itijn,  vin,  u>in]  that  simultaneously  satisfy  (4.25)  and  minimize 
the  distance  from  the  solution  obtained  by  applying  the  inlet  conditions  (4.21). 

It  should  be  noticed  that  in  [LucOO] ,  where  um  was  set  to  zero,  no  further  constraints  such 
as  (4.25)  were  required  because  in  that  case  v  and  w  as  resulting  from  the  inlet  conditions 
already  satisfy  the  governing  equations  at  xm  =  0,  and  there  is  no  discontinuity  in  the 
solution. 

From  the  point  of  view  of  optimization,  what  was  done  by  [ABH99]  corresponds  to 
adding  more  constraints  to  the  problem.  Because  of  this,  the  optimization  procedure  locates 
a  maximum  with  a  value  of  the  objective  function  lower  than  in  the  case  where  the  optimal 
perturbation  is  not  constrained  by  an  equation  at  the  inlet. 

Here  we  propose  a  further  analysis  of  this  issue. 
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(a) 


(b) 


Figure  4.4:  Profile  of  uin  as  a  function  of  y,  no  constraints  on  the  initial  condition,  full 
energy  norm  at  both  inlet  and  outlet,  Re  =  1000.  M  -  0.02,  xin  =  0  xout  =  10,  T^/T^  =  1, 
/?  =  0.55.  (a)  Outer  view,  (b)  Zoom  in  the  proximity  of  the  wall. 


By  writing  explicitly  the  inlet  conditions  (4.21),  it  is  easy  to  verify  that  vm  and  wm  go  to 
zero  at  the  wall  as  long  as  the  streamwise  component  of  the  basic  flow  does,  because  they 
originate  from  the  adjoint  solution  multiplied  by  U.  Therefore,  even  if  the  adjoint  field  is 
not  homogeneous  at  the  wall,  since  U  satisfies  the  no-slip  condition,  vin  and  wm  are  zero  at 
the  wall.  On  the  contrary,  the  expression  for  uin  does  not  guarantee  u  =  0  at  the  wall  and 
thus  a  non  homogeneous  solution  is  allowed  at  the  wall  by  the  algorithm.  However,  this 
nonphysical  solution  guarantees  the  maximum  gain  in  the  optimization  procedure. 

We  consider  adiabatic  wall  conditions,  T^/T^  =  1,  and  freestream  Mach  number  M  = 
0.02.  Figure  4.4  shows  the  streamwise  component  of  the  optimal  perturbation  obtained 
without  any  further  constraint  and  using  full  energy  norm  at  both  input  and  output  (FENI 
and  FENO).  The  outer  view,  figure  4.4(a),  indicates  that  uin  does  not  satisfy  the  no-slip 
condition  at  the  wall.  Zooming  in  on  the  proximity  of  y  =  0,  figure  4.4(b),  the  behavior 
of  Uin  is  clearer,  showing  a  few  oscillations.  The  latter  do  not  originate  from  the  numerical 
scheme,  as  was  proven  by  changing  from  4th  order  to  2nd  order  finite  differences  in  y.  On 
the  contrary,  they  originate  from  the  fact  that  um  is  generated  by  a  component  of  the  adjoint 
solution  that  does  not  guarantee  um  =  0  at  the  wall. 

Different  possible  choices  are  available  to  render  um  homogeneous  at  the  wall  so  as  to 
reconcile  the  optimization  algorithm  with  the  governing  equations.  Such  a  “smoothing”,  i.e. 
forcing  um  =  0  at  the  wall,  avoids  the  discontinuity  at  xin  =  0  that  would  occur  due  to  the 
fact  that  at  x  =  0+  it  must  be  u  =  0  on  the  wall  because  of  the  no-slip  condition. 

The  simplest  approach  is  to  substitute  v-in  and  wm  as  provided  by  the  inlet  condi¬ 
tions  (4.21)  into  (4.25)  and  to  obtain  um  from  a  boundary  value  problem  where  um  is  forced 
to  be  zero  at  the  wall  and  in  the  free  stream.  By  doing  so,  results  reported  in  figure  4.5  are 
obtained.  The  order  of  magnitude  of  u  is  now  much  smaller  than  what  was  seen  in  figure  4.4, 
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(a) 


(b) 


Figure  4.5:  Profile  of  uin,  vin  and  wm  as  a  function  of  y,  physical,  constrained  solution. 
M  =  0.02,  xin  =  0  xout  =  1.0,  Tw/Tad  =  1,  /?  =  0.55.  The  constraint  (4.25)  is  used  where 
Vin  and  wm  are  those  originating  from  the  inlet  conditions  (4.21)  and  wm  is  calculated  from 
the  linear  ordinary  differential  equation  so  obtained  by  imposing  homogeneous  boundary 
conditions  at  the  wall  and  in  the  free  stream,  (a)  Uin.  (b)  vm  and  wm. 

while  vm  and  wm  remain  on  the  same  order  as  before.  This  choice  of  rendering  uln  zero  at 
the  wall  so  as  to  avoid  the  discontinuity  at  xin,  therefore,  leads  to  an  initial  perturbation 
very  far  from  the  one  originally  computed  without  additional  constraints  and  generates  a 
consequently  much  lower  gain. 

If  the  goal  is  to  try  to  keep  uln  on  the  same  order  of  magnitude  as  the  profile  originating 
from  the  inlet  conditions  alone  (the  one  in  figure  4.4)  but  assuring  the  continuity  at  xin  by 
imposing  the  um  =  0  on  the  wall,  then  infinite  possibilities  are  available. 

We  chose  to  replace  the  oscillations  in  um  visible  in  figure  4.4  with  a  smooth  solution 
so  as  to  keep  uin  untouched  from  a  certain  y  to  j/max  (where  the  boundary  conditions  for 
y  — ►  oo  are  imposed)  and  to  replace  Uin  with  a  smooth  function  that  goes  to  zero  with 

y  for  y  <  y.  Both  y  and  the  smooth  function  are  arbitrary.  For  the  function  we  need  a 

choice  that  guarantees  the  continuity  of  'uin  and  its  first  and  second  derivative  in  y  (to  avoid 
discontinuities  when  uin  is  substituted  in  (4.25))  and  such  that  its  second  derivative  is  zero 
at  the  wall.  The  latter  requirement  is  dictated  by  the  constraint  equation  (4.25),  from  which 
it  is  easy  to  verify  that  at  the  wall  w  =  Uvv ■  A  4th-order  polynomial  is  used.  The  value  y 

is  chosen  to  be  80%  of  the  position  in  y  where  vm  reaches  its  maximum.  After  Um  has  been 

smoothed,  the  constraint  (4.25)  is  used  to  compute  w,„  given  um  and  uin. 

This  choice  of  smoothing  um  and  constraining  it  to  be  zero  at  the  wall  produces  a  small 
difference  (in  the  profile  of  Ui„ )  with  respect  to  the  free  case  reported  in  figure  4.4  (see 
figure  4.6(a)),  with  the  discrepancy  localized  in  the  proximity  of  the  wall.  On  the  contrary, 
no  significant  differences  are  detectable  in  the  profiles  of  vin  and  ?/;in  (figure  4.6(b)).  Since 
the  optimal  perturbation  remains  almost  unchanged,  the  difference  in  the  gain  between  the 
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Figure  4.6:  Profile  of  uin,  vm  and  win  as  a  function  of  y.  Comparison  between  the  “free” 
solution  computed  from  the  inlet  conditions  (4.21)  and  the  physical  solution  obtained  by 
smoothing  um  and  constraining  it  to  be  zero  at  the  wall.  The  constraint  (4.25)  is  used  to 
compute  W[n  given  um  and  vin.  M  =  0.02,  xin  =  0  xout  =  1.0,  T^/T^  =  1,  /?  =  0.55.  (a)  uin. 
(b)  vm  and  wm. 

“free”  and  “smooth  and  physical”  cases  is  very  tiny.  For  the  smoothened  case  the  gain  is 
G/Re  =  2.52  - 10~3  as  opposed  to  G/Re  =  2.54  *  10""3  in  the  free  case.  This  difference  is  about 
0.8%,  even  smaller  than  the  tolerance  (1%)  which  is  required  to  end  the  forward-backward 
iteration  in  the  optimization  procedure  presented  in  the  algorithm  section. 

Such  a  result  offers  much  better  insights  regarding  the  issue  of  the  inlet  norm.  It  shows 
that  in  the  constrained  case  the  gain  is,  as  expected,  smaller  than  in  the  free  case  but 
this  difference  is  extremely  tiny  and  within  the  tolerance  of  the  scheme.  The  explanation 
resides  in  the  order  of  magnitude  of  um.  If  it  is  kept  on  the  same  order  as  resulting  from  the 
application  of  the  automatic  inlet  conditions  (4.21)  then  the  gain  is  practically  the  same  as  in 
the  case  of  unconstrained  uin.  On  the  contrary,  when  Uin  is  obtained  by  solving  the  ordinary 
differential  equation  (4.25)  assuming  vin  and  wm  given,  a  much  smaller  Uin  is  obtained  with 
a  considerable  difference  in  the  gain. 

A  summary  of  the  above  discussion  is  graphically  reported  in  figure  4.7,  where  different 
curves  are  reported. 

Results  by  [ABH99]  (x)  were  obtained  with  full  energy  norm  at  both  inlet  and  outlet 
and  show  the  largest  values  of  the  gain.  They  differ  only  slightly  from  those  obtained  in 
the  present  work  for  the  case  of  free  optimization  (□)  and  for  the  case  of  smoothed  and 
constrained  inflow  profile  (o).  The  maximum  discrepancy  is  on  the  order  of  3%  and  it  is 
believed  to  be  due  to  different  numerical  schemes,  as  the  same  trend  was  observed  in  the 
case  of  infinite  Reynolds  number  limit  (figure  4.8).  Although  it  is  not  clear  how  the  problem 
of  discontinuity  in  ?/in  at  the  wall  for  xin  =  0  was  treated  by  [ABH99],  our  results  illustrate 
that  the  energy  gains  are  very  close  for  constrained  (smoothened  u)  and  free  optimizations. 
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Figure  4.7:  Comparison  of  G/Re  between  results  obtained  by  [ABH99]  and  present  work, 
x,  [ABH99],  Re  =  1000;  □,  free  optimization,  Re  =  1000;  o,  smooth  and  constrained, 
Re  =  1000;  A,  u  =  0,  Re  =  1000;  A,  Re  oo.  M  =  0.02,  xin  =  0  xout  =  1.0,  T^/T^  =  1. 
Values  of  the  gain  are  bounded  between  the  free  optimization  results  (upper  limit  -  □)  and 
the  Reynolds  independent  ones  (lower  limit  -  a).  Any  constraint  on  the  initial  perturbation 
produces  an  energy  gain  that  is  within  these  limits. 


Instead  of  employing  a  constraint  equation,  one  can  simply  impose  u  =  0  at  xin  (symbols 
A  in  figure  4.7).  This  is  one  of  the  possible  constraints  to  which  the  optimal  perturbation 
can  be  required  to  obey.  The  gain  obtained  in  this  way  is  smaller  than  the  previous  ones 
(figure  4.7),  but  is  still  higher,  at  Re  =  1000,  than  the  Reynolds-independent  case  (solid 
line  -  a),  which  represents  the  lower  limit  for  the  gain. 

The  conclusion  is  therefore  that  the  values  of  the  gain  are  bounded  between  the  free 
optimization  results  (upper  limit)  and  the  Reynolds  independent  ones  (lower  limit).  Any 
constraint  on  the  initial  perturbation  produces  an  energy  gain  that  is  within  these  limits. 

Infinite  choices  are  available  to  constrain  the  initial  perturbation  to  be  zero  on  the  wall. 
Among  those,  we  assume  um  =  0  and  Tin  =  0  (in  the  compressible  case).  This  is  more 
consistent  with  the  scaling  adopted  in  §4.5,  according  to  which  the  leading  mechanism  is 
associated  with  the  lift-up  effect  in  the  presence  of  streamwise  vortices.  Due  to  this  choice, 
all  results  presented  in  §4.5  refer  to  partial  energy  norm  at  the  inlet  (PENI),  as  defined  in 
expression  (4.9). 

From  this  analysis  it  is  clear  that  the  iterative  algorithm  described  in  the  algorithm 
section  and  proposed  as  an  efficient  way  to  solve  two  coupled  problems,  which  should  be 
solved  simultaneously,  suffers  some  limitations  at  finite  Reynolds  number.  The  shortcoming 
is  related  to  the  choice  of  the  energy  norms,  which  change  the  coupling  conditions  at  the 
inlet  and/or  outlet  and  therefore  the  solution  of  the  complete  optimization  problem.  When 
energy  norms  are  those  employed  by  [TR03]  (i.e.  PENI  and  PENO  -  the  extension  to  the 
compressible  regime  of  the  norms  proposed  by  [LucOO]  for  the  incompressible  case),  which 
are  Reynolds  independent,  the  convergence  of  the  iterative  procedure  on  the  attractor  is  fast 


225 


and  usually  does  not  require  more  than  three  forth-back  iterations.  On  the  contrary,  the 
use  of  full  energy  norm  at  the  outlet  and  partial  one  at  the  inlet  (FENO  and  PENI),  for 
Re  =  1000,  renders  the  convergence  slower,  requiring  from  five  to  ten  iterations.  If  Reynolds 
number  is  increased  so  as  to  emulate  the  Re  — ►  oo  limit  (e.g.  Re  =  109)  results  collapse 
on  the  Reynolds  independent  ones,  as  observed  by  [ABH99]  in  the  incompressible  case,  and 
convergence  is  fast.  Several  iterations  are  still  required  at  Re  =  1000  when  the  full  energy 
norm  is  employed  at  both  inlet  and  outlet  (FENI  and  FENO),  whereas  a  fast  convergence  is 
restored  by  smoothing  the  optimal  perturbation  at  the  inlet  so  as  to  avoid  the  discontinuity 
at  x  =  0,  as  discussed  above.  This  smoothing,  however,  is  arbitrary  and  does  not  guarantee 
a  solution  independent  of  its  choice. 

The  fact  that  the  algorithm  relies  on  the  existence  of  an  attractor,  which  changes  de¬ 
pending  on  the  choice  of  the  norm  because  the  latter  affects  directly  the  initial  conditions 
of  the  direct  and/or  adjoint  problems,  raises  the  question  about  a  more  robust  optimization 
algorithm. 
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Figure  4.8:  Comparison  of  G/Re  as  a  function  of  the  wavenumber  p  with  previous  results 
available  in  literature  for  the  incompressible  case  in  the  limit  Re  — ►  oo.  Solid  line,  present; 
o,  [ABH99];  x,  [TR03].  M  =  0.02,  xin  =  0  xout  =  1.0,  Tv/T^  =  1. 

4.3  Spatial  transient  growth  in  a  compressible  bound¬ 
ary  layer  over  a  flat  plate 

In  the  first  case  the  code  was  verified  against  incompressible  [ABH99]  and  compressible 
[TR03]  published  works,  in  which  spectral  collocation  methods  (SCM)  were  employed. 

In  figure  4.8  the  gain  Ge 2  =  G/ Re,  where  G  =  Eout/Ein,  is  shown  in  the  limit  Re  — *■  oo  as 
a  function  of  the  wavenumber  /?  for  the  incompressible  flow  past  a  flat  plate  and  compared 
with  previous  results  available  in  the  literature.  The  agreement  is  very  good,  even  though 
present  values  of  the  gain  are  very  slightly  smaller  than  those  obtained  by  [ABH99].  This 
might  be  due  to  the  different  numerical  implementations. 

In  what  follows,  for  the  flat  plate  case,  only  results  regarding  the  use  of  the  full  energy 
norm  at  the  outlet  (FENO),  i.e.  norm  (4.6),  are  considered  and  compared  to  those  obtained 
by  [TR03],  in  which  partial  energy  norm  at  the  outlet  (PENO)  was  employed  (i.e.  only  uout 
and  rout  were  nonzero,  whereas  voul  and  wout  were  excluded  from  (4.6)).  In  both  cases  the 
inlet  energy  norm  is  the  one  introduced  by  [LucOO]  and  extended  to  the  compressible  case 
as  in  (4.9).  We  refer  to  (4.9)  as  partial  energy  norm  at  the  inlet  (PENI),  as  it  considers  the 
contributions  of  Vi„  and  wm  only.  The  choice  of  this  inlet  norm  is  further  discussed  in  §4.2. 

For  the  sphere  case,  the  code  for  optimal  perturbations  was  verified  against  [TR04a] 
(SCM)  and  results  are  later  presented  for  both  partial  (PENO)  and  full  (FENO)  energy 
norm  at  the  outlet,  keeping  the  inlet  norm  fixed  (PENI). 

Here  we  consider  a  perfect  gas  with  a  specific  heat  ratio  7  =  1.4,  Prandtl  number  Pr  =  0.7 
and  viscosity  depending  on  T  only,  in  accordance  with  the  Sutherland  law.  The  stagnation 
temperature  T0  is  fixed  and  equal  to  333  K. 

As  described  in  §4.2,  the  full  energy  norm  at  the  outlet  (FENO)  includes  not  only  u  and 
T  (as  done  in  [TR03])  but  also  also  v  and  w.  At  the  inlet,  PENI  includes  only  v  and  w. 
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Figure  4.9:  Objective  function  J  =  G/Re :  effect  of  Re  and  /?  for  M  =  3,  Tw/Tad  =  0.5, 

X*jn  0  X'out  —  1.0 

Figure  4.9  shows  the  effect  of  the  Reynolds  number  Re  on  G/Re  when  PENI  and  FENO 
are  employed.  The  plot  refers  to  the  case  Mach  number  M  =  3,  T^/T^  =  0.5  (Tw  is  the 
wall  temperature  and  Tad  is  the  recovery  temperature),  initial  station  for  the  computation 
Xjn  =  0,  and  outlet  station  xout  =  1.0.  It  is  clear  that  the  Reynolds  number  has  quite  a 
strong  influence  only  for  Re  <  104,  while  for  values  greater  than  this  limit,  results  do  not 
differ  significantly  from  the  Reynolds-independent  case. 

The  effect  of  the  norm  (PENO  versus  FENO)  for  different  temperature  factors  Tw/Tad 
at  M  =  0.5  is  reported  in  figure  4.10  (xin  =  0,  xout  =  1.0).  The  Reynolds  number  for  the 
case  of  full  energy  norm  at  the  outlet  (FENO)  is  Re  =  103.  It  can  be  concluded  that  at  low 
Mach  number  M  =  0.5,  though  large  enough  to  allow  compressible  effects,  the  choice  of  the 
norm  does  not  produce  a  remarkable  difference. 

The  conclusion  drawn  from  figure  4.10  does  not  extend  to  larger  values  of  Mach  number. 
In  figure  4.11,  a  moderate  supersonic  Mach  number  M  =  1.5  is  considered.  The  effect  of 
increasing  M  is  clearly  to  shift  the  maximum  of  the  curves  towards  smaller  values  of  (3  and 
to  enhance  the  difference  between  results  obtained  with  different  norms.  This  is  particularly 
true  for  Tw/Tad  =  1.00. 

In  the  supersonic  case,  M  =  3,  reported  in  figure  4.12,  a  difference  up  to  17%  can  be 
detected  when  comparing  PENO  with  FENO.  This  difference  is  remarkably  higher  for  low 
values  of  the  wavenumber  /?  and  is  visible  also  in  figure  2  of  [ABH99]  for  M  =  0. 

It  can  thus  be  concluded  that  for  the  flat-plate  case  an  energy  norm  including  u,  v,  w 
and  T  at  the  outlet  (FENO)  provides  a  significant  difference  with  respect  to  the  case  where 
only  u  and  T  are  considered  and  that  this  effect  increases  with  the  Mach  number. 
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Figure  4.10:  Objective  function  J  —  G/Re:  effect  of  /?,  T^/T^  and  norm  choice  PENO 
(only  u 2  and  T 2  at  xout)  versus  FENO.  PENI  at  the  inlet  (only  v 2  and  w2  at  Xin),  M  =  0.5, 
Re  =  103,  xin  =  0  xout  =  1.0.  O,  Tw/Tnd  =  1.00;  o,  T„/Ta d  =  0.50;  A,  Tw/7^  =  0.25;  full 
symbols  and  solid  lines  refer  to  FENO,  empty  symbols  and  dashed  lines  to  PENO. 


Figure  4.11:  Objective  function  J  —  G/Re:  effect  of  /?,  Tw/Tad  and  norm  choice  PENO 
(only  u2  and  T2  at  xout)  versus  FENO.  PENI  at  the  inlet  (only  v2  and  w 2  at  xin),  M  =  1.5, 
Re  =  103,  xin  =  0  xout  =  1.0.  x,  PENO;  □,  T^/T^  =  1.00;  o,  T^/T^  =  0.50;  A,  Tw/Tad  = 
0.25;  full  symbols  and  solid  lines  refer  to  FENO,  empty  symbols  and  dashed  lines  to  PENO. 
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Figure  4.12:  Objective  function  J  =  G/Re :  effect  of  0,  T^/T^  and  norm  choice  PENO  (only 
it2  and  T2  at  xout)  versus  FENO.  PENI  at  the  inlet  (only  v2  and  w2  at  xin),  M  =  3,  Re  =  103, 
*in  =  0  xout  =  1.0.  x,  PENO;  □,  Tw/Tad  =  1.00;  o,  T^/T^  =  0.50;  A,  T^/T^  =  0.25;  full 
symbols  and  solid  lines  refer  to  FENO,  empty  symbols  and  dashed  lines  to  PENO. 
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Figure  4.13:  Estimate  parameter  e  at  wind 
tunnel  conditions.  M  =  6;  p0  =  25  bar; 
T0  =  750  K. 


Figure  4.14:  Estimate  parameter  e  at  flight 
conditions.  Mx  =  6;  =  0.0253  bar; 

T^  =  217  K. 


4.4  Spatial  transient  growth  in  a  boundary  layer  over 
a  sphere 

In  the  case  of  the  sphere,  the  solution  of  the  governing  equations  is  assumed  to  be  proportional 
to  exp(i where  rn  is  the  azimuthal  index  and  i  the  imaginary  unit  (see  Appendix  C.l). 

In  order  to  estimate  the  values  of  the  small  parameter  e  that  might  be  of  interest  to  the 
analysis,  we  consider  two  examples  at  a  freestream  Mach  number  M0 0  =  6.  The  first  one 
corresponds  to  typical  wind  tunnel  conditions,  T0  =  750  K  and  po  =  25  bar.  The  second 
case  is  chosen  as  a  flight  condition,  with  T*,  =  217  K  and  p =  0.0253  bar.  Figures  4.13 
and  4.14  illustrate  typical  values  of  e  as  a  function  of  the  sphere  radius  R  (in  meters)  and 
evaluated  at  the  reference  parameters  corresponding  to  the  edge  of  the  boundary  layer  at 
$ref  =  30°.  One  can  see  that  values  of  c  on  the  order  or  10  3  correspond  to  realistic  cases. 

In  what  follows,  the  edge  boundary  layer  parameters  are  defined  at  0Tef  =  30°.  This  choice 
has  an  impact  on  the  definition  of  e,  but  the  final  result  Ge2  =  Eoxlt/Ein  is  independent  of 
the  reference  point  #ref- 

The  effect  of  e  on  the  gain  G  as  a  function  of  m  (m  =  rne)  is  shown  in  figure  4.15,  where 
the  partial  energy  norm  is  used  at  both  inlet  and  outlet  (PENI  and  PENO).  Contrary  to  the 
parallel-flow  formulation  [RT04]  where  the  Reynolds  number  and  the  curvature  radius  are 
independent,  here  the  radius  is  strictly  associated  with  the  Reynolds  number  and  not  only 
with  the  curvature.  Assuming  that  all  reference  parameters  are  constant,  when  the  radius 
increases  e  decreases  (e  =  \J vie[/ RUref)  leading  to  an  increases  of  the  gain,  as  reported  in 
figure  4.15. 

The  effect  of  wall  temperature  T^/T^  is  illustrated  in  figure  4.16.  Similarly  to  previous 
studies  [RT00,  TR01,  TR03],  the  cooling  of  the  wall  destabilizes  the  flow  with  respect  to  the 
transient  energy  growth  and  the  difference  in  G  with  respect  to  the  adiabatic  wall  is  about 
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Figure  4.15:  Objective  function  J  =  G.  effect  of  e  and  fh  =  me  for  0in  =  10.0°,  9out  =  15.0°, 
Oref  =  30.0°,  Tw/Tad  =  0.5.  Partial  energy  norm  at  both  inlet  and  outlet  (PENI  and  PENO). 
□,  €  =  2.5  •  10~4;  ■  6  =  5.0  •  10"4;  o,  e  =  7.5  •  10“4;  •,  €  =  1.0  •  10~3;  A,  €  =  1.25  •  10"3. 
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Figure  4.16:  Objective  function  J  =  Ge2:  effect  of  wall  temperature  ratio  Tw/Tad  and 
m  =  me  for  6m  =  10.0°,  0out  —  15.0°,  0Te {  =  30.0°,  e  —  10-3.  Partial  energy  norm  at  both 
inlet  and  outlet  (PENI  and  PENO).  □,  T^/T^  =  1.00;  o,  T^/T^  =  0.50;  A,  T^/T^  =  0.25. 
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Figure  4.17:  Objective  function  J  =  Ge2:  effect  of  outlet  station  6out  and  m  =  me  for 
0in  =  10.0°,  9re f  =  30.0°,  Tw/Tad  =  0.5,  e  =  10~3.  Partial  energy  norm  at  both  inlet  and 
outlet  (PENI  and  PENO).  x,  0out  =  13°;  □,  0out  =  15°;  o,  0out  =  20°;  A,  doui  =  25°. 


two  orders  of  magnitude. 

Figure  4.17  shows  the  effect  of  the  outlet  station  90 ut  and  fh  for  0in  =  10.0°,  9rei  =  30.0°, 
7^/7^  =  0.5  and  e  =  10-3.  It  is  clear  that  the  maximum  transient  growth  is  achieved  for 
smallest  intervals  of  the  9  range,  more  specifically  for  9  G  [10°;  13°]. 

The  trend  observed  in  figure  4.17  can  be  found  also  in  figure  4.18,  where  the  same  kind 
of  plot  is  reported,  but  for  9m  =  15.0°  instead  of  6in  =  10.0°.  Again,  the  smallest  range  of 
meridional  angles  produces  the  largest  energy  growth. 

Figure  4.19  provides  better  insights  regarding  the  dependence  of  G  on  the  choice  of  9in 
and  6out.  The  difference  9out  —  9in  is  not  the  only  factor  that  causes  a  larger  energy  growth.  In 
fact,  curves  with  the  same  9out  —  9m  (5°)  but  with  different  0in  clearly  show  that  the  strongest 
transient  growth  is  achieved  close  to  the  stagnation  point. 

The  main  outcome  from  the  results  presented  up  to  this  point  and  referred  to  the  partial 
energy  norm  at  both  inlet  and  outlet  (PENI  and  PENO)  is  a  large  transient  energy  growth 
in  the  proximity  of  the  stagnation  point.  Moreover,  this  effect  is  much  stronger  when  the 
difference  9out  —  9m  is  small.  Due  to  the  short  downstream  development  of  the  flow,  one 
issue  is  that  maybe  the  optimal  perturbation  in  the  form  of  counter-rotating  vortices  still 
dominates  the  flow  field  and  therefore  the  choice  of  the  partial  energy  norm  at  the  outlet 
could  be  misleading.  On  the  contrary,  the  use  of  the  full  energy  norm  (which  encompasses 
not  only  u  and  T  but  also  v  and  w)  at  the  outlet  would  clarify  this  issue. 

Figure  4.20  shows  the  effect  of  norm  choice  and  e.  Quite  a  number  of  curves  are  reported 
because  comparisons  of  FENO  have  meaning  depending  on  the  value  of  6,  but  results  with 
the  PENO  change  with  e  as  well.  In  all  cases  the  inlet  energy  norm  is  fixed  (PENI).  The 
constant  parameters  are  9m  —  2.0°,  9out  =  5.0°  9re f  =  30.0°  and  Tw/Tad  =  0.5.  For  e  =  10~3 
there  is  basically  no  difference  between  using  PENO  and  FENO.  However,  it  is  precisely 
in  this  range  of  e  that  it  is  meaningful  to  investigate  the  behavior  of  the  solution,  since  it 
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Figure  4.18:  Objective  function  J  =  Ge2:  effect  of  outlet  station  0out  and  m  =  me  for 
0in  =  15.0°,  0Te f  =  30.0°,  Tw/Tad  =  0.5,  e  =  10~3.  Partial  energy  norm  at  both  inlet  and 
outlet  (PENI  and  PENO).  □,  0out  —  18°;  o,  0out  =  20°;  A,  6out  =  25°. 


Figure  4.19:  Objective  function  J  =  Ge2:  effect  of  interval  location  and  m  =  me  for 
0re(  =  30.0°,  Tw/Tad  =  0.5,  e  =  10~3.  Partial  energy  norm  at  both  inlet  and  outlet  (PENI 
and  PENO). 


234 


Figure  4.20:  Objective  function  J  =  Ge2:  effect  of  e,  choice  of  the  energy  norm  (FENO 
versus  PENO,  for  PENI)  and  m  =  me  for  9m  =  2.0°,  8out  =  5.0°,  6te{  =  30.0°,  T^/T^  =  0.5. 
□,  e  =  1  •  10-3;  o,  e  =  2  •  10-3;  A,  e  =  3  •  10-3;  full  symbols  refer  to  FENO,  empty  ones  to 
PENO. 

corresponds  to  the  estimated  values  for  wind  tunnel  conditions  and  flight  tests,  as  reported 
in  figures  4.13  and  4.14.  For  higher  values  of  e  (2  •  10-3  and  3  •  10-3)  the  difference  between 
the  use  of  the  two  norms  seems  to  be  more  evident. 

The  conclusion  from  figure  4.20  is,  however,  that  the  maximum  appreciable  difference  is 
confined  within  about  1%  of  the  parameters  of  interest. 

Conclusions 

Optimal  perturbations  in  the  compressible  regime  have  been  considered  for  both  flat  plate 
and  sphere.  An  adjoint-based  optimization  technique  is  employed  and  the  discrete  costate 
problem  is  obtained  from  the  discretized  direct  problem  by  applying  the  Lagrangian  multi¬ 
pliers  technique  in  the  discrete  framework.  This  simplifies  the  code,  reduces  the  number  of 
possible  errors,  and  allows  the  automatic  generation  of  coupling  conditions  at  the  inlet  and 
outlet.  The  code  has  been  verified  against  available  results  [TR03,  TR04a]. 

The  main  contributions  of  the  present  work  are  the  analysis  including  the  full  energy 
norm  at  the  outlet  and  the  fully  discrete  approach  (including  the  coupling  conditions),  which 
considerably  facilitates  its  implementation. 

In  the  incompressible  limit  and  for  the  flat  plate  (for  which  comparisons  with  the  full 
energy  norm  at  both  inlet  and  outlet  are  available)  it  is  found  that  the  values  of  the  gain  are 
bounded  by  the  free  optimization  results  (the  upper  limit)  and  the  Reynolds  independent 
ones  (the  lower  limit).  Any  constraint  on  the  initial  perturbation  produces  an  energy  gain 
that  is  within  these  limits. 

The  norm  to  be  maximized  at  the  outlet,  in  the  compressible  case,  is  extended  to  the 
complete  Mack’s  norm,  including  not  only  uout  and  Tout  in  the  fashion  proposed  by  [LucOO] 
but  also  vout  and  U’out  ■ 


235 


Results  for  the  flat  plate  show  that  when  the  Reynolds  number  is  on  the  order  of  103,  a 
significant  difference  in  the  energy  growth  (up  to  17%)  is  found  between  the  two  choices  of 
the  outlet  energy  norm  (full  or  partial).  This  is  particularly  true  for  supersonic  values  of  the 
Mach  number.  On  the  other  hand,  when  compressible  effects  are  considerable  but  the  basic 
flow  is  subsonic,  the  difference  between  the  full  and  partial  energy  norms  is  not  a  critical 
factor.  If  the  Reynolds  number  is  greater  than  104,  vout  and  wout  do  not  play  a  significant 
role  even  in  supersonic  flows. 

Results  for  the  sphere  are  first  presented  by  considering  the  use  of  the  partial  energy  norm 
only  and  secondly  by  comparing  them  with  the  full  energy  norm,  in  the  most  interesting  case. 
The  effect  of  the  wall  temperature  is  in  agreement  with  previous  finding  based  on  the  parallel 
flow  model  with  curvature  effects  [TR01]  and  on  the  nonparallel  flow  model  over  a  flat  plate 
[TR03].  Particularly,  the  cooling  of  the  wall  destabilizes  the  flow  with  respect  to  the  transient 
growth,  with  a  difference  up  to  two  orders  of  magnitude  when  the  adiabatic  wall  is  compared 
to  a  cold  wall  (T^/T^  =  0.25).  On  the  other  hand,  at  fixed  wall  temperature,  it  is  found 
that  the  energy  growth  is  stronger  in  the  proximity  of  the  stagnation  point,  reinforcing 
what  was  found  in  the  parallel  flow  approximation.  In  contrast  with  the  latter,  however, 
the  present  model  includes  a  significant  feature,  the  divergence  of  the  flow.  In  the  parallel 
flow  approximation,  the  spanwise  wavenumber  (3  is  a  fixed  parameter,  whereas  in  this  work 
the  azimuthal  index  is  kept  constant  so  that  the  effective  local  spanwise  wavenumber  /?  is 
a  function  of  the  streamwise  and  radial  coordinates.  This  divergence  of  the  flow  also  leads 
to  a  modification  of  the  energy  norm  resulting  from  the  integration  of  the  perturbation 
over  a  period  in  the  azimuthal  direction.  Due  to  the  scaling,  the  equations  governing  the 
perturbations  on  the  sphere  are  not  Reynolds-independent.  This  reflects  the  twofold  role 
of  the  radius  of  the  sphere  in  the  transient  growth  phenomenon.  Not  only  does  it  enter 
into  the  disturbance  equations  as  the  curvature  parameter,  but  also  in  the  Reynolds  number 
through  the  small  parameter  e.  The  overall  effect  is  an  increase  of  the  energy  growth  with 
the  sphere  radius.  The  use  of  the  full  energy  norm  at  the  outlet  was  also  investigated.  This 
was  done  close  to  the  stagnation  point  and  for  a  small  range  of  the  meridional  angle,  since 
this  is  the  region  where  the  largest  gain  is  observed  for  the  sphere  in  the  case  of  partial 
energy  norm.  Results  reveal  that,  in  the  range  of  interesting  values  of  ReTe f  (related  to  the 
small  parameter  e  =  {ReTe f)-1/2)  that  are  typical  of  wind  tunnel  tests  or  flight  conditions, 
no  significant  role  is  played  by  v  and  w  at  the  outlet.  Despite  the  progress  made  in  the 
present  paper  towards  a  better  understanding  of  transient  growth  on  blunt  (spherical)  noses, 
the  ultimate  elucidation  of  the  blunt  body  paradox  would  require  solving  the  receptivity 
problem,  which  would  explain  the  origin  of  the  perturbation.  This  issue  will  be  addressed 
in  a  future  work. 
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4.5  Transient  growth  phenomenon  in  a  boundary  layer 
over  a  sharp  cone 

Governing  equations 

The  governing  equations  for  steady,  three-dimensional  disturbances  in  the  supersonic  flow 
past  a  sharp  cone  are  derived  from  the  linearized  Navier-Stokes  equations,  in  the  same 
fashion  as  in  Section  4.2. 

A  small  parameter  e  =  HTe{/LTef  is  introduced  for  scaling  purposes,  where  Hxe f  = 
^/i/refLref/t/ref  is  a  typical-boundary  layer  length  in  the  wall-normal  direction  y  and  Lref 
is  a  typical  scale  of  the  geometry  (length  of  cone  L  in  the  present  case).  The  scaling  param¬ 
eter  e  is  thus  strictly  related  to  the  Reynolds  number  e  =  Re~J/2,  where  Rere(  =  UTe{LTef/i/Te{ 
is  the  reference  Reynolds  number. 

As  it  follows  from  previous  works  regarding  optimal  perturbations  in  both  incompressible 
and  compressible  boundary  layers  [ZTR06,  ZTR05,  LucOO,  ZBL06,  TR04a,  CLOO,  ZLB04], 
the  disturbance  flow  is  expected  to  be  dominated  by  streamwise  vortices  and  therefore  the 
following  scaling  is  employed  (Section  4.2).  The  streamwise  coordinate  x  is  normalized  with 
Lref,  whereas  the  wall-normal  coordinate  y  is  scaled  with  eLTe f.  The  azimuthal  coordinate 
</>,  being  an  angle,  is  not  normalized.  The  streamwise  velocity  component  u  is  scaled  with 
UTe f,  wall-normal  velocity  v  and  azimuthal  velocity  w  with  eUTe f,  temperature  T  with  Tret 
and  pressure  p  with  e2pie(U/e{.  Density  p  is  eliminated  through  the  state  equation. 

Due  to  the  scaling  adopted,  the  second  derivative  with  respect  to  the  streamwise  coordi¬ 
nate  x  and  dp/ dx  are  smaller  than  the  other  terms,  and  are  therefore  neglected.  This  leads 
to  a  parabolic  system  of  equations. 

Perturbations  are  assumed  to  be  periodic  in  the  azimuthal  direction  <j>  as  exp(im</>),  where 
m  is  the  azimuthal  index,  so  that  the  general  unknown  can  be  expressed  as  q(x,  y)  cxp(imc>), 
where  q(x ,  y)  is  the  amplitude,  which  depends  on  x  and  y,  and  i  is  the  imaginary  unit. 

If  the  vector  of  perturbations  is  f  =  [u,u,  w,T,p]T  (where  the  superscript  T  denotes  the 
transpose),  with  w  =  iw  (w  being  the  amplitude  of  the  spanwise  velocity  component),  the 
governing  equations  can  be  written  as  follows: 

(Af)i  =  ( Dfy)x  +  Bo  f  +  B\fy  +  Sjfyy.  (4-26) 

This  form  of  the  governing  equations  is  general  and  can  be  derived  for  different  geometries 
such  as  flat  plate,  sphere,  sharp  cone  or  blunt-nose  cone.  Nonzero  elements  of  the  5  by  5 
real  matrices  A,  B0,  Bu  B2  and  D  are  given  in  Appendix  C.2.  New  terms,  relative  to 
the  flat-plate  case,  arise  in  the  equation  due  to  the  geometrical  factors  introduced  by  the 
half-angle  of  the  cone  tip  0. 

As  far  as  boundary  conditions  are  concerned,  all  perturbations  are  required  to  be  zero  at 
the  wall  except  for  p,  while  in  the  freestream  all  perturbations  vanish  except  for  v: 

y  =  0:  u  =  0;  v  =  0;  w  —  0;  T  =  0 
y— >oo:  u—>  0,  w— *0;p— >0;T— >0  '  ' 
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In  order  to  isolate  the  derivative  with  respect  to  x,  system  (4.26)  can  be  recast  as 

(Hit)*  +  H2f  =  0,  (4.28) 

where  operators  H\  and  H2  are  still  5  by  5  real  matrices  and  contain  the  dependence  on  x 
and  y  due  to  the  basic  flow: 

Hi  =  A  -  H2  =  -B0-Bi(-)y-B2(-)yy.  (4.29) 

System  (4.28)  is  parabolic  in  nature  and  can  be  solved  by  means  of  a  downstream  marching 
procedure  with  initial  data  specified  at  the  inlet  section  of  the  domain  x  =  xin. 

It  is  worth  noting  that  the  disturbance  equations  are  not  Reynolds-number  independent 
(contrary  to  the  flat-plate  case)  because  of  the  parameter  e  in  the  scaling,  which  is  associated 
with  geometrical  effects. 


Formulation  of  the  optimization  problem 

The  problem  of  finding  arbitrarily  normalized  optimal  perturbations  practically  reduces  to 
performing  a  constrained  optimization.  The  constraints  are  the  governing  equations  (4.28) 
and  the  normalization  of  the  initial  energy  of  the  perturbation  at  the  inlet,  Ein.  The  objective 
function  is  a  particular  norm  to  be  identified,  and  therefore  arbitrary.  However,  it  should 
be  a  measure  of  the  flow  conditions  relevant  to  the  transition  process.  This  choice  is  neither 
easy  nor  unique.  In  previous  works  dealing  with  optimal  perturbations  in  the  incompressible 
framework  [ABH99,  LucOO,  ZBL06,  CL00,  ZLB04],  the  kinetic  energy  of  the  disturbance 
field  has  always  been  the  choice. 

In  the  compressible  case,  in  Section  4.2,  we  maximized  Mack’s  energy  norm  [Mac69]  of 
the  perturbation  kinetic  energy,  density,  and  temperature  (or  simply  the  part  containing  u 
and  T)  at  the  outlet  plane, 
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in  which  the  scaling  described  in  the  governing  equations’  section  is  employed.  Expres¬ 
sion  (4.30)  was  derived  for  perturbations  developing  in  the  boundary  layer  over  a  flat  plate 
within  the  temporal  framework,  and  is  here  utilized  for  the  spatial  case,  as  done  in  [TR03]. 
After  employing  the  equation  of  state  for  the  basic  flow  and  for  the  perturbation,  and  ob¬ 
serving  that  in  the  limit  e  — ♦  0  v  and  w  can  be  neglected  (Reynolds-independent  approach, 
see  [LucOO]),  the  norm  reads 
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where  the  linear  operator  Moui  is  the  diagonal  5x5  matrix 
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The  initial  condition  for  the  compressible  boundary-layer  equations  is  not  arbitrary,  but 
only  three  of  the  five  variables  can  be  imposed  at  xm  [Tin65].  However,  in  the  incompressible 
case  and  for  Re  — >  oo,  it  was  observed  that  the  choice  um  =  0,  pin  =  0,  vin  and  wm  related 
by  the  continuity  equation  corresponds  to  the  maximum  gain  in  an  input-output  fashion 
[LucOO]  (in  the  incompressible  case  the  number  of  independent  initial  conditions  is  two; 
see  also  [LucOO,  ZBL06,  LB98]).  This  choice  also  corresponds  to  the  physical  mechanism, 
observed  in  transitional  boundary-layer  flows,  known  as  the  lift-up  effect  [Lan80],  according 
to  which  streamwise  vortices  lift  low  momentum  flow  up  (from  the  wall)  and  push  down 
high  momentum  flow  causing  streaks  that  eventually  break  down  to  turbulence.  Led  by 
these  considerations,  here  we  focus  on  initial  perturbations  with  only  v  and  w  nonzero, 
which  correspond  to  steady,  streamwise  vortices. 

The  kinetic  energy  of  the  optimal  disturbance  fin,  if  only  vin  and  ivm  are  nonzero,  is 
therefore: 

£in  =  /  [psi„e2(v,2n  -I-  w2n)]  dy ,  (4.34) 
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The  quantity  to  be  maximized  is  G  =  Eout/Em,  the  ratio  between  the  outlet  and  inlet 
norms.  However,  in  order  to  allow  direct  comparison  with  previous  works,  Ge2  will  be 
presented  in  the  results  section 
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Since  the  problem  is  linear,  an  arbitrary  normalization  for  the  initial  disturbance  at  Xin  can 
be  chosen,  e.g.  Ein  =  1,  so  that  the  maximization  of  (4.37)  turns  out  to  be  equivalent  to  the 
maximization  of  expression  (4.32),  i.e.  J  =  Eout. 

It  should  be  clear  now  that  the  whole  problem  of  finding  optimal  perturbations  reduces  to 
a  constrained  optimization,  in  which  we  seek  the  initial  conditions  for  the  disturbance  equa¬ 
tions  (4.28)  that  maximize  (4.32)  and  that  satisfy  the  constraint  Em  =  E0  at  xin,  together 
with  the  direct  equations  (4.28)  and  boundary  conditions  (4.27)  at  each  x  G  (xin;xolJt). 

The  details  of  the  constrained  optimization  procedure  are  reported  in  Section  4.2.  The 
classical  Lagrange  multiplier  technique  is  applied  to  the  discrete  version  of  problem  (4.28), 
which  can  be  recast  as  Cn+ifn+1  =  i?nfn,  leading  to  the  so-called  adjoint  equations  [ZTR06, 
ZTR05,  LucOO,  ZBL06,  CLOO,  ZLB04,  LB98,  LB01]  (here  n  denotes  the  n-th  grid  node  in 
the  streamwise  direction  x,  f  is  the  vector  of  5  x  Ny  unknowns  at  each  n  station,  Ny  being 
the  number  of  grid  nodes  in  the  wall-normal  direction  y ;  matrices  C  and  B  depend  on  x 
and  y,  as  the  basic  flow  does,  and  account  for  the  discretization  in  both  x  and  y ). 

The  use  of  the  discrete  approach  has  several  advantages  among  which  the  necessity  of  an 
“ad  hoc”  adjoint  code  is  avoided  and  a  foolproof  test  is  available  by  comparing  the  results  of 
the  direct  and  adjoint  calculation,  which  must  match  up  to  machine  accuracy  for  any  step 
size  and  not  only  in  the  limit  of  step  size  tending  to  zero  [LucOO,  ZBL06,  LB98]. 

The  augmented  functional  C  contains  the  objective  function  J  =  Eont,  the  constraints 
(4.28)  and  Em  =  E$,  and  the  Lagrange  multipliers  (Section  4.2).  The  optimization  imposes 
SC  =  0,  which  leads  to  the  adjoint  equations  in  the  discrete  form  and  coupling  conditions 
between  the  direct  and  adjoint  problems  at  the  inlet  ( xin )  and  outlet  (xout)-  These  conditions 
can  be  written  in  a  matrix  form  so  that  their  application  becomes  straightforward.  In  order 
to  retrieve  the  outlet  conditions,  a  system  needs  to  be  solved  where  the  coefficient  matrix  is 
singular  (due  to  dp/dx  =  0  in  this  approximation),  reflecting  the  fact  that  at  least  one  out 
of  five  adjoint  variables  is  free  at  x  =  xout  and  therefore  can  be  chosen  arbitrarily.  For  sake 
of  simplicity,  we  set  the  fifth  adjoint  variable  equal  to  zero. 

The  constrained  optimization  formulation  requires  the  simultaneous  solution  of  a  large, 
coupled  system  of  direct  equations,  adjoint  equations,  boundary  conditions  and  coupling 
conditions.  Instead  of  doing  it  in  one  shot,  however,  we  employ  the  intrinsic  parabolic  nature 
of  the  equations  to  efficiently  solve  separately  the  two  coupled  problems.  Such  an  algorithm 
can  be  outlined  in  the  following  few  steps.  (1)  a  guessed  initial  condition  f/n0)  is  provided  at 
the  beginning  of  the  optimization  procedure;  (2)  the  forward  problem  is  solved  at  the  z-th 
iteration  with  the  initial  condition  f^;  (3)  the  objective  function  J W  =  E^t  is  computed  at 
the  end  of  the  forward  iteration  and  compared  to  the  objective  function  =  E^~tl>i  at 

the  end  of  the  previous  forward  iteration.  If  \J^ /J^~^  —  1|  <  et  (where  et  is  the  maximum 
tolerance  accepted  to  stop  the  optimization)  then  the  optimization  is  considered  converged 
and  the  problem  solved;  (4)  if  —  1|  >  et  the  initial  conditions  for  the  backward 

problem  are  assigned  at  the  outlet  and  derived  from  the  direct  solution  at  x  =  xout;  (5)  the 
backward  problem  is  solved  from  x  =  xout  to  x  =  xin;  (6)  a  new  initial  condition  for  the 
forward  problem  f/nl+1^  is  obtained  from  the  solution  of  the  backward  problem  at  x  =  Xjn 
employing  the  coupling  condition  at  the  inlet;  (7)  the  loop  is  repeated  from  step  (2)  on  until 
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it  is  eventually  ended  in  step  (3).  It  should  be  noted  that  this  procedure  does  not  necessarily 
guarantee  convergence.  If  there  is  an  attractor  for  the  solution,  then  the  procedure  will 
capture  it  and  this  happens  quite  fast  (2-3  forward-backward  iterations). 

Discretization 

A  finite  difference  discretization  scheme  has  been  implemented  to  numerically  solve  equa¬ 
tions  (4.28)  with  boundary  conditions  (4.27).  For  the  sake  of  generality,  grid  nodes  in  x 
and  y  are  not  necessarily  equally  spaced.  A  staggered  grid  is  introduced  in  the  wall-normal 
direction,  with  variables  u,  i?,  w  and  T  known  at  the  grid  nodes,  and  p  known  at  the  mid-grid 
(staggered)  nodes.  All  equations  are  satisfied  at  the  grid  nodes  except  for  continuity,  which 
is  satisfied  in  the  mid-grid  nodes.  The  use  of  the  uneven  grid  in  y  allows  us  to  cluster  more 
nodes  close  to  the  wall  so  as  to  take  into  account  the  larger  gradients  of  boundary  layer 
quantities  in  this  region.  The  last  node  of  the  y-grid  is  located  far  enough  from  the  wall  to 
allow  satisfaction  there  of  the  boundary  conditions  for  y  — >  oo. 

Fourth-order  non-compact  finite  differences  are  used  for  the  y  discretization,  employing 
six  nodes  so  as  to  allow  4th  order  accuracy  for  the  second  derivative.  By  using  six  nodes, 
the  first  derivative  is  automatically  5th  order  accurate  and  the  function  (when  interpolated 
due  to  the  staggered  grid)  is  6th  order  accurate. 

Also  the  discretization  in  the  streamwise  direction  is  based  on  an  uneven  grid.  Since  the 
system  of  boundary  layer  equations  is  parabolic,  a  second  order  backward  discretization  is 
chosen,  which  requires  the  solution  at  two  previous  steps  to  be  known.  For  the  first  step, 
however,  a  first  order  scheme  is  used  because  only  the  initial  condition  is  available. 

Results 

The  basic  flow  for  the  sharp  cone  is  obtained  from  the  flat-plate  case  by  rescaling  the  wall- 
normal  coordinate  y  and  its  derivatives  according  to  Mangler’s  transformation  [HP59]. 
The  local  Mach  number,  M\ocl  at  the  edge  of  the  boundary  layer  was  calculated  assuming 
calorically  perfect  gas  flow  at  free  stream  Mach  number  M ^  =  6.  Since  the  shock  wave  is 
assumed  to  be  far  away  from  the  boundary  layer  (and  perturbation),  their  mutual  interaction 
is  not  considered.  The  calculations  are  performed  for  cone  half-angles  of  6  =  15°  and  25°. 
The  main  goal  in  the  presentation  of  the  results  is  to  discuss  the  effects  originating  from  flow 
divergence  induced  by  the  geometry.  The  boundary-layer  edge  velocity, density,  temperature, 
and  viscosity  at  x  =  Lrej  are  chosen  as  the  reference  parameters.  All  results  are  obtained  at 
e  =  0.001  unless  otherwise  stated. 

Figure  4.21  shows  the  objective  function  Ge2  obtained  from  the  optimization  procedure 
for  6  =  15°.  Adiabatic  boundary  conditions  are  used  for  the  temperature  at  the  wall, 
Tw/Tad  =  1,  and  the  initial  station  is  kept  constant,  xin  =  0.2,  while  changing  the  outlet 
station.  Results  show  that  there  exists  a  location,  downstream  of  xm  =  0.2,  where  the  curve 
of  the  maximum  energy  growth  as  a  function  of  modified  azimuthal  wavenumber,  m  =  cm, 
reaches  the  largest  value,  after  which  the  maximum  of  the  curve  decreases  with  increasing 
xOUf  Among  the  computed  curves,  this  maximum  seems  to  be  reached  for  xout  =  0.3. 
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m  =  era 


Figure  4.21:  Objective  function  Ge2:  effect  of  xout  and  m  for  6  =  15°,  =  6,  M\oc  =  4.37, 

^w/^ad  =  1,  X\n  =  0.2.  □,  xout  =  0.25;  ■,  x0ut  =  0.275;  o,  x0ut  =  0.3;  •,  xQut  =  0.35;  A, 
•^out  =  0.4. 

However,  a  better  estimate  can  be  obtained  by  performing  a  parabolic  interpolation  of  the 
data  corresponding  to  the  maxima  for  the  three  cases  xout  =  0.275,  xout  =  0.3  and  xoui  =  0.35. 
This  leads  to  the  optimal  outlet  location  xout  =  0.32,  from  which  the  optimal  interval 
Ax  =  Xout  —  ^in  =  0.12  is  obtained. 

The  shape  of  the  optimal  perturbation  at  x*in  is  very  similar  to  what  has  been  found 
so  far  in  both  incompressible  and  compressible  studies  [LucOO,  TR03]  and  is  shown  in 
figure  4.22  for  the  largest  gain  observed  in  the  previous  figure,  i.e.  m  =  0.045  and  xout  =  0.3. 
The  maximum  energy  growth  is  determined  by  streamwise  vortices  generated  by  v -  and 
^-perturbations  that  extend  outside  the  boundary  layer  and  decay  at  the  same  rate  as  a 
function  of  y.  This  type  of  perturbation  is  consistent  with  the  assumptions  employed  in  the 
scaling  process. 

By  moving  the  inlet  location  further  downstream  to  Xin  =  0.4,  results  qualitatively  similar 
to  those  shown  in  figure  4.21  are  found.  The  corresponding  estimated  xout  that  causes  the 
maximum  gain  is  xout  =  0.64  and  the  interval  Ax  =  xout  -  £'in  =  0.24  is  greater  than  the 
value  Ax  =  0.12  previously  observed  for  xin  =  0.2.  The  conclusion  is  that  divergence  effects 
are  stronger  in  the  proximity  of  xin  =  0,  as  one  could  argue  from  geometrical  considerations. 

Figure  4.23  shows  the  objective  function  Ge2  computed  for  a  larger  cone  half-angle,  6  = 
25°,  while  keeping  xin  =  0.2  fixed.  The  general  trend  of  the  results  is  as  in  figure  4.21.  The 
estimated  value  of  xout  that  causes  the  maximum  gain  is  xout  =  0.32,  leading  to  Ax  =  0.12. 
Remarkably,  the  latter  is  the  same  as  for  6  =  15°  and  xin  =  0.2. 

By  moving  the  inlet  location  to  xin  =  0.4  (for  6  =  25°),  the  optimal  estimated  outlet 
location  is  xout  =  0-64  and  thus  Ax  =  0.24,  i.e.  the  same  as  for  6  =  15°.  This  suggests  the 
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Figure  4.22:  Optimal  perturbation  at  xin  for  9  =  15°,  =  6,  M\oc  =  4.37,  T^/T^a  =  1, 

Xi„  —  0.2,  xout  —  0.3  and  m  =  0.045. 


m  =  era 


Figure  4.23:  Objective  function  Ge2:  effect  of  xout  and  fh  for  6  =  25°,  =  6,  M\oc  =  3.22, 

^w/^ad  =  f>  *£in  =  0.2.  □,  xout  =  0.225;  ■.  X0ut  =  0.25;  o,  xout  =  0.275;  •,  xout  =  0.3;  A, 
*^out  —  0.4. 

possible  insensitivity  of  Ax  =  xout  —  xm  to  the  nose-tip  angle.  However,  as  can  be  deduced 
by  comparing  figures  4.21  and  4.23,  9  influences  the  values  of  Ge2,  which  are  consistently 
higher  for  larger  cone  half-angles. 
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As  opposed  to  the  sharp-cone  geometry,  the  flat-plate  case  has  no  effects  due  to  the  flow 
divergence.  Therefore,  by  analyzing  the  results  from  the  previous  figures  together  with  those 
obtained  in  the  same  fashion  for  the  flat  plate,  more  insights  can  be  gained  regarding  the 
influence  of  the  geometry.  This  is  done  in  figure  4.24,  where  flat-plate  results  are  shown 


Figure  4.24:  Objective  function  G/Re,  flat  plate:  effect  of  xout  and  /?  for  M  =  3.22,  T^/T^  = 
I?  X\n  0.4.  D,  Xout  —  0.45,  l,  Xout  =  0.6;  o,  Xout  =  0.8;  xout  =  1.0; 

for  M  =  3.22  (the  local  Mach  number  corresponding  to  the  25°  cone),  adiabatic  wall  and 
Xjn  =  0.4.  It  is  clear  that  moving  the  outlet  location  downstream  leads  to  a  monotonic 
increase  in  the  curve  of  maximum  energy  growth.  A  precise  optimal  outlet  xout.  however,  is 
not  found.  This  is  a  new  finding  with  respect  to  previous  figures  and  to  previously  published 
results  for  the  flat  plate  [TR03],  in  which  only  the  inlet  location  Xj„  was  changed,  while 
keeping  xout  =  1.0.  The  straightforward  conclusion  from  the  comparison  between  figure  4.24 
and  the  previous  ones  is  that,  once  the  inlet  location  is  fixed,  divergence  effects  result  in 
the  existence  of  an  optimal  outlet  location  xout  <  1  for  which  the  largest  energy  growth  is 
reached.  This  behavior  was  also  present  in  the  sphere  case  (Section  4.4),  corroborating  the 
conjecture  of  being  due  to  the  flow  divergence  only. 

Figure  4.25  plots  the  reverse  case  to  what  was  seen  before.  The  gain  Ge 2  is  shown  for 
the  sharp-cone  geometry,  keeping  the  outlet  fixed,  xout  =  1.0,  and  changing  the  inlet  xin, 
for  0  —  25°  (the  other  parameters  are  =  6,  M\oc  =  3.22,  and  T^/T^  =  1).  An  optimal 
inlet  location  is  now  found.  By  performing  the  same  type  of  parabolic  interpolation  for  the 
maxima  as  done  before,  the  largest  energy  growth  is  obtained  for  an  estimated  Xj„  =  0.72, 
i.e.  for  Ax  =  0.28.  The  latter  is  comparable  with  the  value  of  Ax  found  for  xin  =  0.4  while 
changing  xout  for  the  25°  cone. 
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Figure  4.25:  Objective  function  Ge2:  effect  of  xin  and  m  for  6  =  25°,  Mx  =  6,  M\oc  =  3.22, 


A  quantitative  comparison  between  flat-plate  and  sharp-cone  results 

Results  presented  in  figure  4.24  certainly  shed  a  new  light  on  the  differences  between  flat- 
plate  and  sharp-cone  geometries  that  can  be  attributed  to  flow  divergence.  However,  the 
order  of  magnitude  of  the  gain  reported  in  that  figure  differs  quite  remarkably  from  what 
is  shown  in  the  figures  for  the  sharp  cone.  This  allows  only  a  qualitative  comparison.  In 
order  to  compare  quantitatively  the  energy  growth  for  flat  plate  and  cone,  both  physics  and 
scaling  should  be  considered. 

The  physics  suggests  that  the  results  for  the  sharp  cone  should  reduce  to  those  obtained 
for  the  flat  plate  in  the  limits  xm  — ♦  xout  and  rri  — ►  oo.  The  first  is  dictated  by  the  fact 
that  divergence  effects  (which  are  the  main  difference  between  sharp-cone  and  flat-plate 
geometries)  arc  negligible  far  from  the  cone  tip  (in  the  proximity  of  xout ) •  The  second  limit 
is  due  to  the  fact  that  the  presence  of  many  vortices  in  the  azimuthal  direction  forces  the 
flow  to  be  less  sensitive  to  divergence  and,  thus,  to  behave  as  in  the  flat-plate  case.  To 
emphasize  the  effects  of  divergence  in  the  flow  past  the  sharp  cone,  therefore,  we  focus  on 
the  limits  xin  — >  xout  and  m  — ►  oo.  The  outlet  location  xout  =  1  is  kept  constant,  as  for  the 
flat-plate  case,  so  as  to  allow  direct  comparison. 

The  scaling  is  important  as  well.  The  fact  that  the  boundary  layer  thickness  over  the 
cone  is  1/ >/3  times  that  of  the  boundary  layer  thickness  over  the  flat  plate,  and  the  same 
length  scale  LTef  is  used  in  the  definition  of  the  Reynolds  number  in  both  cases,  suggests 
that  G/Re  for  the  flat  plate  (Section  4.3)  must  be  compared  with  3 Ge2.  On  the  other 

hand,  the  wavenumber  0z/Hre fplate  must  be  compared  with  met)  =  =  m^ref  001,0 — £ — ) 


LJ 

ref cone 
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where  z  is  the  transverse  coordinate  along  the  cone  surface  and  R  is  the  local  radius.  The 
comparison  between  0z/HTe fplate  and  rruj),  therefore,  reduces  to  the  comparison  between  0 
and  mT/refcone/i?.  However,  since  Hiefcone  —  Hre{piaie/VS  and  R  =  Lref  sin  6,  by  taking  into 
account  that  6  =  /frefplate/^ref.  one  gets 

Til  //ref  cone  ^^refplate  R  ref  plate  Tilt  _  Til 

R  \/3  R  \/3Lsin0  \/3sin0  \/3sin# 


0-,m/(y/3  sin  0) 

Figure  4.26:  Objective  function,  comparison  between  G/Re  (flat  plate)  and  3 Ge2  (sharp 
cone)  as  a  function  of  0  and  r7;/(v/3sin  6)  respectively,  effect  of  xm  and  wavenumber.  M\oc  — 
3,  Tw/Ta d  =  1,  xout  =  1.0.  □,  6  =  15°  and  Xj„  =  0.95;  A,  0  =  15°,  Xjn  =  0.95  and  e  -  0.0001; 
o,  0  =  15°  and  xm  =  0.97113;  v,  0  =  25°  and  .xin  =  0.95;  ■,  flat  plate,  xin  =  0.913;  •,  flat 
plate,  Xin  =  0.95. 


This  rescaling  is  employed  in  figure  4.26  for  the  sharp-cone  results  in  order  to  compare 
them  with  those  for  flat  plate.  Many  conclusions  can  be  deduced  from  these  plots,  obtained 
by  changing  6  and  Ax  =  xout  —  xm.  First,  the  scaling  is  correct  in  that  all  the  results  for 
the  cone  with  X\n  =  0.95  and  xout  =1.0  (□,  A,  v,  O)  collapse  onto  one  curve,  regardless  of  6. 
Secondly,  e  does  not  have  any  effect  on  the  gain  function  (3Ge2),  as  is  proved  by  comparison 
of  the  cases  for  e  =  0.001  (□)  and  e  =  0.0001  (a),  both  referring  to  Xjn  =  0.95,  xout  =  1.0  and 
6  =  15°.  Third,  the  comparison  between  cone  (empty  symbols)  and  flat  plate  (full  symbols) 
should  be  carried  out  with  further  care  with  respect  to  Ax.  In  fact,  because  of  the  difference 
in  the  boundary- layer  thickness  between  flat  plate  and  cone,  distances  Ax  having  about  the 
same  number  of  boundary-layer  thicknesses  should  be  considered.  We  suggest  comparing 
AxCone  with  Axpiate/\/3,  implying  that  the  sharp-cone  cases  x  6  [0.95;  1]  and  x  €  [0.97113;  1] 
should  be  compared  respectively  with  the  flat-plate  cases  x  €  [0.913;  1],  and  x  €  [0.95;  1]. 
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Figure  4.26  confirms  this  by  showing  that  results  for  the  sharp  cone  and  flat  plate  collapse 
onto  each  other  for  m  — >  oo,  when  the  correct  intervals  Ax  are  considered  (see  □  vs.  ■  and 
o  vs.  •). 


Figure  4.27:  Objective  function,  comparison  between  G/Re  (flat  plate,  full  symbols)  and 
3Ge 2  (sharp  cone,  empty  symbols)  as  a  function  of  (3  and  m/ (s/3  sin  0)  respectively,  effect 
of  xin  and  wavenumber.  M)oc  =  3,  T^/T^  =  1,  xout  =  1.0.  Sharp  cone:  □,  0  =  15°  and 
xin  —  0.6;  o,$=  15°  and  xin  =  0.8;  A,  0  =  15°  and  xin  =  0.9;  v,  0  =  15°  and  xin  =  0.95. 
Flat  plate:  ■,  xin  =  0.30718;  •,  xin  =  0.65359;  A,  Xjn  =  0.82679;  ▼,  Xjn  =  0.913. 

In  order  to  investigate  the  intuitive  idea  that  the  difference  in  the  energy  growth  between 
the  two  geometries  should  diminish  as  xin  — >  xout  and  w  — ►  oo,  in  figure  4.27  we  compare 
the  sharp  cone  (empty  symbols),  0  =  15°,  and  the  flat  plate  (full  symbols)  at  different  xin. 
The  parameter  Ax  is  properly  rescaled  so  that  □  compares  with  ■,  o  with  •,  a  with  A,  and 
v  with  ▼.  Results  confirm  what  is  expected  (see  for  example  the  sharp-cone  case  xin  =  0.95, 
v,  compared  to  the  flat-plate  case  xin  =  0.913,  ▼). 

Having  the  correct  scaling,  further  comparisons  between  the  two  geometries  can  be  car¬ 
ried  out.  The  effect  of  wall  temperature,  which  can  either  promote  or  delay  transition  in 
supersonic  boundary  layers,  is  shown  in  figure  4.28  in  the  limit  xin  — < •  xout.  Empty  symbols 
refer  to  the  sharp  cone  ( 0  =  15°)  and  full  symbols  to  the  flat  plate.  It  can  be  noted  that  a 
cold  wall,  i.e.  Tw/Tad  =  0.5  (o  and  v  for  sharp  cone,  corresponding  to  the  cases  •  and 
▼  for  the  flat  plate)  enhances  the  energy  growth,  as  already  pointed  out  in  previous  sec¬ 
tions.  Moreover,  not  only  is  the  gain  larger  for  a  cold  wall,  but  the  wavenumber  for  which 
the  optimum  is  reached  is  also  larger.  For  very  large  values  of  the  wavenumber,  results  for 
the  two  geometries  collapse  onto  each  other,  as  a  consequence  of  the  m  — >  oo  limit  previously 
described.  This  behavior  is  consistent,  for  every  case  considered  (see  also  □  vs.  ■,  and  v  vs. 
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0\m/(y/ 3  sin  9) 

Figure  4.28:  Objective  function,  comparison  between  G/Re  (flat  plate,  full  symbols)  and 
3 Ge2  (sharp  cone,  empty  symbols)  as  a  function  of  (3  and  ra/(\/3sin0)  respectively,  effect  of 
.Tin,  wavenumber  and  Tw/Tad.  M\oc  =  3,  x0ut  =  1.0.  Sharp  cone:  □,  9  =  15°,  Tw /Tad  =  1.0 
and  x*in  =  0.95;  o,  9  =  15°,  Tw /T^  =  0.5  and  x'in  =  0.95;  A,  0  =  15°,  Tw /T^  =  1.0  and 
x*in  =  0.97113;  v,  0  =  15°,  7^/7^  =  0.5  and  xin  =  0.97113.  Flat  plate:  ■,  xin  =  0.913 
and  Tw/Tad  =  1.0;  •,  xin  =  0.913  and  Tw/Tad  =  0.5;  ▲,  xin  =  0.95  and  Tw/T^  —  1.0;  T, 
x'in  =  0.95  and  Tw /T^  =  0.5. 


All  considered  examples  demonstrate  the  growth  factor  G  for  the  flat  plate  is  larger  than 
that  for  the  cone  leading  to  the  conclusion  that  flow  divergence  has  stabilizing  effect. 

Conclusion 

Optimal  disturbances  originating  in  the  supersonic  boundary- layer  flow  past  a  sharp  axisym- 
metric  cone  have  been  studied,  motivated  by  several  factors.  Similar  studies  (Sections  4.2  - 
4.4)  report  optimal  perturbations  for  flat  plate  and  sphere,  but  a  direct  comparison  between 
them  was  complicated  by  the  many  effects  present  in  the  case  of  the  sphere  (flow  divergence, 
pressure  gradient,  centrifugal  forces  and  dependence  of  the  edge  parameters  on  the  local 
Mach  number).  The  sharp-cone  geometry,  on  the  other  hand,  is  simpler  than  the  spherical 
one  and  characterized  by  flow-divergence  effects  only,  allowing  us  to  identify  them  more  eas¬ 
ily  when  comparing  flat  plate,  sharp  cone  and  sphere.  Moreover,  in  the  development  of  the 
studies  towards  a  more  realistic  three-dimensional  supersonic  case,  the  sharp-cone  geometry 
is  a  natural  step  before  the  blunt-nose  cone. 

Equations  are  obtained  from  the  linearized  Navier-Stokes  equations  by  employing  a 
scaling  that  assumes  the  perturbation  dominated  by  streamwise  vortices.  This  leads  to 
parabolic-in-x  equations.  The  optimization  is  carried  out  in  an  iterative  manner,  relying  on 


248 


the  alternate  solution  of  the  direct  and  adjoint  problems  related  by  coupling  conditions  at 
the  inlet  and  outlet. 

A  first  set  of  results,  obtained  by  keeping  the  inlet  location  fixed  and  changing  the  outlet 
location,  provides  interesting  conclusions  on  flow  divergence.  An  optimal  distance  Ax  from 
the  inlet  (Ax  =  xout  —  £in)  is  found  at  xout  <  1,  for  which  the  curve  of  the  maximum  gain  is 
the  largest.  The  increase  of  Ax  when  the  inlet  location  is  moved  downstream  suggests  that 
divergence  effects  are  stronger  in  the  proximity  of  the  cone  tip.  On  the  other  hand,  increasing 
the  cone  half-angle  does  not  seem  to  affect  Ax.  When  these  results  are  compared  with  the 
flat-plate  case,  it  becomes  clear  that  the  presence  of  an  optimal  downstream  location  for 
the  energy  growth  is  a  unique  characteristic  of  flows  dominated  by  geometrical  divergence, 
such  as  those  on  sharp  cones  and  spheres.  For  the  case  of  the  flat  plate,  in  fact,  for  a  given 
inlet  station  xm,  the  curve  of  optimal  energy  gain  reaches  larger  values  monotonically  as  the 
outlet  location,  xout,  is  moved  downstream. 

A  second  set  of  results  is  obtained  by  keeping  the  outlet  location  fixed  and  changing  the 
inlet  location.  The  gain,  wavenumber  and  Ax  are  properly  rescaled  taking  into  account  the 
half-cone  angle  0  and  the  fact  that  the  boundary  layer  thickness  on  the  sharp  cone  is  \/3 
thinner  than  that  over  the  flat  plate.  By  comparing  the  two  geometries,  it  is  found  that  both 
the  gain  and  the  wavenumber  scale  fairly  well  and  that  results  for  the  sharp  cone  collapse 
onto  those  for  the  flat  plate  in  the  limits  xin  — >  xout  and  m  — ♦  oo. 

Comparisons  of  growth  factors  for  cones  and  flat  plate  demonstrate  that  the  flow  di¬ 
vergence  has  a  stabilizing  effect  on  transient  growth.  Results  confirm  also  that  a  cold  wall 
enhances  transient  growth. 
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4.6  Transient  growth  phenomenon  in  a  boundary  layer 
past  a  blunt  cone 


Despite  the  efforts  done  insofar,  some  issues  regarding  transition  in  supersonic  flows  are  still 
open.  One  of  them  is  the  long-standing  blunt-body  paradox  [RTOO],  according  to  which 
transition  occurs  in  supersonic  flows  behind  the  detached  bow  shock,  in  a  region  that  is 
subsonic  and  characterized  by  a  favorable  pressure  gradient  and  therefore  stable  to  TS- 
instability-like  phenomena.  Transient  growth  seems  to  be  a  promising  mechanism  to  explain 
such  a  paradox  (see  Sections  4.1  -  4.4).  However,  the  ultimate  elucidation  of  the  blunt-body 
paradox  requires  solving  the  roughness  receptivity  problem,  which  can  explain  the  origin 
of  the  perturbation.  The  latter  issue  has  not  been  addressed  yet.  The  section  presents  the 
equations  for  analysis  of  optimal  disturbances  in  the  boundary  layer  over  the  blunt-nose  cone 
at  the  angle  of  attack.  The  equations  are  derived  for  the  stagnation  line  only. 

We  begin  our  derivation  with  full  Navier-Stokes  equations  for  axisymmetric  system  of 
coordinates  [HCSP96].  Metric  coefficients  are  the  following:  hx  =  1  +  hy  =  1,  hz  = 
r  +  y  cos  0 ,  where  x  is  a  streamwise  coordinate,  aligned  to  the  envelope  curve  of  the  body, 
y  is  a  coordinate  which  is  normal  to  the  surface,  z  represents  the  azimuthal  angle  </>,  R  is 
local  radius  of  curvature  in  streamwise  direction,  r  is  local  radius  of  curvature  in  spanwise 
direction,  0  is  the  local  angle  between  envelope  curve  and  symmetry  axis  of  the  body.  R,  r 
and  0  depend  on  streamwise  coordinate  x. 

We  use  the  same  scaling  as  in  the  case  of  the  sharp  cone  (section  4.5):  the  small  parameter 
e  =  Href/Lref  =  Rer*f2,  where  Rerej  =  UrefLref/vref  is  the  reference  Reynolds  number, 
Href  is  a  typical  boundary  layer  length  in  the  y-direction,  Lrej  is  the  typical  scale  of  geometry. 
The  radii  of  curvature,  R  and  r,  and  x  coordinate  are  scaled  with  Lre/,  y  coordinate  is 
scaled  with  sLref ,  streamwise  velocity  component  u  is  scaled  with  Uref,  normal  and  spanwise 
velocity  components,  v  and  w,  are  scaled  with  eUref,  temperature  T  is  scaled  with  Trej  and 
pressure  p  with  £prefU?ef  while  density  p  is  eliminated  with  the  help  of  the  equation  of  state. 

We  assume  that  perturbations  are  harmonic  with  respect  to  the  transversal  variable, 
oc  exp  (zm0)  with  azimuthal  index  m  and  use  w  =  iw  as  the  spanwise  velocity  component. 

In  the  vicinity  of  the  spreading  line  (cp  — ►  0)  we  can  rewrite  the  ^-component  of  base-flow 


velocity  as  W  =  (p 


0  as  (p  — ►  0,  and  so  the  derivatives  of  W  are  zeros  except 


0  for  (j)  — ►  0.  The  terms  containing  transversal  velocity  component  of  the 
base  flow  are  though  neglected. 

The  form  of  the  equation  needed  to  develop  optimal  perturbation  analysis:  (Af)x  = 
(Dfy)x  +  B0f +  Bify  +  B2fyy,  where  f  =  (tz,  v,  w ,  T,  p)T,  superscript  T  stands  for  transpose. 
The  non-zero  elements  of  matrices  A,  B0,  Bi,  B2  and  D  are  given  in  the  Appendix  C.3. 


aw  _  dW_ 
d<t>  d<f> 
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Chapter  5 
Conclusions 


A  comprehensive  study  of  stability  and  receptivity  of  hypersonic  boundary  layers  has  been 
carried  out  under  the  support  from  the  Air  Force  Office  of  Scientific  Research,  USAF  under 
grant  FA9550-05-101  monitored  by  Dr.  J.  D.  Schmisseur. 

The  main  results  of  the  project: 

•  Mathematical  method  of  the  multimode  decomposition  for  three-dimensional  pertur¬ 
bations  in  compressible  boundary  layers  has  been  developed.  The  method  provides 
analysis  of  experimental  and  computational  results  for  modes  of  discrete  and  continu¬ 
ous  spectra. 

•  Theory  of  boundary-layer  receptivity  was  developed  for  roughness-induced  perturba¬ 
tions  in  incompressible  and  compressible  boundary  layers. 

•  The  transient  growth  phenomenon  in  compressible  boundary  layers  over  flat  plate, 
sphere,  and  sharp  cone  has  been  studied.  The  work  was  accompanied  by  development 
of  solvers  for  these  geometries.  The  solvers  are  described  in  Refs.  [Zuc06a,  Zuc06b, 
ZucObc].1 


*The  reports  have  been  delivered  to  AFRL  at  WPAFB  and  to  the  University  of  Minnesota 
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Appendix  A 

Appendices  to  Chapter  2 


A.l  The  matrix  elements,  Section  2.2 

In  what  follows,  Ua,  Ta,  and  y,a  are  velocity,  temperature,  and  viscosity  of  the  mean  flow, 
respectively,  and  they  are  scaled  with  their  values  at  the  edge  of  the  boundary  layer.  The 
pressure  is  scaled  with  pet/e2,  and  \j!s  =  dn/dTa ,  Re,  Pr,  and  7  stand  for  the  Reynolds  number, 
Prandtl  number,  and  specific  heat  ratio,  respectively;  M  is  the  Mach  number  at  the  edge 
of  the  boundary  layer;  D  —  d/dy.  The  parameters  r  and  m  are  defined  as  r  =  2(e  +  2)/3 
and  m  =  2(e  —  l)/3,  and  2e/3  is  the  ratio  of  the  bulk  viscosity  to  the  dynamic  viscosity. 
Particularly,  Stokes’  hypothesis  corresponds  to  e  =  0. 

Nonzero  elements  of  the  matrices  in  (2.2)  are 

rjh 

Re ’ 

r  22  _  r  33  _  r  44  _  r  55  _  r66  _  r  77  _  r88  _  i 

"  1  ~  ~  ~  ^1  ~  ^ l  ~  ^1  ~ 

L\w  =  L\u  =  m+  1. 
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Hf 

Hf 


=  1, 


iujRe 
TsHs  ’ 

Dps 

Us 

Re  DU 


H\b  =  - 


Ttna  ’ 
D(n'sDU) 


Hf  =  - 


Us 

tiDU 

Ms 


H\z  = 

H™  = 

Hf  = 

Hf  = 
Hf  = 
Hf  = 

Hf  = 
Hf*  = 


DTS 
T  ’ 

1  s 

iu^M2, 

iu) 
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A  s 

iups, 
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r — DT„ 
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iu-h-l)  —M\ 

Ms 
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H*  =  - 


H™ 
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2Dps 
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Dpa 
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r/99  _  7/10,10  _  r/11,11  _  r/12,12  _  rrl3,13  rrl4,14  r/15,15 
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T,Hs 
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Hi1 

Hi4 
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H41 
H 42 


H43 
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-1, 
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Hl'n 
H23'13 
Hf  = 


Hf  = 


=  -  (m  +  1) , 

=  -1, 

-1, 
mDpa 
Re  ’ 


tf4’14  = 


h: 


3 
6,15 


i/383  = 


Ps_ 

Re' 
=  -l, 
Dpa 


Us 


H»<  = 


HZ'16 


Re 
Us  ’ 

=  -r, 


//. 


13,1 


-  tf314’3  =  H. 


15,5 

3 


=  Hi6'7  =  l. 


One  can  also  find  the  nonzero  elements  of  the  matrix  H0  in  (A.3)  and  (A.4)  from  [Nay80] 
with  the  spanwise  velocity  of  the  mean  flow  equal  to  zero,  a  =  —ip,  and 


u  =  u  —  aUs, 


X  = 


Re 

Ps 


-l 


—  ir^M  Q 


tt lz  rrob  rr 78  i 
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DTS  0Dns 


H%4  =  {m  +  l)'yM20u  + 


t67  „  2  ,  /j2  i&Re 


if3Re 

Vs 


H«’  =  a2  +  p2- 


rr88  _  ^Vs 

H0  —  — 


VsTs  ’ 


M* 


A. 2  The  biorthogonal  eigenfunction  system,  Section 

2.2 

We  introduce  the  following  biorthogonal  eigenfunction  system  { Aa/3,  B,,#} : 

dAai 


~dy  ^J°~dy^)  ~dy^  =  ioA^-iAap  +  i(3il3Aap, 

V  =  0  :  Aap i  =  =  Aaf j5  —  Aaprj  =  0, 

y  —>  oo  :  \Aapj\  <  oo, 


(A.l) 


5  /  r0B. 
%  V  0  dj 


dB 


+  *<*H^BQ/3  +  mlBap, 


dy 


(A.2) 


V  —  0  :  Bq/32  —  5q/34  =  BapQ  =  Bap 8  =  0, 

y  ^  oo:  \Bapj\  <  oo. 

Actually,  (A.2)  defines  the  complex  conjugate  of  the  conventional  adjoint  problem.  Equation 
(A.l)  can  be  recast  as  a  system  of  eight  ODEs, 


dz 


a/3 


dy 


=  H0Zo/3, 


(A.3) 


where  vector  zap  is  comprised  of  the  first  eight  elements  of  the  vector  A ap.  The  conventional 
adjoint  problem  in  three-dimensional  stability  equations  is  found  from  the  following  system 
of  ODEs: 

<A-4> 
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One  can  establish  correspondence  between  Btl(3  and  Yap  similar  to  the  case  of  temporal 
three-dimensional  normal  modes  (FT): 


Ba0i  = 

Bap 2  = 
Bap 3  = 


Ba( 34  — 

Bapf>  = 

Bap&  = 
Bap7  = 

Bap8  = 

B a  09  — 

BapiO  = 

Bap\\  = 
Bapn  = 

BaPlZ  = 

Bapu  = 

BaplS  = 
BaplS  ~ 


iocLfYapA 

Q01(\  +  L43H34)' 

Yapl, 

Yaps  ~~  (m  +  1)  Yaps  ~  ifi  (w  +  1)  V'a/38 

L?HPYalH  43  d_  • 

(1  +  Lq3 Hq4)  °  dy  [(1  +  Lq3Hq4)\  ’ 

Yap4 

(i+W)’ 

K/35  +  #046n, 

YapS  j 

a/J7  (1  +  L43Hl4)  ’ 

Yaps  j 

— iarBap2 , 

(m  +  1)  +  iaHi'10 Bap4, 

dy 

ZOtBapS  i 

—iotBaps  -  i/3  (m  +  1)  5Q/92, 

— ia  (m  +  1)  Baps  ~  i/3Bap2, 

(rn+1  )^B  +  ipH$'14Bap4, 

iP  BapS  > 

-i/3rBaps, 


(A. 5a) 
(A. 5b) 


(A. 5c) 

(A.5d) 

(A.5e) 

(A.5f) 

(A.5g) 

(A.5h) 

(A.5i) 

(A.5j) 

(A. 5k) 
(A.51) 
(A. 5m) 

(A.5n) 

(A.5o) 

(A.5p) 


where  r  and  m  are  defined  in  Appendix  A.l. 

The  eigenfunction  system  {A ap,  B Qp}  has  an  orthogonality  relation  given  as 


OO 

(H2Aa/?,Ba/^)  =  J  (H2Aap,BQ'p)dy  =  rAaa/,  (A. 6) 

o 


where  T  is  a  normalization  constant;  Aaa/  is  a  Kronecker  delta  if  either  a  or  a'  belongs  to  the 
discrete  spectrum;  Aaa/  is  a  Dirac  delta  function  if  both  a  and  a'  belong  to  the  continuous 
spectrum.  Because  Eq.  (A. 2)  represents  the  complex  conjugate  of  the  conventional  problem, 
the  dot  product  (,)  in  (A. 6)  does  not  involve  complex  conjugation.  One  can  also  establish 
the  following  equality: 

(H2Aap,Bap)  =  -i  .  (A.7) 
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In  our  computations  of  the  adjoint  eigenfunctions,  we  find  Ya(9  from  (A.4)  and  restore 
BQ0  with  the  help  of  (A. 5).  Because  derivation  of  asymptotic  fundamental  solutions  of  (A.4) 
at  y  — ►  oo  is  too  complicated,  we  utilize  the  theorem  [Kam59]  that  fundamental  solutions  of 
the  adjoint  system  (A.4)  can  be  found  as  vectors  comprised  of  cofactors  of  the  jth  column 
in  the  matrix  of  fundamental  solution,  m,  defined  in  (2.14).  Therefore,  we  don’t  derive  the 
asymptotics,  but  find  them  numerically  with  the  help  of  the  known  asymptotic  result  for  the 
matrix  m.  Utilizing  asymptotics  for  Zj  (see  Appendix  A. 3),  one  can  find  asymptotics  (j  as 
follows: 

*i  =  £?eA2V,  =  S3  =  ty*v,  ^  =  CeX3\ 

& = *6 = = ey?v- 

For  each  fundamental  solution  ^  having  8  components,  one  can  restore  fundamental 
solutions  Cj  f°r  the  adjoint  problem  (A. 2)  comprised  of  16  components  with  the  help  of 
(A. 5).  These  steps  allow  computation  of  the  adjoint  eigenfunctions  B ap  of  the  discrete  and 
continuous  spectra. 

One  can  find  the  following  presentation  of  the  adjoint  eigenvectors  Bc  corresponding  to 


the  continuous  spectra: 

BCii  =  Cl^l753  +  C2^2753  +  C4^4753  +  Ce^6753  +  Cs^S753,  (A. 9) 

Bc>2  =  Cl^l283  —  C4^2834  +  <^5^2853  +  C  6^2863  “  C7^2783,  (A. 10) 

Be, 3  =  Cl^6218  “  C3^2863  +  C4^2468  “  Cs^6528  “  Q7Eg728,  (A. 11) 

Bc,4  =  C2^1275  +  C3^1753  +  ^4^1754  +  Ce^l756  +  C8^71855  (A.  12) 

Bc,5  =  Cl^l253  +  C4^5234  +  Ce^2563  +  C?^7253  +  £8^8253-  (A. 13) 

For  the  discrete  modes,  we  find 

B„  =  C2^1257  +  C4  ^1457  +  Ce^l765  +  <^8^1578  •  (A.  14) 


One  can  see  that  the  coefficients  in  (2. 29), (2. 31),  (2.32),  (2.34),  (2.36),  and  (2.38),  depending 
on  the  initial  conditions,  are  associated  with  the  adjoint  eigenvectors,  respectively,  as  follows: 


C2-E1275  +  C3E1753  +  C4F/1754  -F  C$Ei756  +  CgE-nss  ~  (H2A0,  BCf4), 

C\ £*1753  +  02^2753  +  Q^4753  +  <^6^6753  +  ^8^*8753  ~  (H2A0,BC|i), 

Cl -&1253  +  C4E5234  +  C6^2563  +  C7E72b3  +  CgEs253  ~  (H2Ao,  Bc,5), 

ClE\2S3  —  C4f?2834  +  C5E28 53  +  ^6^2863  ~  ^7^2783  ~  (H2A0,BCt2), 

C\  E§2\8  —  C3E2863  +  £4  E2488  —  Q>  Eg328  —  C7Ee728  ~  (H2A0,BCt3), 

ClE\287  +  C‘4^1457  +  <^6^1765  +  <%^1578  ~  (H2Ao,B„). 


(A. 15) 


Following  [SG81],  one  can  prove  that  the  inverse  Laplace  transform  (2.39)  is  an  expansion 
into  the  biorthogonal  eigenfunction  system  {Aa/?,Ba/?}. 
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The  asymptotic  vectors  Z°  and  Cj  are  used  to  to  calculate  the  normalization  constant, 
T,  in  the  orthogonality  relation  (A. 6)  for  the  continuous  spectra.  Evaluation  of  the  normal¬ 
ization  constant  T  for  the  continuous  spectra  can  be  found  with  the  help  of  integrals  like 
/0°°  exp(i(/c  -  k')y)  dy  =  nd(k  —  k ')  [Tum03].  For  example,  one  can  find  for  an  acoustic  mode 

r  =  7T  [(//2Z°,c°)  +  (#2 zg,cS)]  •  (A. 16) 

A. 3  Numerical  method,  Section  2.2 

Two  independent  codes  were  used  in  the  present  work.  The  first  one  (SCM)  was  based  on  the 
single-domain  Chebyshev  spectral  collocation  method  [Mal90].  Solution  of  the  linearized 
Navier-Stokes  equations  for  compressible  gas  is  considered  in  the  wave-like  form 

(u,v,w,ir,0)  =  (u(y),v{y),w{y),n(y)J(y))  (A. 17) 

In  order  to  avoid  the  nonlinearity  in  a,  we  introduce  the  vector 

$  =  (u,  v,  w,  7r,0,iau,iav,iaw,  iaO^J  ,  (A. 18) 

and  the  system  of  ODEs  for  the  amplitude  functions  is  written  in  the  matrix  form 

(AXD2  +  A2D  +  A3)<&  =  aA4$,  (A. 19) 

where  D  =  d/dy ;  Ax,  A2,  A3,  and  A4  are  9  x  9  matrices. 

Homogeneous  boundary  conditions  for  (A.  19)  are  formulated  on  the  wall,  y  =  0,  and  at 

V  ~  Vniaxi 

V  =  0  and  y  ->  oc  :  =  0,  {j  =  1,2,3, 5, ...  ,9).  (A. 20) 

In  the  numerical  implementation,  the  boundary  conditions  (A. 20)  were  supplemented  by  the 
y-momentum  equation  at  y  =  0  and  y  =  ymax- 

An  algebraic  stretching  was  employed  in  order  to  map  interval  [0,  ymax ]  onto  the  Cheby¬ 
shev  interval  £  G  [— 1,+1], 

y  ~  ^ ?  (A. 21) 

where  6=1  +  2d/ymax  and  d  =  yiymax/iymax  —  2 y{).  The  parameter  y{  is  chosen  to  locate 
half  of  the  grid  points  in  the  interval  (0,  y{).  The  TVth-order  Chebyshev  polynomials  TN  were 
used  with  the  collocation  points 

6  =  cos  (nj/N) ,  j  =  0, ...  ,7V.  (A. 22) 

The  unknown  functions  and  their  derivatives  at  the  collocation  points,  yjx  are  presented 
as  sums  of  the  Chebyshev  polynomials,  Tn,  with  unknown  coefficients,  an : 

N 

Q(Vj)  =  ^  ^  ftnTn(yj) ,  (A. 23) 

n=0 
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As  a  result  of  the  discretization,  we  arrive  at  the  generalized  eigenvalue  problem 

Aga  =  aBg  a,  (A. 24) 

where  Ag  and  Bg  are  9(A  +  1)  x  9 (AT  +  1)  matrices,  and  a  is  the  vector  comprised  of 
9(N  +  1)  unknown  coefficients.  Because  the  rows  of  the  matrix  Bg  corresponding  to  the 
boundary  conditions  (A. 20)  contain  only  zeros,  we  replace  them  by  the  corresponding  rows 
of  the  matrix  Ag  divided  by  a  large  number,  as  was  suggested  by  [HSH96].  This  introduces 
eigenvalues  that  are  located  far  away  from  the  domain  of  interest  in  the  complex  plane  a. 
The  generalized  eigenvalue  problem  (A. 24)  was  solved  with  the  help  of  standard  routine 
DG6CCG  from  the  IMSL  FORTRAN  Library. 

[Mal90]  reported  eigenvalue  a  =  0.2534048  —  i  0.0024921  for  a  two-dimensional  pertur¬ 
bation  in  a  boundary  layer  over  a  flat  plate  with  an  adiabatic  wall.  The  following  parameters 
were  used:  Mach  number  M  =  4.5;  the  Reynolds  number  Re  =  1500  was  based  on  the  Blasius 
scale;  the  stagnation  temperature  T0  =  611.11  K;  and  the  Prandtl  number  Pr  =  0.70.  For 
these  parameters,  we  considered  three-dimensional  perturbations  at  (3  =  10“4.  At  N  =  125, 
y{  =  5,  and  Umax  =  100,  our  result  was  a  =  0.2534416  —  i  0.0027743.  Variation  of  and 
Vmax  did  not  reveal  a  difference  within  six  digits.  Increasing  N  up  to  175  revealed  an  effect 
only  on  the  last  digits  of  the  real  and  imaginary  parts  of  a.  This  code  had  an  auxiliary  role, 
and  it  served  for  verification  of  the  other  code  that  was  based  on  the  4th-order  Runge-Kutta 
solver  for  equations  (A. 3)  and  (A. 4),  and  to  provide  an  initial  guess  for  the  eigenvalues. 

In  the  second  code  (RK),  the  fundamental  solutions  of  equations  (A. 3)  and  (A.4)  were 
found  numerically  by  integration  of  the  equations  from  y-max  to  the  wall  with  the  known 
analytical  asymptotic  solutions  outside  the  boundary  layer,  z°exp(Ajy).  One  can  find  the 
asymptotic  vectors  z°  from  (A. 3)  at  y  — >  oo.  For  vectors  z?2  and  z°8,  we  have 


<2=  (l,Aii2,i/o31/Ai,2,0,0,0,0,0)T,  (A. 25) 

z?>8  =  (0, 0,  ^7/A7i8)  0, 0, 0, 1,  A7>8)T  ,  (A. 26) 

where  the  matrix  elements  are  defined  in  Appendix  A.l. 

The  nonzero  elements  Zij  of  vectors  z°  (j  =  3, . . . ,  6)  were  calculated  as  follows: 

4  =  1,  4  =  v  4  =  (A2  -  tf21)  623/612,  (A. 27a) 

4  =  -  (622  -  A2)  (A2  -  Hg1)  /612,  4  =  A,4,  (A. 27b) 

4  =  (//0844  +  7/0854)  /  (A2  -  Hg7)  ,  4  =  A, 4,  (A. 27c) 

4  =  (tf031 4  +  i/0344  +  #o354  +  #o374 )  Ai,  (A.27d) 

where  612  =  #q4523  —  #o5(&22  —  A^),  and  622  and  623  are  defined  in  (2.12). 


Asymptotic  vectors  for  the  system  (A.4)  were  found  numerically  from  the  matrix  of 
the  fundamental  solutions  m  introduced  in  (2.14)  (see  discussion  of  properties  of  the  adjoint 
system  in  Appendix  A. 2).  The  Gram-Schmidt  orthonormalization  procedure  was  employed 
in  the  computation  of  the  fundamental  solutions  z j  and  during  integration  across  the 
boundary  layer. 
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[BM92],  /3  —  0 
(0.220,  -3.091  x  10"3) 
(0.221,1.569  x  10-2) 
(-0.565,5.559  x  10“2) 
(0.560,5.659  x  10-1) 


the  present  work,  /?  =  10  4 
(0.220,  -3.091  x  10-3) 
(0.221,1.569  x  10-2) 
(-0.565,5.560  x  lO-2) 
(0.561,5.659  x  10"1) 


Table  A.l:  Flat  plate.  M  =  4.5,  7o  =  311  K,  Pr  =  0.72,  Re  =  1000,  u  =  0.2 


[BM92] 

(0.2181,2.969  x  10“4) 
(0.2124,1.288  x  10“2) 
(-0.5498,5.684  x  10"2) 


the  present  work 
(0.2181,2.974  x  10"4) 
(0.2124,1.288  x  10"2) 
(-0.5499,5.685  x  10"2) 


Table  A.2:  Flat  plate.  M  =  4.5,  T0  =  311  K,  Pr  =  0.72,  Re  =  1000,  u  =  0.2,  0  =  0.12 


Finally,  the  eigenfunctions  of  the  direct  and  adjoint  problems  could  be  obtained  as  a  sum 
of  the  fundamental  solutions  with  unknown  coefficients  that  are  to  be  determined  from  the 
boundary  conditions  on  the  wall.  In  the  case  of  continuous  spectra,  the  eigenfunctions  are 
comprised  of  five  fundamental  solutions.  The  unknown  coefficients  could  be  found  from  four 
boundary  conditions  on  the  wall  (u  =  v  —  w  =  0  =  O)  and  the  normalization  condition 
du/dy{ 0)  =  1.  The  wavenumbers  a  corresponding  to  the  modes  of  the  continuous  spectra 
were  found  from  the  equation  A 2  =  —k2.  For  the  problem  of  the  discrete  spectrum,  the 
eigenfunctions  are  comprised  of  four  fundamental  solutions  Zj,  Z3,  Z5,  and  Z7.  The  unknown 
four  coefficients  were  determined  from  the  boundary  conditions  u  =  v  =  w  =  0  and  the 
normalization  condition  du/dy(0)  =  1.  The  eigenvalue  cr  was  found  with  the  help  of  the 
Newton  method  as  a  root  of  the  equation  0(0)  =  0.  The  convergence  criterion  was  chosen 
as  1 0(0) |  <  £  with  e  <  10-5. 

We  tested  the  code  with  the  example  discussed  above.  The  outer  boundary  was  chosen 
as  2/maz  =  35,  with  the  uniform  grid  having  N  =  601  nodes  and  the  convergence  criterion 
e  =  10-5.  The  spanwise  wavenumber  j3  was  held  at  10-4.  The  found  eigenvalue  was  cr  = 
0.2534420— i  0.0027738.  The  result  remained  the  same  for  N  =  1201,  £  =  10-5,  and  N  —  601, 
e  =  10"7. 

In  another  test,  we  used  the  eigenvalues  reported  by  [BM92]  for  a  boundary  layer  over 
an  adiabatic  flat  plate  at  Mach  number  M  =  4.5,  Prandtl  number  Pr  =  0.72,  stagnation 
temperature  in  the  free  stream  To  =  311  K,  Reynolds  number  Re  =  1000,  and  dimensionless 
frequency  u  =  0.2.  In  table  A.l,  we  compare  our  eigenvalues,  a,  obtained  with  help  of  the 
RK  solver  at  0  =  10-4  and  results  from  [BM92]  at  0  =  0.  A  comparison  of  eigenvalues  a 
corresponding  to  /?  =  0.12  is  given  in  table  A.2. 
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A. 4  The  non-zero  elements  of  matrices  in  Eqs.  (2.96) 

and  (2.100),  Section  2.5.2 

The  velocity,  temperature,  and  viscosity  are  scaled  using  their  values  at  the  upper  boundary- 
layer  edge;  the  pressure  is  scaled  using  pe{/2-  Non-zero  elements  of  the  matrices  in  Eq.  (2.96) 
are 
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rrl2  _  rr56  _  i 

^0  ~  ^0  ~ 

Hi1  =  a2  +  i  (a t/,  -  u)  R/n,Ts , 

Ho2  =  -Dp,  In,, 

Hi 3  =  -xa  (to  +  1)  DTS/TS  -  taD/is/ns  +  RDUJnsT 
Zto4  =  iaR/Hs  -  (to  +  1)  7Me2a  (at/,  -  cj)  , 

Hi 5  =  a  (m  +  1)  (at/,  -  w)  /T,  -  D  (/x 'SDU, )  //x„ 

//026  =  -n'aDU,/ns, 

Hi1  =  -ia, 

Hi3  =  £>r,/T.f 

H34  =  -i7M?(aU,-u), 

H3S  =  i(aU,-u)  /T„ 


X  = 


- 1-  ir-yMl  ( at/,  -  w)  , 

.  Ms 


<  =  ( rDTs/Ts  +  2D/x,//x,) , 

//o2  =  -«*X, 

Hi3  =  x  [-a2  -  i  (at/,  -  u>)  #/7x,T,  +rD2T3/Ta  +  rZ?/x,£>T,/7x,T,]  , 

7/044  =  -ixnMl  [aDU„+  (at/,  -  w)  (DT,/T,  +  £>/x,//0]  , 

Hf  -  ix  [raDUs/Ts  +  a n'sDUa/n,  +  r  (at/,  -  u)  D/x,//x,T,] , 

7/46  =  xrx(at/,-u;)  /T„ 

//f  =  -2(7-l)M2PrZ)t/„ 

Hi3  =  -2 ia  (7  -  1)  M2e  Pr  £>£/,  +  Pr  £>T,//x,T„ 

•tto4  =  -*i?  Pr  (7  -  1)  M2  (at/,  -  w)  //x„ 

H°5  =  a2  +  iR  Pr  (at/,  -  w)  //x,T,  -  (7  -  1)  M2e  Pr  ^  (Z>t/,)2  //x,  -  £>2/x,//x„ 
Hi6  =  -2Dns/Hs- 
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A. 5  Correspondence  between  solutions  of  the  adjoint 
problems,  Eqs.  (2.106)  and  (2.107),  Section  2.5.2 


Bi  =  Yi  — 


iarY4 


^  +  2x7  Me2  (aUs  -  u) 
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Be  =  F6i 

B7  =  iorB2, 


dB2 


Bs  =  —  (m  +  1)  — - iaH2B4, 


dy 


B9  =  iaB6. 


A. 6  Fundamental  solutions  in  the  triple-deck  limit, 
Section  2.7 

Direct  problem 

The  outer  deck  (2).  Introducing  the  new  variables  y2  =  y*  /e3L,  x2  =  x*  /e3L,  and  t2  = 
t*U00/e1L ,  where  stands  for  dimensional  coordinate,  the  solutions  of  the  linearized  Navier- 
Stokes  equations  are  considered  proportional  to  exp [7(0x2 +  ££2)].  One  can  find  the  following 
expansions  for  the  amplitude  functions  of  the  velocities  and  the  pressure  perturbation  in  the 
outer  deck: 


u  =  e2u\ ;2)  (3/2)  +  ezu£]  (3/2)  +  •••  (A. 28a) 

V  =  e2v{2)  (3/2)  +  £3?42)  (3/2)  +  ...  (A. 28b) 

P  =  e2P?]  (2/2)  +  £3?42)  (2/2)  +  -  (A. 28c) 

where  the  superscript  indicates  the  number  of  the  deck.  Because  we  deal  with  a  linear 

problem,  the  solution  can  be  normalized  arbitrarily.  However,  we  keep  the  triple-deck  scaling 
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for  the  velocities  and  pressure  perturbations  in  Eqs.  (A. 28)  stemming  from  the  general 
analysis  of  nonlinear  problems.  In  the  main  order  of  magnitude,  the  governing  equations  are 
as  follows: 


iauf]  +  =  0  (A. 29a) 

aj/2 

«?>  +  pf^  =  0  (A. 29b) 

,  (2) 

iav  j2)  +  =  0  (A. 29c) 

dy 2 

Solution  of  Eqs.  (A. 29)  can  be  presented  as 

(A. 30a) 
(A. 30b) 

(S/a)  (A. 30c) 

ia 


p(2)  =  ftAv2 

u[2)  =  -p[2)  (y2) 

vm  =  1  dPi] 

1  id  dy2 


where  A  =  ±<3.  Because  the  procedure  of  finding  the  asymptotic  solutions  corresponding 
to  the  direct  problem  is  well  known,  we  skip  details  of  finding  the  inner  limit  of  the  outer 
solution  at  y2  — »  0,  derivation  of  the  matching  conditions  for  the  outer  limit  of  the  main 
deck  solution,  and  other  conventional  details  for  the  triple-deck  analysis. 


The  main  deck  (1).  In  the  main  deck,  the  variables  are  defined  as  X\  =  12,  U  =  U,  and 
Vi  =  1/2  /£>  and  the  amplitude  functions  have  the  following  expansion: 

u  =  eu^  (2/1)  +  €2u{21)  (j/i)  +  ...  (A.31a) 

v  =  (yi)  +  e3V2)  (yi)  +  ...  (A. 31b) 

P  =  eaPi1)  (s/i)  +  £3P2]  (j/i)  +  -  (A. 31c) 


In  the  main  order  of  magnitude,  one  can  find 
^  =  1 

vii1)  =  -^U(y1) 

ia 

(1)  _\_dU_ 

1  a2  dy\ 

v?)  =  DU(y1)  +  iU(yl) 
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J  T  “tfdy , 
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lU) a2  J  dyi  U2  mJ[u2 


dy 1 
U2 


dyi  +  ia 


(A. 32a) 
(A. 32b) 

(A. 32c) 
(A.32d) 

(A.32e) 
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The  lower  deck  (3).  In  the  lower  deck,  the  variables  are  x3  =  Xi  =  x2,  t3  =  t\  =  t2,  and 
J/3  =  2/i /£•  The  leading  terms  only  of  our  interest  and  one  can  find  their  scaling  from  the 
matching  condition  as  follows 


u  =  o43)  (y3)  +  ... 
v  =  £3v[3)  (y3)  +  ... 
P  =  £2P?]  (2/3)  +  ... 


These  amplitude  function  satisfy  the  following  equations 


._  (3)  ,  dv\ 
tcm)  +  - 


(3) 


dy3 


=  0 


iuuf]  +  iau{3)U'wy3  +  vf]U'w  =  -iapf]  + 

dy3 


dp\ 


0) 


dy3 


=  0 


(A. 33a) 
(A  .33b) 
(A. 33c) 


(A.  34a) 
(A. 34b) 
(A. 34c) 


where  U'w  =  (dU /dyx)yi=0. 

From  the  last  equation  of  the  system  (A. 34)  and  the  matching  condition  with  the  solution 
in  the  outer  deck,  we  have  p^  =  1.  Therefore,  we  derive  from  Eqs.  (A. 34) 


iatuf^  + 


dv? 

dy3 


=  0 


IUU 


(3) 


+  ia.u^U'wy3  +  v(3>U'w  =  -ia  + 


(3), 


cPu? 

dy3 


(A. 35a) 
(A. 35b) 


The  solution  of  Eqs.  (A. 35)  satisfying  the  matching  condition  in  the  outer  limit,  y3  — »  00, 
can  be  found  as 


uf]  =  ~0'v  (A. 36a) 

(3)  /  A  - -r,  iot  A  \ 

”■  =_(i &u“s3+i%-,u&)  <A36b) 


This  result  completes  the  analysis  of  the  fundamental  solutions  of  Eqs.  (2.228)  having 
asymptotic  behaviors  ~  exp  ( ±ay 2)  outside  the  boundary  layer. 

Another  fundamental  solution  [residue  of  the  vector  Z3  in  (2.230)  and  (2.232)]  can  be 
found  in  the  viscous  sublayer.  This  solution  has  pj3)  =  0,  and  uf\y3)  satisfies  the  following 
equation: 


<fM3) 

dyl 


.,  .  duf]  A 

.(nu.to-o)  —  -  0 


(A.37) 
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With  the  help  of  the  new  variable, 


<=(^r+("-),/s* 

where  the  branch  is  chosen  to  provide  |  arg  {iaO^)l/3  |  <  7r/3.  Equation  (A. 37)  is  reduced 
to  the  Airy  equation  for  <3(£)  =  duf^  /dy3 

<2"-CQ  =  0  (A. 39) 


The  decaying  at  j/3  — ►  oo  solution  of  Eq.  (A. 39)  is  the  Airy  function,  Q(C)  =  Ai(£). 
Therefore,  the  velocity  components  and  pressure  perturbation  corresponding  to  this  funda¬ 
mental  solution  are  as  follows: 
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(A.  40a) 

(A. 40b) 
(A. 40c) 


Adjoint  problem 

Similar  to  the  consideration  of  the  direct  problem,  we  are  looking  for  the  fundamental  solu¬ 
tions  of  Eqs.  (2.229).  Because  the  adjoint  problem  has  not  been  discussed  in  the  triple-deck 
limit  elsewhere,  more  details  are  included  in  the  following  derivations. 

We  employ  the  scaling  of  the  streamwise  coordinate  and  the  frequency  in  accordance 
with  the  triple-deck  theory,  and  recast  the  system  of  Eqs.  (2.229)  as  follows 
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(A. 41a) 
(A.41b) 
(A. 41c) 
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The  outer  deck  (2).  We  axe  looking  for  the  solution  in  the  outer  deck  in  the  following 
asymptotic  expansion  form: 


Yi  =  9ii  (2/2)  +  £9n  (2/2)  +  -  (A. 42a) 

*2  =  921  (2/2)  +  £922  (3/2)  +  ...  (A. 42b) 

Y3  =  9i])(y2)  +  £9&)(yi)  +  -  (A. 42c) 

Yt  =  £*9(i\  (2/2)  +  £9 9 ¥2  (2/2)  +  •••  (A.42d) 

where  the  first  subscript  stands  for  the  component  of  the  adjoint  vector  solution,  Y.  In  the 
main  order  of  magnitude,  one  can  find 

921  =  exP  (A2/2)  (A. 43a) 

9 a  2i  =  ~  exp  (Aj/2)  (A.  43b) 

ia 

931  =  —4  exp  (A y2)  (A.43c) 

ia 

9n  =  0  (A. 43d) 

where  A  =  ±a.  At  the  limit  2/2  — ►  0 

yii  1  +  Aj/2  +  ...  =  1  +  sXyi  +  ...  (A. 44a) 

9*l  [1  +  Aj/2  +  •••]  =  — —  [1  +  sXy\  +  ...]  (A. 44b) 

tot  ia 

931  “ *  ~~ ~  [1  +  Aj/2  +  •••]  =  —  —  [1  +  ^Aj/i  -f  ...]  (A. 44c) 

lot  lot 

9u  =  0  (A.44d) 


Equations  (A. 44)  will  serve  as  the  outer  matching  conditions  for  the  solution  in  the  main 
deck. 

The  main  deck  (1).  We  are  looking  for  the  solution  in  the  main  deck  (1)  as  the  following 
expansions: 

Yi  =  9n  (2/1)  +  £9n  (Vi)  +  •••  (A.45a) 

Y2  =  921  (Vi)  +  £922  (2/1)  +  -  (A.45b) 

>3  =  g£ 1  (2/1 )  +  £922  (2/1 )  +  ••  •  (A .45c) 

Ya  =  £s9ii  (2/1)  +  <?9i2  (Vi)  +  -  (A.45d) 
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In  the  main  order  of  magnitude,  the  governing  equations  are 


9n) 

=  0 

=  U$ 

dgn 

=  0 

dyi 

dgn 

dU 

(A. 46a) 
(A. 46b) 

(A. 46c) 

#■  _  dyt  341  (A4M) 

The  solutions  of  Eqs.  (A.46)  satisfying  the  matching  condition  at  y\  — ►  oo  are  found  as 

(A.47a) 

(A. 47b) 
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(A. 47c) 
(A.47d) 


For  the  purpose  of  analyzing  the  viscous  sublayer  (lower  deck),  we  need  also  g^1  ■  Thus, 
we  consider  the  equations  in  the  next  order  and  arrive  at: 


jJi) 

“922  •-  (1) 


On  can  find  g^iyi)  from  Eqs.  (A. 48) 


y  i 


+  Co 


(A.48) 


(A.49) 


where  Co  is  a  constant  that  has  to  be  determined  from  the  matching  condition  with  the 
solutions  (A. 44) 
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At  the  limit  yi  — >  0,  one  can  find 
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(A. 51a) 
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The  lower  deck  (3).  In  the  lower  deck,  scaling  of  the  leading  terms  stem  from  the  match¬ 
ing  condition  at  7/3  — ►  oo 


Yi  =  egfi  (j/3)  +  ... 

Yi  =  9n  (Vs)  +  - 

>3  =  e~lg^  (2/3)  +  ... 

n  =  e*ffg)  (2/3)  +  -.. 

where  the  amplitude  functions  satisfy  the  following  equations 

“9  21  (3) 

_«931  _  fjr'  (3) 


,  •  -  (3) 
+ 


<*2/3 

<*2/3 


=  W 


(3) 
=  9ii 


One  can  derive  from  Eqs.  (A.53)  the  equation  for  y^iiv^) 


<*4<* 


(3) 


,(3) 


=  2iU'wa<^- +  iaU'wy3  * 


#921  ,  .-.^9: 


~h  2CJ- 


(3) 

r21 


<*2/34  dy3  ’  — —  <*2/f  '  ~  %32 

With  the  help  of  the  variable  (  [see  Eq.  (A. 38)  at  u  =  0],  one  can  arrive  at 


21 


=  0 


(A. 52a) 
(A.52b) 
(A.52c) 
(A.52d) 


(A. 53a) 
(A. 53b) 
(A. 53c) 
(A. 53d) 


(A. 54) 


(A. 55) 


d(4  dC 2 

The  integration  of  Eq.  (A. 55)  with  respect  to  (  leads  to  the  inhomogeneous  Airy  equation 

^-C^  =  c(0 

G  (C)  =  fciC  +  fe 

where  fci  and  are  constants  that  have  to  be  determined  from  the  matching  condition  at 
j/3  — >  oo.  The  solution  of  Eq.  (A. 56)  can  be  written  as  (see  [AS72]) 


921  (0  = 


Bi  (0  J  GAidC  -  Ai  (0  J  GBidC 


(A. 56) 
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where  Ai(£)  and  Bi(£)  are  two  fundamental  solutions  of  the  Airy  equation  [AS72],  and  their 
Wronskian  is 


Ai(e)xBif(e)-Ai'(e)xBi(e)  =  ± 

7 r 

(A. 57) 

One  can  find  that  at  y$  — *  oo  (£  — >  oo) 

«S?(o-  G‘° 

(A. 58) 

Therefore,  the  matching  conditions  lead  to  the  result 

k\  =  —1 

(A. 59a) 

{U’J2 

(A. 59b) 

After  substituting  G  (£)  with  k\  =  —  1,  we  arrive  at  the  solution  in  the  lower  deck 

C  C 


92f  =  nk2 


Bi  (C)  J  Aide  ~  Ai  (C)  J  BidC 


+  1 


=  -I|  (iaf;;) 


/  \  1/3 


<,  i. 

Bi'(C)  J  Aide  —  Ai'  (C)  /  BidC 


.,(3)  - 


7rA 


Su  U' 


s, 

Bi"  (0  J  Aide  -  Ai i"  (0  J  BidC 


A 

+  UL 


(A. 60a) 

(A. 60b) 

(A. 60c) 
(A.60d) 


Solution  (A. 60)  summarizes  the  asymptotic  analysis  of  two  fundamental  solutions  having 
asymptotic  behavior  outside  the  boundary  layer  exp (±0:7/2)-  The  third  fundamental  solution 
will  be  found  as  a  decaying  at  the  (->00  solution  of  the  homogeneous  equation  (A. 52)  (Airy 
equation).  Therefore,  we  obtain  for  the  third  fundamental  solution  the  following  result: 


921  =  Ai  (C) 


„<»>  -  - 
941  ~  ta 

P)  _  Wf* 


Ai'K) 


9h  = 


ia 


Ai"  (C) 


(A.61a) 
(A. 61b) 

(A.61c) 

(A.61d) 
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Appendix  B 

Appendices  to  Chapter  3 


B.l  Biorthogonal  system  of  eigenfunctions,  Section  3.2 


It  is  possible  to  express  a  solution  of  the  initial-value  problem  (Eq.  (3.47))  as  an  expansion 
in  the  biorthogonal  eigenfunction  system  { Au,  B^}.  The  vector  Aw  is  a  solution  of  the  direct 
problem 


— (Lo-t—  )  +  -j— 

dy  dy  dy 


dAu 

dy 


—  iwHioA^,  -(-  Hu  Aw  +  iczHzA-u  -I-  Z0H3 

dA 

+  i/SHsA*  -  n/?H6Aw  +  ip H7— ^  -  /?2H8Aa 

dy 


—  a2H4Au; 


(B.l) 


y  —  0  :  Awi  =  Aw3  =  Aw5  —  Au7  =  0, 
y  —*  00  :  |AWJ|  <  00,  j  =  1, 


The  vector  is  a  solution  of  the  adjoint  problem 


dy 


dBu 

dy 


=  iQYVwBu  +  Hi]Bw  -  +  iaH*— ^  -  q2H*Bu 

dy 

-  i0HlBu  -  apH^  +  i0 H;^L  _ 

ay 


(B2) 


(B-3) 


V  —  0  :  B^  =  Bw4  =  B^,6  =  Bw8  =  0, 
y  — *■  00  :  |BWj|  <  00,  j  = 


(B.4) 


The  asterisk  in  Eq.  (B.3)  denotes  a  Hermitian  matrix,  and  the  over  bar  denotes  a  complex 
conjugate  value.  The  direct  problem,  Eqs.  (B.1-B.2),  can  be  expressed  in  the  standard  form 
given  by  Eq.  (3.8).  The  adjoint  problem,  Eqs.  (B.3-B.4),  can  be  expressed  in  a  similar 
fashion  as 


dY 

dy 


=  h;y 


(B.5) 
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y  =  o  :  Y2  -  Y4  =  Y6  =  Y8  =  0, 

0°  :  IYjI  <  oo,  j  =  1,  •••,  8. 


A  correspondence  can  be  found  between  Bw  and  Y.  These  relationships  are  given  as 
follows: 


B\  =  Y\  + 


iarY4 

Re/ n$  -  ir^M/  (aU,  +  0W,  -  w) 


(B.7) 


B3  —  ioc  (tn  +  1)  Y2  +  Y3  + 

_  ry3  d  / _ 

Re  dy  \  1  -  i 


B2  =  Y2 

rDTa  Y4 


Ts  Re/ to  -  inM?  (aU,  +  0WS  -  q) 
Y4 


ir^Ml  (Hs/Re)  (all, 


’,  +  0Ws-u)) 


+  ip  (m  4-  1)  Y8 


B4  = 


5,  =  Yb  - 


1  -  fr7Me2  (n. /Re)  ( aUa  +  pWs  -  u) 

ir  (all,  +  pWs  -  o) _ Yi _ 

Ts  Re/ to  -  ir^M/  (aUs  +  0WS  -  u) 

Be  =  Ye 


B7  =  Y7  +  i(3r 


Re/ to  ~  ir^Mj  ( aU,  +  0WS  -  a;) 


(B.8) 

(B-9) 

(B.10) 

(B.ll) 

(B.12) 

(B.13) 


B%  =  Y%  (B.14) 

Solutions  of  the  direct  and  adjoint  problems  given  by  Eqs.  (B.1-B.2)  and  (B.3-B.4) 
belong  to  the  discrete  and  continuous  spectrum.  Eqs.  (3.37),  (3.39),  (3.40)  and  (3.46)  are 
modes  that  satisfy  the  direct  problem  with  weights  (coefficients)  that  depend  on  the  Fourier 
transform  of  the  initial  disturbance,  A0ap. 

The  eigenfunction  system  (A^B,,}  has  an  orthogonality  relation  given  as 

OO 

(HiqA^jB^/)  =  J  (HiqA^,  B^/)  dy  =  (B.15) 

0 

where  T  is  a  normalization  constant.  A^*  is  a  Kronecker  delta  if  either  uj  or  u/  belong  to 
the  discrete  spectrum.  AWia,/  =  6  (a;  —  a/)  is  a  Dirac  delta  function  if  both  u  and  u/  belong 
to  the  continuous  spectrum. 

The  inverse  Laplace  transform  can  be  expressed  as  an  expansion  in  the  biorthogonal 
eigenfunction  system  as  follows: 


Aap(y,t)  =  ^cvAa^(y)e 

V 


(B.16) 
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where  denotes  a  summation  over  the  discrete  spectrum  and  JV  denotes  a  summation 
over  the  continuous  spectrum.  Using  the  Fourier  transform  of  the  initial  disturbance,  Aoa/3> 
as  well  as  the  orthogonality  relation  (Eq.  (B.15)),  one  can  find  the  coefficients  c„  and  Cj. 
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Appendix  C 

Appendices  to  Chapter  4 


C.l  Matrices  for  compressible  flow  past  a  sphere,  Sec¬ 
tion  4.4 


Assuming  that  the  basic  flow  is  known,  let  r,  0  and  <j>  denote  respectively  the  radial,  merid¬ 
ional  and  azimuthal  coordinate  and  v,u,w  be  the  corresponding  velocity  field.  Temperature 
T  and  pressure  p  are  the  other  unknowns  of  the  problem,  while  density  p  is  related  to  T  and 
p  by  the  state  equation  and  thus  is  not  an  explicit  unknown.  The  radial  coordinate  r  =  R  +  y 
includes  the  sphere  radius  R  and  the  distance  from  the  sphere  surface  y. 

The  scaling  is  as  described  in  §4.2.  The  unknowns  in  the  disturbance  equations  are  only 
five  and  are  assumed  to  be  proportional  to  exp  (ira</>),  where  rn  is  the  azimuthal  index  and  i 
the  imaginary  unit. 

The  scaling  adopted  for  the  sphere  leads  to  the  following  relationships  between  p,  p  and 
T  (the  subscript  -5  stands  for  basic  flow),  which  allow  us  to  recast  the  equations  in  five 
variables  only: 


f>=  — 


P»T 


_  P* 

Ps  T  ■ 


In  what  follows  viscosity  pa  is  assumed  to  be  a  function  of  temperature  only,  and  therefore 
p!a  stands  for  the  derivative  dps/dTs. 

Transformations  of  the  linearized  equations  lead  to  a  system  of  partial  differential  equa¬ 
tions 


(Ai)e  =  Dferj  +  B0f  +  Bifv  +  -62^7 


(C.l) 


where  A,  B0,  2?i,  B2  and  D  are  5x5  matrices  and  7]  =  y/HTef  is  the  normalized  distance 
from  the  wall.  System  (C.l)  can  be  recast  as 


{Hx  f)*  +  if2f  =  0,  (C.2) 

where  the  parabolic  dependence  on  6  should  be  more  clear  and  operators  if  1  and  if2  are 
still  5  by  5  matrices  and  contain  the  dependence  on  6  and  77: 


Hi  =  A  —  £>(•)„;  ff2  =  -Bo  -  [Bi  -  De\  (•)„  -  Ba(-W  (C.3) 
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It  should  be  noticed  that  system  (C.l)  is  written  in  a  different  form  than  (4.1).  However,  by 
rearranging  the  matrices,  the  same  final  forms  (C.2)  and  (4.4)  are  obtained. 

The  expression  to  be  maximized  is  the  integral  in  the  wall-normal  direction  of  the  kinetic 
energy  and  temperature 


E, 


out 


-/ 


(1  +  erf)  sin(0out) 


0sout(Uout  +  e>out  +  Wlnt)\  + 


Ps  OUt-^Ol 


out 


(7-i)rs2utM2 


dr],  (C.4) 


where  the  term  (1  +  67/)  sin(0out)  comes  from  the  integration  over  the  whole  domain,  i.e.  over 
the  three  independent  variables. 

The  nonzero  elements  of  the  matrices  are  here  reported.  It  should  be  noticed  that,  for¬ 
mally,  in  the  limit  6  — ►  0,  the  geometric  factor  (1  +  67/)  reduces  to  1  and  thus  is  automatically 
excluded  from  the  denominator.  The  dependence  on  e  remains  only  in  the  terms  associated 
with  the  centrifugal  force  such  as  Bq1.  However,  in  the  present  numerical  implementation, 
the  outer  boundary  7?max  had  to  be  chosen  far  away  (on  the  order  of  100)  and  e  =  C?(10“3), 
leading  to  67/  =  (9(10-1).  Since  67/  is  not  negligible,  we  keep  the  factor  (1  +  67/)  in  the 
governing  equations. 

7716 

The  wavenumber  /?  in  the  following  terms  is  defined  as  8  —  - - - - . 

(1  +  erj)  sin  6 

Continuity  equation: 


A11 

^14 

B? 

D 13 

Bq 

BlA 

B\2 

B\ 4 


Ps 

(1  +  evY 

PsUs 

~Ts(l+er/); 
ps  cot  9 

dps 
drj ’ 

-0Ps\ 

d  ^ p,Vs\  paUa  cot  6 
dr]  V  Ts  )  +  Ts(l  +  eriY 

~Ps\ 

PsVs 
Ts  ’ 
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0-momentum  equation: 


A21  = 


2  p,U. 


A24=- 


(1  +  «/)’ 
PsU2 


Ul  +  eri)' 


B 21  =  - 


dps V,  _  gi  2 psUs  cot  9 


d22  _ 

Bo  —  ~ 


r>23 

■°0 

R24 


drj 
dpsUs 
dr]  ’ 
PpsUa] 


(l  +  erj)  ’ 


V'  dr]  ) 


B\l 

B22 

B24 


B21 


d  fPsVsUA  ,  d  (  ,dU, 
~  dV\  Ts  )  dr]  “ 

_  dps 

~  dr]  PsVs' 

:  p.U„ 


PsUsK, 

Ta  +p*  dr]  ' 


P'S  > 


p„U2  cot  9 

Ts(1  +  €?7); 
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r-momentum  equation: 


a3i  = 
+32  = 


PsVs  2  5/y 

(1  +  erf)  3(1  +  erj)  dr]  ’ 

Ps  Ua 


(1  +€//)’ 
34  P.U.V, 


A64  =  - 


R31 

±>0  — 


_ P's  dUs 

Ta{\  +  aj)  (1  +  er/)  dp  ’ 
2  cP]is  psVs  cot  6 


3(1  +  erj)  dr]dO 


+ 


2  PsUs 


2  cot  0  d]ia 


Sf  = -2^  - - 

Bf  =  -0paVa  - 


(l  +  er/)  e(l  +  erf)  3(1  +  erj)  dr]  ’ 
paUa  cot  6 
(1  +  67?)  ; 


20  dps 
3  dr]  ’ 


d34  _  2/0,  V,  dVs  ,  ^ 

D0  —  ™  ^ - r 


4  5V, 


dU.  sin  6 


Ts  dr]  dr]  [3  dr]  3(1  +  er])  sin  9 
+  H'—  (i^. _ 2  5E/,  sin0^ 


dO 


’dr]\3dr]  3(l  +  er/)sin0 

2  5  f  pa\  paUaVa  cot  6 


+  ^1  + 


Bf  = 


dr] 

1 


dO 

P»U] 


Ts(l  +  erj) 
M,  cot  0 
(1  +  er/)  50  '  3(1  +  er/)’ 


/4  cot  0  5C/s 
eTs(l  +  er/)  '  (1  +  erj)  dr]  ’ 


+ 


dps 


+ 


Bf  =  -2m,  V,  + 


533  = 


0Ps 


3  dr] 


3(1  +  0/)’ 


=  Ml 
Bf  =  -1; 


4  514 

3  5r/ 


5t/,  sin  0 


3(l  +  er/)sin0  50 


+ 


0,K2 


e>32  _  -  ,  . 
^2  —  o  Msr 


L>31  = 


Ms 


3(1 +  er/)’ 
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</>-momentum  equation: 


^43  = 


a44  = 


p41  _ 


Ps  Us 

(T+^f 

IJjWs 

3Ta(l  +  67/)’ 

P*0  dp* 

3/ya  ( 1  +  67/)  50  (1  +  67/)  50  (1  +  67/) 


5  5/xs  20ps  cot  0 


p42  _  PiP  df>s  _  ^5/Xg 

0  “  3pa  57/  P  dr)  '' 


V—r*-  a, 


5psV3  2  p$U s  cot  0 


B44  = 


3TS(1  +  67/)  50  \ps 


,2/? 


5V, 


+ 


(l  +  «?)  ’ 

\  2p'a0U,  cot  0 

(1  +  67/) 

p  (U„  sin  0) 


1 


3  [  5t/  (1  +  67/)  sin  050 

_  Ps0_d_  /  p3V5\  _  /X9<ffE/9  cot  0 
3p„  5?/  \  Ts  /  3TS(1  +  67/)  ’ 

B*  =  0\ 

d43  _  1/  .  PPa 

B‘  -~P-K  +  W 


B44  =  - 


3T„ 


Bi  =  Hs\ 


Energy  equation: 


^51  _  PaTs 

(1  +  0/)’ 

d51  _  7-1  0Pa  _  PsTs  COt  0 

0  7(1  +  £0)  de  (1  +  67/)  : 

Bf  =  -/?psT9; 


S0s*  =  K(T  -  DMi,  (^)2 
Bf‘  =  2(7  - 

=  -p.T,; 

d54  2  5p3 

1  Fr  5t/  ’ 

^54  _ 

2  Fr 


ffV. 

Fr 


J_  9./  ,^v 

Fr  5t 7  v  a  57/  /  ’ 
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C.2  Matrices  for  compressible  flow  past  a  sharp  cone, 
Section  4.5 


Assuming  that  the  basic  flow  is  known,  let  x,  y  and  <\>  denote  the  three  independent  coordi¬ 
nates,  where  x  is  the  streamwise  distance  from  the  nose  tip,  y  the  wall-normal  distance  and 
(j)  the  azimuthal  angle.  With  this  notation,  u,v,w  are  the  corresponding  velocity  field,  that 
together  with  temperature  T  and  pressure  p  form  the  set  of  problem’s  unknowns.  Density  p 
is  related  to  T  and  p  by  the  state  equation  and  thus  is  not  an  explicit  unknown. 

The  scaling  is  as  described  in  §4.2.  The  unknowns  in  the  disturbance  equations  are  only 
five  and  are  assumed  to  be  proportional  to  exp  (i m<j>),  where  m  is  the  azimuthal  index  and  i 
the  imaginary  unit. 

In  what  follows  viscosity  ps  is  assumed  to  be  a  function  of  temperature  only,  and  therefore 
p!s  stands  for  the  derivative  dps/dTs. 

Transformations  of  the  linearized  equations  lead  to  the  system  of  partial  differential 
equations 

(Ai)x  =  (Dfy)x  +  B0f  +  B.fy  +  B2fyy  ,  (C.5) 

where  A,  B0,  B 1?  B2  and  D  are  5x5  matrices,  and  can  be  recast  as 


(Hxf)x  +  H2  f  =  0. 


(C.6) 


Operators  H i  and  H2  are  still  5x5  matrices  and  contain  the  dependence  on  x  and 


H,  =  A-  £>(.)„;  H2  =  -B0  -  Bi(-)y  -  B2(-)yy. 


y- 

(C.7) 


The  expression  to  be  maximized,  in  the  limit  e  — ►  0  (i.e.  Re  — >  oo),  is  the  integral  in 
the  wall-normal  direction  of  the  kinetic  energy  and  temperature.  After  the  transformations 
imposed  by  the  geometry,  Eout  reads 


E0ut  =  /  sin  9(x  +  ey  cot  6 ) 

Jo 


Ps  out  ^out  '  ' 


Ps  out  ^out 


(7-1  )T.2ontAP 


dy , 


(C.8) 


where  the  term  sin  0(x  +  ey  cot  0)  stems  from  the  integration  over  the  whole  domain,  i.e.  over 
the  three  independent  variables. 

The  nonzero  elements  of  the  matrices  are  here  reported,  with  the  wavenumber  0  defined 
as  /?  =  m/(l  +  er/),  m  being  m  =  era. 
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Continuity  equation: 


AU  =  Psi 
^14  _  PsUs 


Dll  _  Vs 

0  (1  +  enY 

r>12  fjjPa  . 

°  ~  v 

B,l3  =  -/?/>.; 


p.k 


=  -p.; 

Bu  =  PsVs 


+ 


P.U. 


m +eVy 


x-momentum  equation: 


A21  =  2psUa- 

PsU2 


A24  =  - 


d21 

£>0  — 


Bf  =  - 


Ts  ’ 
dPsVs 

dy 

dpsUs 


~P,P2 


dy  ’ 

Bf  =  - 0paUa ; 

,24  _  d_  fpsVsUs\ 


B°  dy  V 


Ts  )  +  dy  dy  )  +  Ta(l+\Vy 


2  paUa 

(1  +  €7/)’ 


a  /  ,  ojf/, 

v  * 


+ 


PsU2 


dp. 


B' 

Bf  =  -p.U.; 


B]a  = 


pauava  ,  ,au, 


+  Ms 


dy  ’ 


#21  =  Ms; 
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y- momentum  equation: 


,431  = 

y432  = 
^4  = 


pa  a  +  3  dy  ’ 

PsUsi 

p,usva 


s  ,dus 
Ts  Pa  dy  ’ 


p31  _  *  u 


2d  ( d/ji. 


r32  _ 
#0  — 


£033  =  -/?/>,  v;  - 


3  dx\dy)  (1  +  £//) 


1  /  2a'*>  i,\ 

H«()V  !8»  V 


dy  ^  f~a  (1+6//)’ 

2(3  dpa 


p34  _ 

B0  — 


(1  +  67/) 


3  5y’ 

PsUsVs  1  ,  5/4  _  2  5/4 

Ts  3^5/,  3^  dy  J 


+ 


d/4 

5// 


£31  = 


Ms 


4  5K  _  2  5t4 
3  5//  3  5x 

+  2  5/7, 


+m1 


__d  (dUA 
dx\dy) 


Bf  = 


Bf  = 


3(1  +  67/)  3  5x 

3  dy 
(3pa 


Bf  = 


Bf  =  -1; 


4514  2  514 


3  5//  3  5a; 


+ 


/>*K2 


2/4 


3(1  +  67/) 


Pa 


Bf  — 


D31  =  — 


3  Pa] 


Ps_. 
3  ’ 


d  (p,V?\ 
dy\  Ta  J 
4  5214  1  52/4 

3  5t/2  +  3  dxdy 
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a 44  _  ^sPUs 

3  Ts  ’ 

41  _  ^pdps  _  d/4  _  2 0p„ 

0  3  ps  dx  P  dx  (1  +  er/)’ 

r>42  _  _  d/4 

0  3p.  dy  P  dy' 

c>43  #2 . .  9psVs  2ps Us 

B°  -  ~S  -  ~d+  '  (TT^)' 

044  _  P^S  d  ( p3Vs\  psUsP  9  /  ps\  psUsP 
0  3psdy\Ts)  3 Tt  dx\pj  3T.(1  +  er/) 

2^4  au.  2d/4  _  wx 

3  dx  3  dx  3(1  +  0])' 

B405  =  d; 


Pn,vt 

Q/T-I  ) 


Energy  equation: 


0  i  dx  (l  +  e//)’ 

d52  dpsTs 


>i51  = 

o5i  _  7  -  1  dps  psTs 
Bq  ~  Z  “  /,  , 


Pr  d//  ’ 


d2/**  +  _1 _ d 


Pr  Pr  dy 
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C.3  Matrices  for  compressible  flow  past  a  blunt  cone 

The  form  of  the  equation  needed  to  develop  optimal  perturbation  analysis  of  compressible 
flow  over  a  blunt  cone:  (Af)x  =  (Dfy)x  +  B0f  +  Bxfy  +  B2fyy,  where  f  =  (u,  v,  w ,  T,  p)T, 
superscript  T  stands  for  transpose.  Rewriting  equations  in  this  form,  we  get  the  following 
non-zero  elements  of  matrices  A,  B0,  B1?  B2  and  D: 

Continuity  equation: 


A11  =  R*Ps; 


dx  Ts  re  dx  Ts  dy 
B\2  =  -pa\ 


dRe  psUs  +  Re  dr€  psUs  d_ 


psVs\  +  ±p,  (dWa\ 


Ts  J  +  reTs  V  dcj,  ),=0 


s 


where  Re  =  re  =  r  +  ey cos  6  and  /?  =  . 
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x-momentum  equation 


AJl  =  2RepaUa\ 


A24  =  —R. 


dpaUa 


dpaVs  o2  1 

st-^-t'k-w, )tj 


p22  _ 

0  dy  ’ 


B023  =  -0paUt\ 


Re  drc  dRe 

re  dx  dx 

lp£s  (dWa\ 

Tt  Ta  V  9<t>  )t=0 


d21  _  17.  &fjig 

B'  -_^  +  ^ 
s?2  =  -paua- 


d  (psusvs\  d  (dps ous\ 

dy\  Ta  )  dy  \dTa  dy  ) 


024  _  PsUaVa  dpa  dUa 
1  Ta  +  dTa  dy  ’ 
B 21  =  pa. 
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^-momentum  equation 


A31  =  Rep,Va  +  \Re^\ 
3  dy 

132 


A“  =  RePsUg, 


A34  =  —R. 


PsUsVs 


-R. 


dps  dUs 
dTa  dy  ’ 


r>32  Re  9fe 

0  ~  r£  dx 


B33  =  -0psVs  -  ^0- 


rr  ,dpsVs  a2  ,  8Re  TT  1  (dWs\ 

p9us  dy  0  pt  +  dx  psus  -p,  )  ; 


dPs\ 

dRe 
+  dx 

9y) 

fdWs 

\  . 

V  9<f> 

2  dp,. 


B304  =  ‘-Rt 


3  dy 

1  „  dps  d2Ut 


+ 


3  dTs  dxdy 

4  dKjlfdpA  d_ 
3  dy  dy  \dT,J  dy 


_  2  d_  f  dpA 
3  edy  \dTs ) 


dU,  4  dps  d2Vs 
dx  +  3  dTs  dy 2 


V  Ta  J  zRe  Ts 


dT.  dx 


«) 


_  dRe  psUsVs  +  R^dr^  ( 1  dp^dU^  _  2d_  ( dp^  fJ  +  paUaVs^ 


dx 


re  dx  \3  dTs  dy  3  dy  \dTa 


) 


U,+ 


Ts  ) 


+ 


(i  PsVs  2  1  d  fdps\\  fdw,\  11  dpadfdwa\ 
vc  Ta  3 redy  \dTa))  V  d<t>  )^0  3redTady  V  90  )' 


R3!1  =  + r^ 


1  Rc  drt 


9ps 


3  re  dx 


dx 


d32  4  dps  d33  ^  a.  . 

Bl  “3  dy  2psVs'  Bl  ~  3^’ 

r34  -  2  Re  dredp8  TT  2dp i±  /  dV,  _  dt4\ 

1  3  re  dx  dT,  3  dTs  V  dy  £  dx  ) 

2  1  dp8  fdW8\ 

3 redTa  V  d<f>  ).  0; 


+ 


VsV? 


Bf  =  -1; 

^231  =  \»*\ 

D31  =  ±Rapa. 
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(^-momentum  equation: 

^l43  =  R'P.U.; 

A44  =  \R'0Hsy$> 

p4i  1  n  Pp*  dps  „Redreo  dps 

B°  3^77  to" 2n 

d42  _  1  0pa  dps  adps 
0  3  p,  dy  P  dy  ’ 

D43  rr  0-R£^£  dpsV3  2  2 

Bo  =  —p,U.  -  [  —  )  ; 


1 


Bo4  =  M 


Ta  dx  \pa 
_  -?±  f  PsVs\ 

3  r£  dxPdTa  a  3  Ppady  \  Ta  J 


RedrA  1  U, 

-  77  to  J  3^-77 


,  2  n  0dpa  dUa  ,  20dpadVa 

t  il£ [3  ^  "r  _  [3 ~ 


B?  =  /?; 


dTs  dx  3  dTs  %  3r, 


<9/is 


■Bf4  =  --/? 

£43  =  Ms. 
Energy  equation: 

A51  =  RepaTa\ 


1  0P>Vs 


dy 


Rsi  _  9Rc  Redr  7-lJft. 

-  a? "'r* "  77  to  ftT* +  to  ’ 

52  _5^7;  7  -  1  dp* 

0  dy  +  dy’  ' 

2  d/is  /  dt/3  ^ 2 


5053  =  -0paTa; 


f?054  =  (7  -l)M; 

531  =  2(7  -  1  )M2Tna 

Bf  =  -psTs; 

r>54  _  J_  ( ®Ps 

1  Pr  V  dy 


dp3  /  dUs  \  1  /  9  /  dps  \  dTs 

dTa  \  dy  )  +  Pr  V%  \dTa) 


+ 


dpa  &Ta 
dTa  dy ^ 


~(32Ps 


+ 


5C4. 

dy  ’ 

dps  dTs 
dTa  dy 


)' 
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where  Mr  is  the  reference  Mach  number. 
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